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Abstract. This work presents the basic elements and results of a Clifford algebra valued fractional slice monogenic
functions theory defined from the null-solutions of a suitably fractional Cauchy-Riemann operator in the Riemann-

Liouville and Caputo sense with respect to a pair of real valued functions on certain domains of Euclidean spaces.

1. INTRODUCTION

Slice monogenic functions are defined on domains of Euclidean spaces having values in a
Clifford algebra. The literature is very rich of results and the studies on the topic are ongoing, see
for instance [1,3-9,11,33,34].

Fractional integrals and derivatives are mathematical tools widely used in several branches of
science and engineering. Fractional calculus, which addresses the derivatives and integrals with
arbitrary real or complex order, is nowadays an extensively developed topic which the reader can
approach in the classical references [23,24,26-28,30,31].

Clifford analysis is a function theory studying null solutions of the Cauchy-Riemann or Dirac
systems, called monogenic functions, which are defined on domains of Euclidean spaces and with
values in a Clifford algebra. Standard reference books are [2,10, 15,21].

In recent years, various extension of the Fractional calculus into Clifford analysis (in particular,
into quaternionic analysis) has attracted more and more attention in the literature. Some examples
of effective establishments can be found in [12,13,17-20, 22,29, 32].

Inspired by [20], where the notion of fractional slice regular functions of a quaternionic variable

defined as null-solutions of a fractional Cauchy-Riemann operator is introduced, we further
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generalize these ideas into twofold directions: one is a notion of fractional slice monogenic function
theory and the other is the study of null-solutions of a fractional Cauchy—-Riemann operator with
respect to two real valued functions, which can be exponential or lineal functions. In any case we

expand the theory presented in [20].

2. PRELIMINARIES

In this section, we collect some preliminary results on Fractional calculus and on Slice monogenic

functions theory.

2.1. Fractional integral and derivative in Riemann-Liouville and Caputo sense with respect to
another function. Suppose that —c0 < a < b < co and a € C with Ra > 0. Let g € C'([a, b],R) be
such that ¢’(t) > 0 for all t € [a,b]. Let us recall that the Riemann-Liouville integrals of order « of
f € L'([a,b],R), with respect to g, on the left and on the right, are defined by

(Ijlg )(x) := L ) fax G0 @) ¢'(t)dt, with x>a

I(a - g(m)t
and
b T
() = I’(la)fx (8(7) {(g()x))l‘“g’(T)dT' with <t
respectively.

The fractional derivatives in the Riemann-Liouville sense, on the left and on the right, with

respect to g, are defined by
1

(DN = e (05 )] 1)
and
&8 . 1 d 1-a,g
(RLDpS £) (%) == g,(x)—x[ab, ) ()] (2.2)

respectively. It is worth noting that the derivatives in (2.1) and (2.2) exist for f € AC'([a,b], R).
Fractional Riemann-Liouville integral and derivative are linear operators.

Fundamental theorem for Riemann-Liouville fractional calculus [24,25] shows that

(ReDSTEf)(x) = f(x) and  (reDy°L5f)(x) = f(x). (2.3)

From [25, Definition 2.7] we see that given f € C'([a,b],R), the fractional derivatives in the
Caputo sense, on the left and on the right, with respect to g, are defined by

(D5 f) () ::<I;:“'g§><x>,
(D F) (x) ::<Iz‘“'g§><x>, 2.4

respectively.
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Finally, if f € C!([a,b], R) we have

(D)) =32 ) () = (15D ), 25)
for all x € [a, b].
Similarly,
(DRI =0 D) ), 6)

for all x € [a, b].

2.2. Slice monogenic functions. We first give some basic knowledge in relation to Clifford algebra
[2,14]. Let {ey, ..., e,} imaginary units satisfying e;e; + eje; = —26;;. Clifford algebra IR, is formed
by Y. 4eaxa, where A = {iy,..., i}, i € {1,2,..,n} and i} <--- < i, is a multi-index, e4 = e;e;, - -¢;
and ey = 1, x4 € R. An element (x1,...,%,) € R, is identified with a 1-vector in R,, through the
map

(X1,...,%,) > X = x1€1 + - + Xpep.

In addition, (xo,x1,...,x,;) € R will be identified with x = xo +x = xo + 27:1 xjej, which is
called a paravector. The norm of x € R s x> = xé + x% 4+ 4 x%. The real part xg of x is written
as Re[x]. Given x € R"*! and r > 0 denote D(x,7) := {y € R""! | |x—y| < r}.

The sphere of unit 1-vectors in R" will be givenby S = {x = eyx1 +--- +eux, | x% 4+ 4 x% =1}
and given J € S we define Cy := {u + Jv | u,v € R}, which is a 2-dimensional real subspace of
R"*! isomorphic to C as fields.

In addition, given a paravector x = xo + x € R"*! denote
X .
= if x#0,
I, =14 K fa 2.7)
any element of S otherwise.
Therefore, R"*! = | ;.5 C7.
Definition 2.1. (Slice monogenic functions) [5,7]. Suppose that U C R"™! be an open set and let

f : U — Ry, be areal differentiable function. Let 1T € S and let fr be the restriction of f to Uy := Cyr N U.
Therefore, f is called a (left) slice monogenic function, or s-monogenic function, if

= 1(2 d
3[f[(1/l+]0) = E(E +I%)f[(u+fv) =0, onlUy,

for every I €S.

In what follows, SM(U) stands for the set of slice monogenic functions defined on U.

Definition 2.2. (Slice domains). A domain U C R" L is called slice domain (s-domain for short) if UN R
is nonempty and if Uy is a domain in Cz forall I € S.

Definition 2.3. (Axially symmetric domains). A domain U C R"*! is called axially symmetric if, for all
x = xo + Z|x| € U we have that {xo + I'|x|} C U forall I € S*.
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Theorem 2.1. (Representation formula) [5,7]. Let U C R**! be an axially symmetric s-domain. If
feSM(U) and x = u+ Iyv € U, where u,v € R, then
1 1
f(x) = > (1-1.7) f(u+ Iv) t5 (1+7.7)f(u—TIv), VYIeS.
Lemma 2.1. (Splitting Lemma). Let U C R"! be an open set and f € SM(U). For every I = I €S,
let I»,...,1, beacompletion to a basis of R, satisfying the defining relations 1,15+ 151, = —206,5. Then

there exist 2"~ many holomorphic functions F4 : Uy — Cj such that

where Io = 1; ---1; and A = {iy,...,is} isasubset of {2,...,n}, withiy <--- <is,and [ = 1.

Remark 2.1. IfU ¢ R"!, we will use the symbol Hol (U7 ) to denote the complex linear space of holomorphic
functions from Uy to Cy.

Letx = xg + x = u + 7,v € R**! be a nonzero paravector, where u = xp, v = |x| and 7, = U‘lg,

with v # 0 and for v = 0, see (2.7). Moreover, if 7, = ({y,...,0y) then xy = vl fork =1,...,n,
see [5,7] for more details.

From now on, U C R"*! denotes an axially symmetric s-domain.

Proposition 2.1. Suppose that f € SM(U) and I € S. If D(y,r) C U, then
1 -
f@) = [ (-2 (D)), VzeDz,
27 Jop(yr);s
where dyo (1) = —(dywo)I and ID(y,r)y is the boundary of D(y, )7 in Uy. In addition,
[ daotnr(@) =0,
r
for all I € S and for any closed, homotopic to a point and piecewise C' curve T' C Uj.
On the other hand, if the set Zy N Uy = {z € Uy | f(z) = 0} has an accumulation point in Uy, then
f=0onlU.
Finally, if € € C(U,R,) satisfies
fdwa(f)t’(w) =0,
r
for any closed, homotopic to a point and piecewise C* curve T C Uy and for all I € S, then € € SM(U).

Proof. The previous facts are direct consequence of the Cauchy formula, Cauchy theorem, identity
principle and Morera’s theorem respectively in the complex plane C; using also Representation

Formula and Splitting Lemma, see [4-9]. m]

It should be pointed out that previous formulas may be extended on all axially symmetric
s-domain U but we will not develop this point here.
The following definition is inspired in the work [16], which presents a generalization of the

quaternionic slice regular functions.
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Definition 2.4. Suppose that A € R. If f € C}(U,R,,) satisfies
éff[(u +IU) + /\f] =0, on UI

for every I €S, then f is called A-slice monogenic functions defined on U and we write SM,(U) for the

set of all A-slice monogenic functions on U.

Clearly SMo(U) = SM(U). In the remainder of this section we require A € R.

A direct calculation shows
Proposition 2.2. If f € C}(U, R,), then
5[ [e“Af[(u + Iv)] = e [gjfj(u +1v) + Afj] , Yu+Jve Uy,
forall I €8S.
As a consequence one gets

Corollary 2.1. Let f € C}(U,Ry,). The mapping u + Iv > " fr(u+ Iv), for all u + Iv € U, where
u,veRand I €8, belongs to SM(U) if and only if f € SM, (U).

From now on we make the assumption: f € SM, (U).

Proposition 2.3.
I. (Representation Theorem) Let x = u + Iyv € U, where u,v € Rand I, € S, then

Flx) = % (1= I.7) f(u+ To) + % (1+I.7) f(u—Tv), VIe€S. 2.8)

II. (Splitting Lemma) For every I = 11 € S, let 1,,...,1, be a completion to a basis of R, satisfying
I, T+ I,0, = =20, Then there exist 2"~ many holomorphic functions F4 : Uy — Cy such that

n—1

fr(z) = Z e MR2E,(2)1 4, (2.9)
|A|=0

where Ip =1; ---1; and A ={iy,...,is} isasubset of {2,...,n}, withiy <--- <is, orly = 1.

Proof. It follows from Corollary 2.1, Theorem 2.1 and Lemma 2.1. m|

Proposition 2.4. Given I € S. If D(y,r) C U, then

z) = S M R0=R2) (4, _ Vg, o w z r
CEE . (w-2)"duo(1)f(w), Yz D(y,)r

In addition,

f Mo (1) f(w) =0,

T

for all I € S and for any closed, homotopic to a point and piecewise C' curve I C Uj.
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If{ize Uy | e®*f(z) = 0} has an accumulation point in Uz then f = 0 on U. On the other hand, if
t € C(U,Ry,) satisfies

f M’ o (1) e(w) =0,
r
for any closed, homotopic to a point and piecewise C* curve T C Uy and for all I € S, then € € SM,(U).

Proof. Corollary 2.1 shows that the mapping u + Zv + ¢! fr(u + Iv), for all u + v € U, where
u,v € Rand I €5, satisfies the first three facts of Proposition 2.1. Finally the last property follows
from Corollary 2.1 and the last fact of Proposition 2.1. m|

On account of the Representation Theorem given in Proposition 2.3 we can extend some formulas

of Proposition 2.4 on all axially symmetric s-domain U.

3. FRACTIONAL SLICE MONOGENIC FUNCTIONS WITH RESPECT TO A PAIR OF REAL VALUED FUNCTIONS

3.1. Riemann-Liouville fractional slice monogenic functions with respect to a pair of real valued
functions. Leta, b,c € R witha < b, c > 0 and let us consider the special class of axially symmetric

s-domains in R"*! defined by
Sipe={u+TveR"™ | uelab],vel0,, IeS).

Given I € S, denote S, .7 = SypNCr C {u+Tv; | v > 0}. Consider r € [a,b], s € [0,c] and
a,pe(0,1).

Let us denote by AC!(S, 5., R,) the class of R,-valued continuously functions f on S, such
that the mapings u — f |5, , (u+Is)ando f|s,, , (r+ Iv) are absolutely continuous for all
u € [a,b],v € 0,c]. Given g € C!([a,b],R) and h € C'([0,c],R) such that ¢’(¢) > O for all t € [a,b]
and I/ (t) > 0 for all t € [0, c].

Write
b 1) =g [ S o, with
P 15,00+ 10) = fo ' ('}fgg“)'f_(; (+ ); )t (), witho > 0,
1,8 f Is,,. ) (u + Ts) := - (11_ 3 f I (I;("i;f_(; (:)fj) ¢ (1)dt, withu < b,
P, 1+ To) = - (11_ 5 fv S (':ZZ“)J_(;;);T) I (7)dt, with v < c. (3.1)

Let us introduce natural extensions of the real fractal derivatives (2.1) and (2.2) preserving their

structure.

Definition 3.1. The fractional derivatives on the left and on the right of f € ACY(S,p.,Ry), in the
Riemann-Liouville sense, associated with the slice Cz of order (e, ) and with respect to (g, h) are defined
by

aB),(gh a, h
(ReD\ SN f 1 N+ To,1,8) = (D f s, ) (4 + I5) + T(reDE f s, ) (r + I0)
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1 9 o d - ﬁh

/(u) [ gf|Sach]<u+Is)+Ihf( )av[ flsabu.](r—i—fv)
(ReDY PN f g )+ To,1,s) = <RLD B f s,y ) (0 T8) + (DY f s, ) (r+ T0)
1 4 o8 J [P

a0 T9) + T )av[ £ s,y ) (r + To),

respectively, where u and v are the variables of partial fractional derivation. Similarly, reader has no difficulty

in assigning a meaning to RLD(+ ,) A (sh) and R Déaé? (]g ",

<RLD§+cf f18yer) (4 T0,1,5) i= (ReDSE f I, ) (44 I8) + T (DY f I, ) (r + T0),

(RLD( b0+ ] f | ubcl)(u + IU r S) <RLDbi f |Sa,b/c,I) (M + IS) + I<RLD0,+f |Sa/b,c/[>(r + Iv)/

In particular, if (u,v) = (r,s), then

) §/
(RLDEI*O*I Fls, )+ I5,1,8) = (DX f Is,, ) (r+ I5) + T (D f I, ) (r + Ts),

h)
= (D0 5" f 15,0+ 1)
and similar notation is followed for other operators.

In general, there exist two options:

a) If o, p € C with 0 < Ra, R < 1 then our fractal derivatives give us functions with values in
the complex Clifford algebra R, (C) which consist of ) 4 eax4, where x4 € C.

b) If a = (aj,a2) and B = (B1,B2) then use the mapping a = (a3,a2) — a1 +Tay € Cy,
B = (B1,B2) — P1+ I e Crforeach I € Swith0<ay,p1 <1.

For abbreviation, we will restrict ourselves to a, f € (0,1).

These slice monogenic fractional operators are IR, right-linear operators. In addition, the right

versions of the previous operators are given by

h

(RLDfE*O*ff f ﬂl’ff)(u +1o,1,s) = <RLDa+ f |SabcI)(u +Is) + (RLD§+f |Su,b,c/[>(r+‘z-v>‘z—l
) yi

(RLDl(fC*[r fl ubcI)(u +IU 7, S) = (RLDb— f |Sa,b,c,])(u +IS) + (RLDf— f |Sn,b,c,1')(r+]v)[’

where u and v are the variables of partial derivation and RLD( +f (g 1(. ") and g DZS )( ) can be
defined similarly.

Let A € Rand let 61,0, € Cz(]R, R) be two solutions of the following differential equation:
Yy +20y =0.

So from now consider g € C?([a,b],R) and h € C2([0,c],R) given by g(u) = 6;(u) and g’ (u) > 0
for all u € [a, b]. Similarly, h(v) = 62(v) and W’ (v) > 0 for all v € [0, c].
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Proposition 3.1. Let f € ACY (S, ¢, R;). Then

1 —a, 1 a
2| 22l 0 194 Tt 2 1y 0+ T0)| 4 (D5 1, 0 )

5] 1 a, 1 \
:2’91{3% I sy )04 79 + l””flsﬂwuwfv)}

I (0) "o
2)\[8,21[) " f ls, . ) (u+ T5) +Ih,2—v)[ s, I](7+Iv)] (DM f1s )t To,r,s)
1
I(0)

- 1 1-a, —Bh
=2 { s U sy 04 T9) U 1 N T

1 lzv‘g
2/\[ (0 s,y (04 T5) + s

g'(u) e [Il "y |Sabc]](y+]v):| (r D\ 8 flsﬂb”)(quIv r,s)

1
o

:251.{8'210 s I, 7] (4 +I8) + ﬁ[ll R |Sa,b,c,I](r+Iv)}/

1 1 a, 1 a,/ 1
20| 07l 0+ 290 T U0 by N+ 20| DS by ) 04 T

== { I by Y 1)+ I 1,5+ T,

for all u + I'v € R"*Y, where u and v are the variables of partial derivation of dr.

Proof. We give only the main ideas of the proof for the first identity, the other cases run along

similar lines.

= 1 1—a,g ].
297 { U b o 19+ I

( 1 )[Iila,gf |8, ) (1 +Is))+]~%(
|

(e |s“,ﬂ1<r+fv>}

1
O
1
W (o)

SRSl 0 1) 4 T s SR s+ o)

i - ﬁhf |Sﬂbd](r+fv))

) [ F sy, ) (u 4+ T8) + 1 % ( ) 1" f s, ,)(r + Iv)

[I;:“rgf |Sa,b/c,I](u + Is) +7 [ 1 ‘Bhf |Sabcl](r + IU)]

1
W (0) "0
RLD£+O+I fls,.0) W+ Iv,1,8),

o\ gw 1 a1\ w1
smce&u(gf(u))‘<g'<u>>2‘”gf<u> dav(wv)) W)z~ 2wy -

Let us make the definition of Riemann-Liouville fractional slice monogenic functions, of order

(a, B) and with respect to (g, 1) on S,
Definition 3.2. Let f € ACY(S, ¢, Ry) such that
T [Il_a’gf 8,0, (4 + Ts), u€lab],
fls,, J(r+1Iv), ve[0,c, (3.2)

are mappings of C'—class. Then f will be called a Riemann-Liouville fractional slice monogenic function, of

Z)l—)[lﬁh

order (a, B) and with respect to (g, h) on Sy ¢ if

1)
(RLDLEiéi & flsubcf)(u+fv r,s) =0, Yu+IveS,p.r1,
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forall I €8S.
The R,-right linear space of (left) Riemann-Liouville fractional slice monogenic functions, of order («, B)
and with respect to (g, h) on S, j, - is denoted by RLSME;i)) (Sape)-

The R,-left linear space of (right) Riemann-Liouville fractional slice monogenic functions, of
order (, ) and with respect to (g,h) on S, is denoted by RLSMEg’f)) .

f € ACY(S, e, Ry) satisfying (3.2) and

(Sg,pc) which consists of

(RLDa*O+ Ir f| ubcf)(u+jv T, S) O, Yu+1Ive Su,b,c,I/
forall I €8S.

(@B DB DRI g

(ap (@
b-0+7 ' REZgrc- 1y b-
fractional slice monogenic function theories szmzlar to RLSME ))(Sa be)-

Remark 3.1. The kernels of the operators gD . induce

ap), ( )
O+
On the other hand, the extension of [20, Example 1] to the fractional slice monogenic function theory can

be used to give a non trivial element of SME;S)) (Sape)-

Remark 3.2. If A = 0 then functions g and h are given by g(u) = O1u + 62 for all u € [a,b] and
h(v) = p1v+ pa for all v € [0,c]|, where O, px € R for k = 1,2 and 61, p1 > 0. This case extends in the
theory of slice monogenic functions the theory presented in [20].

On the other hand, the case A # 0 introduce a new fractional approach to a notion of slice monogenic
functions with respect to the pair (g,h) given by g(u) = 61e72M + 65 for all u € [a,b] and h(v) =
p1e~2Y + py for all v € [0, c] where O, py € R for k = 1,2 with —26:A, —2p1A > 0.

Proposition 3.2. Suppose that f € AC'(S, ., R,) satisfies (3.2). Then f € RLSME:Z) (Supc) if and only
if the mapping

1 1-ag 1 B
g,(u) [Ia+ flsﬂ,b,c,]](u—i_‘[s) + ,( ) [ flsgbcj](r+fv)
belongs to SMy(Sap,c)
Proof. Use Definition 3.2 and Proposition 3.1. m]
Corollary 3.1. Given f € AC'(S,p.,Ry) satisfying (3.2) we see that f |s,, € Ker(re D( )for all
I € S?ifand only if

u+Tow L7 f s, 1(u+Is)+ 1P Lsﬂ,c,.] (r+71v), Vu+IveS,.r

belongs to SMy(Sypc). In addition, f |s,, € Ker(rL D( )for all I € S if and only if

0*]

u+Ivr—>[1“gf|50bE]](u+Is) [1ﬁhf|3b]](r+fv) Viu+Tv €S per

belongs to SMy(Syp,c). Similarly, f |s,, € Ker (re Dz(r e )for all T € S iff
u+Toe I, 18 f |s,,. ) (u+Ts) + [1 Ples Super|(r +10), Vu+TveSp.r

belongs to SMy(Sap,c)-
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Proof. Similar to the previous proof. m]
Proposition 3.3. (Representation Formula) Let f € RLSME;’Z) (Sape), then foreveryx = u+ 1,0 € Sy,
and 1 € S we have that

1 e 1 I 5 h

/(u)[ +agf |Sa,b,c,Ix](u+]xS)+h/( )[ fISubcI ](7’+va)

171.1- 1-a,
{g_ [ I iy q f |Sa,b,c,] _Ix[f |Sa,b,c,.7] + Ia‘*'a g[f |Sa,b,c,—] +Ifo |Su,b/5,7[] ]} (1/[ + IS)

1(1 [-ph 1-Bh
3 ([0 s 1T 10 )+ B F sy +Tef 1, ]} 6 T,

Proof. Use the mappings

1 1—0[8 1 1 ﬁh
I 7
M+IU Hg/(u)[ at flsg,b,gj](u—i_]s)—’_ ’(U)[ flsabcj](r—’_IU)
]. ]_—ag 1 1 ﬁh
| S I I
ST s At 19) s P by, (4 1),
Proposition 3.2 and identity (2.8) of Proposition 2.3. m|

Proposition 3.4. (Splitting lemma) Given f € RLSME“’ﬁ)) (Sapc)and I =1, €S. Let Iy,...,1, €S

such that I,1s+ 131, = —26,5. Then there exist 2"~ many holomorphic functions Fa : Uy — Cy such
that
n-1
. 1-ag 1 1 —ph —-ARz
g'(Rz) e S Vs (B2 T5) W(3z) 0 Ly f 18,0, (r +132) = |f§oe Fa(z)1 4,

where Ip = 1; -1, and A = {iy - - -is} is a subset of {2,...,n}, withiy <--- <is, or, Iy = 1.
Proof. Use Proposition 3.2 and identity (2.9) of Proposition 2.3. m]

Corollary 3.2. Some properties of SME;Z) (Sapc) Let f € SMng)) (Supc). Suppose ug+ ITvg € Sypc
and r > O such that Dy :={u+Iv € Cy | (u—up)*+ (v—v0)*> <1} C Syper-

i) There exist a sequence (Cy,)ux0 of elements of Ry, such that

g (‘1RZ) [ L “gf |SabcI](%Z +1s) + I (3z) Lo [ I ﬁhf |Sgbc[]<1’+]-52>
= Z e MRz (7 — g — Tvp)"Cy, (3.3)
n=0
for all z € int(D,), the interior of D, contained in Cj.
ii) For any z € int(D,) we see that
g’(;\z) [I;a'gf |Sa,b,c,z](‘Rz+Is) + h’(%j )[ - ﬁhf 15,5, I](r+ISz)

_ 1 M Rw-Rz) -1 1 l-ag
- fa e (10=2) a0 (7) | g (7 ) B0+ T5)

&
W(lT)[ Py |sabc,}(r+f8w)}
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where dD, the boundary of D, is contained in Cj.

iii) Let T be a closed piecewise C'—curve, homotopic to a point, contained in int(S, . 7). Then

[0 | e I b 14 T9) 4 g 1, e+ 7900
=0.
iv) If the set point
(2 € Suner | WS f Is,,, ) (Rz + I5) = =g (R2) [ f Is,,, /1 (r + T32))
has an accumulation point in S, r then
W (32) L f I, (Rz + Ts) = g (R2) I f 1s,,, ) (r + 792), Yz e Syper.

v) Given € € ACY(S, ., Ry). Suppose that the mapping

L%, J(Rw+ Is) + ——— [ Pe s, |(r+I9w),

1 [ 1
g (Rw) " W (Jw) "0
forallw € S, 1, belongs to C(S, ¢, 7, Ry) and satisfies that

j;dwa(f)eA‘Rw{g(lTw)[Il “8s,,. ) (Rw+Ts) + h’(; )[ s ISahcj](r—FISw)} 0,

w =

for any closed, homotopic to a point and piecewise C' curve T C S,y 7 and for all T € S. Then
£ e SMET (Sune):

Proof. In (2.9) of Proposition 2.3 and in Proposition 2.4 use the mapping

1 —a
u+Jom —[I1 ’gf |3Hlblcj](u+fs)+ [ | ﬁhf Igubcj](r+fv)

1
g )" W (v) "0
and Proposition 3.2. m]

Remark 3.3. Given 1 € S, the previous corollary shows how some properties of the slice monogenic
functions are extending to mappings given by

1
g'(Rz)"*

1
h(3z)"0

LT3 f 15, (Rz+ Is) + L fls,. ) +192), z€S8uer

or all f € rrSM’ b S.pc), based on well-known results of the theory of slice monogenic functions.
() (b Y 3
Moreover, using Representation formula the previous formulas are extended to

1 —a, 1 —B
W[I;f'gﬂ(u +19+ 1, 1+ Tew),
forallu+Ive S, and f € SM\ P (Sape)

(gh)

Taking into account the necessary hypothesis for the fundamental theorem of fractional calculus, applying
the fractional derivatives D L% and D, _ﬁ on ' (v)[1 ;;a’gf] (u+TIs)+ g (u) [Ié:ﬁ’hf] (r+ Iv), we obtain
formulas for I (v) f (u + Is) + g’ (u )f(r + Iv). For example, we will see the consequence of (3.3) for
W(v)f(u+Is)+ g (u)f(r+ Iv) repeating the previous ideas.
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From (3.3) and Representation Theorem we have that

e L g

g/(u> [Ia+ gf |Su,b,c,]x](u + IxS) + ’(y) [ =B, f |S,,b“— ](T n Ixu)

1 = ) 1 o n
:E(l_f"f);f“*f”—“o—fvo) Cn + 5(1+Jx1‘);)(u—fv—uo—fvo) Cus

where (Cy,)ns0 is a sequence of elements of R, for every (u—ug)? + (v —1v9)? < r?> and I, €S.
Finally, writing the factor ¢’ (u)h’ (v) and applying the real fractional derivatives D o D1 P on both
sides, then the fundamental theorem of fractional calculus, (2.3), allows to see that

W () f(u+ Ls) + & (u) f(r+ Iyv)

1(1 LD 0 DY Y o (w) (0) (u+ To—1tg — Too)'C,
n=0
%(14—]’[) 1O‘goDl ﬁhZ (u—Tv—uy—Tvy)"Cy
n=0

=Dy @I F s, )+ Tas) = DS ()17 F s, (r + Ti0),

forall (u—up)?+ (v—v9)* <r?and I € S, where u is the real variable of the fractional derivative D;a 8
and v is the variable of OD1 ph.

So the previous computations can be repeated for the missing statements presented in Corollary 3.2 to
obtain some formulas for the mapping (u + Iv) v W (v)f(u+ Tys) + ¢ (u) f(r + Zxv) for all (u —

up)>+ (v—v9)?> <r?and I, € S.

3.2. Caputo fractional slice monogenic functions with respect to a pair of real valued functions.
With the notations introduced in the previous section, and partially relying on similar reasoning,
in this section we study Caputo fractional slice monogenic functions with respect to a pair of real

valued functions.

Definition 3.3. Let r € [a,b] and s € [0,c|]. The fractional derivatives in the Caputo sense of f €
ACY(Sy 1,0, H), satisfying (3.2), on the left (on the right) with order induced by (a, B) with respect to (g, h)
and associated to the slice Cr are
. h
(DY F 15, )+ To,1,5) = (cDYE f U (4 T5) + T (DY f Is,y, ) (r + T0),
)

(D" F15,) (4 T0,1,5) 1= (DY f Us,p,) (4 - 1) + T(DE' f s, )+ T0),
respectively, where u and v are the variables of partial fractional derivation. The right versions of the previous
operators are given by

. h

( 11*0+ Ir f | Sape,r (u +Iv,r, S) = (CD:+gf |Sa,b/{;,])(u + IS) + (CD§+f |Sﬂ,b,c,]) (7’ + IU)I/

(C Irc* Ir f |Sabc] (u+Tv,1,5) := (CDaigf |Sabc]')(u +1s) + (CDfihf |Sa,b,c,]') (r+Iv)1.

(@p),(8h) (@p),(8h) (@p),(8h) (@p),(8h)
ate, I 7 CDb‘O*,I / CDa*c v and Db 0+, I,r

)
)

Operators cD are defined in similar way.
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Note that if (u,v) = (r,s) then
(DSP SN f s )+ Ts,1,5) = (DX f 1s,,. ) (r+ I8) + I(cDE f 1s,,,., ) (r+ Ts),
=: (CDa+0+] fl abfj)(r+]-s>
and the missing operators follow the same notation.

Remark 3.4. The previous operators are quaternionic extensions of (2.4). Even more, an interesting

combination of fractional derivatives in the Riemann-Liouville and Caputo sense such that
(RLDYEf I, ) (1w + I5) + I(cDb f s, ) (r + T0),
(REDyE f 1,0 ) (4 18) + T (DY f U,y ) (r + T0),
(DY f I8,0.,) 1+ T5) + T(reDP' f 1, ) (r + T0),

and some others similar operators can be considered.

Definition 3.4. Let f € AC'(S, ., Ry) satisfying (3.2). Then f will be called a Caputo fractional slice
monogenic function of order (, B), with respect to (g,h) on S, ¢ if

(DS f 15, )+ To,r,s) =0, Vu+TveSyer,

at, I
forall T €8S.
The R,-right linear space of fractional monogenic functions, in Caputo sense is denoted by
eSMgl) (Suie)
On the other hand, by CSM(a’B ) (Supc) we denote the Ry-left linear space of right-fractional slice

(gh)r
monogenic functions, in Caputo sense, on S, , . and it consists of f € AC (S, 1, Ry) satisfying (3.2) and

(DN 1o Nt Tor,s) =0, Vu+TveSyer

at, Iy
forall I €8S.
Proposition 3.5. Suppose that f € AC'(S, ¢, R,) satisfies (3.2). Define the operator
H(f)(u+ To,1,5) = (L) (u+ Is) + (1" ) (r + To).
Then
(D20 H () To,7,5) =H | (uD LS H(f) (u+ T, r,s>]
=1 (D) (u+ T5) = LT (DG f) (1 + T),
forallu+JIve S,y and I €8S.

Proof. From direct computation and making use of the identities (2.5) and (2.6) we have that
B).(gh
(D0 H(f) (i + To,r,s)

_|pes L 2 p-pnl 0

o —W(f)(“JrIUfr'S)]JFI[m W Jv

g ou (f)(u+Tv,r1,s)
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_Il—agl d
T goute

—(L; “3f)(u+fs)]+f[ ;ﬁh;,aa (I ﬁhf)(r+fv)]
1-

=1 (DS f) (u + Is) + TP (DB ) (r + To),

forallu +Jv € S, and I € S. Therefore,
(DB SN H () (u + To,7,5) =H [ (D2 ) (u + Ts) + T (DY F) (1 + T0)
~ 1P (Re DY £) (u+ Is) = L 3 [1) T (e DEL F) (1 + T0),
forallu +Jve S, and I €85. ]

So we obtain a characterization of the elements of cSME;’f)) (Sup,e), in terms of the slice mono-

genic operator in the Riemann-Loiuville sense as follows:

Corollary 3.3. f € CSMEg’ﬁ)) (Supe) ifand only if

H| (DR H () (0 -+ Toyr,s)| = TP DS )+ T) + (1) T (D) (r + To),
(3.4)
forallu+Jve S,y and I €8.
On the other hand, if f € cSMng; (Sap,c) we have

wD, " o Dy P H | e D P H () w4 To,r,s) )

RLDl ag(RLDagf)(u +IS) +IRLD —ph (RLDﬁ+f)(V+IU)
forallu+JIve S,y and I €8.

Proof. The first fact follows from the previous proposition. If we apply D1 8o D1 P on both sides
of (3.4) the second fact follows. O
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