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Abstract. This study introduces the concept of bipolar fuzzy magnified translations of I'-near rings (BF-MT-GNRs),
extending the application of bipolar fuzzy set theory within I'near rings. The research establishes a one-to-one corre-
spondence between BF-MT-GNRs and bipolar fuzzy sub-GNRs, ideals, and bi-ideals, offering a deeper understanding of
these algebraic structures. Furthermore, homomorphisms on BF-MT-GNRs are explored to demonstrate their structural
properties and theoretical consistency. These findings contribute significantly to the ongoing development of bipolar
fuzzy set theory and its applications in advanced algebraic frameworks. In alignment with Sustainable Development
Goal 4 (SDG 4) on Quality Education, this study promotes mathematical literacy and critical thinking by providing new
perspectives on algebraic structures that can be incorporated into school and university curricula. By making abstract
mathematical concepts more accessible to students, this research fosters inclusive and equitable learning opportunities,
empowering both educators and learners in their pursuit of higher-level mathematical knowledge. Moreover, the
results serve as a valuable resource for researchers, facilitating further studies in algebraic systems with applications
in computational mathematics, cryptography, and decision-making models. Ultimately, this work supports the global
effort to enhance education at all levels, ensuring that students acquire the skills necessary for future academic and

professional success.

1. INTRODUCTION

The proposal of a bipolar-valued fuzzy set (BF-set) was conferred by Zhang [16], which is
the broadening of the theory of Zadeh’s [15] fuzzy sets to BF-sets. I'-Near rings (GNRs) were
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characterized, and the ideal theory in I'-near rings was extensively explored by Satyanarayana [10]
and Booth [2]. Likewise, various authors examined numerous algebraic structures on GNRs, like
ideals, bi-ideals, weak ideals, normal ideals, and quasi-ideals. Several researchers, like Ragamayi
[7-9,13,14], have done their scrutiny of the progress of BF-theory on diverse algebraic structures
such as groups, subgroups, rings, semirings, etc. Initially, Majumder and Sardar [6] studied fuzzy
magnified translation. The notion of intuitionistic fuzzy magnified translation in groups has been
discussed by Sharma [11]. Presented herein, we introduce the BF-MT-GNRs and draw a few

significant results.

2. PRELIMINARIES

To establish a robust foundation for the concept of BE-MT-GNRs, itis imperative to first revisit the
essential definitions and properties that underpin GNRs and bipolar fuzzy set theory. This section
outlines the fundamental algebraic structures, including GNRs, fuzzy sets, and bipolar fuzzy sets,
along with their associated operations and properties. These preliminaries not only contextualize
the proposed framework but also provide the necessary mathematical tools for understanding the
subsequent development and results. By bridging these foundational concepts, the groundwork

is laid for a comprehensive exploration of BE-MT-GNRs and their algebraic implications.

Definition 2.1. [10] A T'-near ring (GNR) is a triple (Mg, +,T') whereas

(i) (Mg, +) is a group,

(ii) T # 0, is a binary operator set on Mg such that (Mg, +, ) is a near-ring for each « € T,
(iii) pa(@xn) = (pad)xkx forall p,®, x € Mg and a, x € T.

Remark 2.1. A GNR My, is said to be zero-symmetric if a0 = 0 for all ¢ € Mg and o € I'. All over this
paper, MR denotes a zero-symmetric right GNR consisting of at least two elements.

Definition 2.2. [3] A fuzzy set & of MR is a fuzzy sub-GNR if
(i) £(p — @) = min{e(), £(@)),
(ii) &(paw) = min{é(p), E(@)}, Vo, @ € Mg, a € T.

Definition 2.3. [5] Consider a set D over the universal set U defined by the positive and negative
membership functions, E;g : U — [0,1] and Ep U — [-1,0]. Then D is claimed to be a bipolar fuzzy set
(BF-set) of U, and represented as D = (5;), &p)-

Definition 2.4. [4,16] A BF-set Bg = (£+R, chR) is a BF-sub-GNR of Mg, provided Mg is a GNR and
Br a BF-set of MR if

(i) &5, (@ — @) > min{&g (@), &f (@)} and & (¢ — @) < max{&y (@), &5, (@)},

(ii) & (pa@) > min{E} (¢), &5 (@)} and &g (paw) < max{Ey (@), &5, (@)}, Vo, @ € Mg, a €T.

Definition 2.5. [3] A fuzzy set & of Mg is called a fuzzy left (resp., right) ideal of MR if
(i) &(p — @) 2 min{é(¢), E(@)),
(ii) E(@ + ¢ - @) = &(p),
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(iii) E(ma(Q + by) —ajaby) = E(@) (resp., E(paar) > E(@)), Vo, @,a;,b; € Mg, a €T.

Definition 2.6. [13] A BF-set B = (égR, élgR) of Mg is called a BF-ideal of MR if
(i) &g (p— @) 2 min{&y (@), &5 (@),

(i) & (@ +@-@) 2 &5 (),

(iii) &5 (ma(p +by) — maby) > &f (@),

(iv) &5 (pa@) > &5 (¢),

(0) &, (p ) < maxiz;, (p), &, (@)}

(vi) & (@ + ¢ —@) < & (),

(vii) &g (ma(p + b)) —aab) < & (@),

(viii) égR((pa(D) < EIER (p),Yo,®,a;,b; € Mg, €T.

Definition 2.7. [14] A BF-set Br = (SER, égR) of MR is called a BF-bi-ideal of My if

(i) &f (9~ @) = min{&; (@), &f (@)},

(i) & (@ + 9 -@) 2 &5 (9),

(iii) EgR (paokn A (pa(@ + #) — (paw))) = min{égR (p), égR(}t)}, where A is the min operation,
(iv) & (¢ — @) <max{&y (), &g (@)},

) &g (@+9-o) <& (@),

(vi) &g (padrx A (pa(@ + %) — (paw))) < max{&y (9), &g ()}, Yo, @, % € Mg, a,k €T.

Definition 2.8. [1] Let & be a fuzzy set of Mg and a € [0,1]. A mapping &L : Mg — [0,1] is said to be a
fuzzy a-translation of & if it satisfies EL (¢) = &(@) + a, Vo € MR.

Definition 2.9. [1] Let & be a fuzzy set of Mg and a € [0,1]. A mapping EM : Mg — [0,1] is said to be a
fuzzy a-multiplication of & if it satisfies EM (@) = a&(p), Yo € M.

Remark 2.2. [12] For any BF-set Br = (ég s ) of Mg, we denote L = —1— inf &g (p) and
R’ 7BRr peMg Br

T=1-sup égR(go),and (6,¢) € [L,0]x[0, T|. The BF-(6, ¢)-translation of Bg, BITz(e 0 = (5}‘;6, gg(p),
(pEMR / / /

where & (@) = &5 (@) + 0 for &f )+ Mg — [0,1] and Epo(@) = & (@) + ¢ for &g - Mg — [-1,0].
3. BirorAR Fuzzy MAGNIFIED TRANSLATION OF I'-NEAR RINGS

Building upon the foundational concepts of GNRs and bipolar fuzzy set theory established in the
previous section, we now delve into the notion of BF-MT-GNRs within the context of GNRs. This
section formalizes the definition of BF-MT-GNRs and explores its unique algebraic characteristics,
which distinguish it from conventional fuzzy translations. By introducing key operations and
presenting illustrative examples, we aim to provide a comprehensive understanding of how BEF-
MT-GNRs integrate with the structural framework of GNRs. These insights set the stage for the
subsequent analysis of its correspondence with BF-sub-GNRs, ideals, and bi-ideals.

. rE . + —_ _ _ . —_
Definition 3.1. For any BF-set B = (EBR,EBR) and a,x € (0,1], we denote L = -1 (pler}vfIR EBR((p)

and T = 1- sup EER(go), and (0,¢) € [L,0]x [0, T]. The BF-(ag,xp)-MT of Bg, BIIZI(]C—;QK;)) =
(pEMR K¢
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(égR(a,e)’égR(K@))’ where 5+ ( ) = aégR( ) + O for g+ : Mg — [0,1] and &5 () ((P) _
Ko () + Dfor &5 ) M o 1,0

Example 3.1. Mg and I are additive commutative groups, provided Mg the set of all real numbers and
I' = Mg. Establish Mg *I * Mg — Mg by paw the usual product of ¢, a, @ for every ¢,® € Mg, a € I.
Then Mg is a GNR with zero-symmetric. Let Bg = (E;R, EL;K), where E;R : Mg — [0,1] and EgR : Mg —
[—1,0] defined by
03ifp=0
&g (@) =14 06ifp>0
0.7ifp <0
-02ifp =0
$p (@) =4 —05ifp>0
-0.6ifp <0
Let 0 € [0,0.3],¢ € [0,-0.4] and let &« = 0.2,k = 0.1. Hence, BF-(ag, x)-MT of B is
026ifp =0
(p) =14 032ifp >0
0.34ifp <0

ggR 0( 9
-032ifp =0
-036ifp <0
MT -
Theorem 3.1. Let By Raoxo) (égR(DC,Q)'EBR(K,(P)> be the BF-(ag, k)-MT of a BF-sub-GNR Bg of M.
Then
(i) EER(a,e)(_@) = 5+( (@ and & (=) =& (o (9),
(i) & 0,0) (P) < € 00) (0) A &5 () (@) 2 E () (0):
Proof. (i) é;_R(oz,@)(_qo) - aégR(—(p) t0 = aégR (@) +0 = EER(DI,Q)((P) and élgR(K,fP)(_go) -
KE;ER(—GO) +¢= KEIER (p) + ¢ = EIER(K/(P) ().
(ii) 'E;R(a,e) (0) = aégR(O) +0 > aégR((p) +0 = 5§R(a’6)((p) and EER(K,@(O) = k&, (0) +¢ <
KéER <(P) + (]5 = 5§R(K/¢)<(P)'
Theorem 3.2. Let Br = (é*R, égR) be a BF-set of M. Then Br is a BF-sub-GNR of My if and only if the
BF-(ag, % )-MT of B, Bg\f(Tg | is a BF-sub-GNR of M.
o ,K(p
Proof. Let B be a BF-sub-GNR of Mg, and ¢, ® € Mg,y € I'. Then
Eb(a0) (9~ @) = atp (9 -@) +6

>a min{E;R (p), E;R (@)} + 6

= min{aEgR (p)+6, (XEZ;R (o) + 6}

=min{& 0 (@) &5 0 (@)
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() (P~ @) = k&g (@~ @) + ¢
< xmax{&y (@), &g (@)} + ¢
= max{xéy (@) + ¢, k&g (@) + P}
= max{&, (00) (P): Epee) (@)

E (o) (V@) = aly (py@) + 0
> amm{égR (p), 53R (@)} +6
= min{acS;R (p)+06, aégR(cD) + 6}

= min{éz;(a,e) (@), 51;(0(,9) (@)},

&gty (PY@) = K& (py@) + ¢
< xmax{&y (@), &g (@)} + ¢
= max{xéy (@) + ¢, k&g (@) + P}
=max{Ey ) (@), Ep (o (@)}

Conversely, suppose that B?{I(ZH o) is a BF-sub-GNR of M. Let ¢, @ € Mg,y € I'. Then
K

1
EgR ((P - (D) :a [éz;rR(a,Q) ((P - (D) - 6]

1
> a[mm{£+ a@)( )’(E;R(a,e) (@)} - 0]

= min( (&5 o (9) = 0), % (] (@) = 6))

= min{éBR( ), égR(m)},

5 (9= @) =[€5, ) (0= @)~ )
< %[max{égR ( ) &5, K,¢)(@)} - ¢

= max({~ (EBR () (@) = ﬁb)r%(ééﬁ(m@(@)‘@}
:max{53R< )IéBR( )}

Similarly, we can show that & (pa@) > min{éy (¢), &) (@) and & (@ - @) <
max{égR (p), égR (@)}. Hence, By is a BF-sub-GNR of M. O

The proofs of the following two theorems are similar and follow the same principle as the proofs
of Theorem 3.2.

Theorem 3.3. Let Bg = (5; , &g, ) be a BF-set of Mr. Then Br is a BF-ideal of My if and only if the

BF-(ag, x¢)-MT of Bg, BMT ) is a BF-ideal of M.
K
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Theorem 3.4. Let B = (£+R, él;R) be a BF-set of Mr. Then By is a BF-bi-ideal of My if and only if the
BF-(avg, ¢)-MT of B, B%’I(ZH ‘) is a BF-bi-ideal of M.

Theorem 3.5. If Br is a BF-ideal of MR, then the BF-(ag, k)-MT of Bg, le\z/l(zg ) is a BF-bi-ideal of M.
Ko

Proof. Let Br be a BF-ideal of Mg and let ¢, @, x € Mg, y1,72 € I'. Then
51;(%9) ((P - CD) = 0551; ((P - CD) +0
>a min{EgR (p), égR (@)} + 6
= min{ozégR((p) +0, aégﬂ(ca) + 0}
= min{égR(ale) (@), 5§R(a,e) (@)},

S (@ HO—9) = a&f (p+@—9)+6
> al) (@) +0
= &) (@)

E b (a0 [PV1072% A (@Y1 (@ + %) = y10)]

= a&y [prioy2x A (ey1(@ + ) — y1@)] + 0

= a[min{&g (@y10y2%), & (Py1(@ + %) — py10)}] + 0
> amin{E;R (p), égR (%)} +06

= min{aégR (p)+06, aégR(%) + 0}

= ML (10)(P) Ehy a0 PO

Similarly, we can establish that
EER(K,(P) ((P - CD) < maX{é,}R(mb) ((P)/ 51;13(794’) (CD) }1

él;R(K,(f)) ((P + o - QD) < égR(K,(j)) (fD)/
(e [PV1@72¢ A (@y1(@ +30) = py1@)] < max{&y o (@), Ep (o) (X))

Hence, BMT is a BF-bi-ideal of M. )
R(ag,kg)

Theorem 3.6. A GNR homomorphic image of a BF-(ag, )-MT of a BF-sub-GNR of Mg is a BF-sub-GNR
OfNR.
Proof. Let f : Mg — Ng be a GNR homomorphism, and Ag = (EXR,EAR) and Bgr = (égR,égR) be
BF-sub-GNRs of Mg and Ng, respectively. Let ¢, @ € Mg,y € I'. Then
5;;; (flp-—@)) = 5;(“,9) (p-a)
=aéy(p-@)+06
> amin{&y (@), &5 (@)} +0
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= min{aéf{R((p) +0, aégR(cD) + 6}
= min{g;R(ale) (@), EER(a,G) (@)},

£ (flp=@)) = &y g9~ @)
=x&p (p—@) + ¢
< xmax{&y (@), &g, (@)} + ¢
= max{kéy (@) + ¢, k&g (@) + P}
= max{Ey, (6)(P) €y (o) (@)1

&5 (f(@r@)) = &g (0 (P7@)
= aty (py@) +0
> min{ggR (), gl;a (@)} +0
— minfag; (¢) + 0,a;, (@) + 6}
=miney 0 (P) €500 (@)

&5 (f(@y@)) = & (1) (PV @)

= g, (py@) +¢

< xkmax(ég, (¢), &5, (@)} + ¢

= max{kp, (¢) + ¢, k&g, (@) + D)

= maxX{Eh, ) (P)r €y ) (@)1
Hence, B?QA(ZQ,@) is a BF-sub-GNR of Ng. O

The proofs of the following two theorems are similar and follow the same principle as the proofs

of Theorem 3.6.

Theorem 3.7. A GNR homomorphic image of a BF-(ag, ,)-MT of a BF-ideal of MR is a BF-ideal of Ng.

Theorem 3.8. A GNR homomorphic image of a BF-(ag, x)-MT of a BF-bi-ideal of Mg is a BF-bi-ideal of
Nk.

4. CONCLUSION

In this study, the concept of BE-MT-GNRs was introduced to extend the scope of BF-set theory
within GNRs. A one-to-one correspondence between BF-MT-GNRs and BF-sub-GNRs, ideals, and
bi-ideals was established, providing a more profound understanding of the interplay between
these algebraic structures. Additionally, the investigation of homomorphisms on BE-MT-GNRs
confirmed their structural integrity and theoretical coherence. These results underscore the versa-

tility and potential of BE-MT-GNRs in enriching the mathematical framework of BF-set theory. The
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insights gained from this research are anticipated to inspire further exploration and application of

these concepts in advanced algebraic studies and related fields.
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