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Abstract. In this paper, we define the windowed Kontorovich-Lebedev-Clifford transform and introduce the corre-
sponding Weyl transform. Furthermore, we examine the boundedness of the windowed Kontorovich-Lebedev-Clifford
in Lebesgue spaces and establish some of its fundamental properties. We also provide criteria for the boundedness and

compactness of the Weyl transform in Lebesgue spaces.

1. INTRODUCTION

The classical Weyl transform, initially introduced by Weyl [1] within the framework of quantum
mechanics, has been extensively studied and referred to as the Weyl transform in the literature,
including Wong’s work [2]. This operator is a specific instance of pseudo-differential operators
in the context of partial differential equations [1], and it has demonstrated significant utility in
addressing various mathematical problems, including regularity issues, spectral asymptotics, and
elliptic theory.

For 1 < p <2, Wong [2] analyzed the boundedness of the Weyl transform for symbol functions
residing in certain L spaces of integrable functions. On the other hand, Simon [3] established that
for p > 2, the Weyl transform of a function in L% is not typically bounded. These results, along
with related findings, are discussed in [1]. Furthermore, foundational tools such as the Wigner
transform and the Fourier-Wigner transform were pivotal in studying the Weyl transform. When
the symbol belongs to the L? space, Weyl [1] characterized the transform as a Hilbert-Schmidt
operator. In addition, Zhao and Peng [4] investigated the interplay between wavelet and Weyl
transforms using the spherical mean operator. Rachdi and Trimeche [3] analyzed the Fourier-

Wigner transform involving the spherical mean operator R and studied the Weyl transform in this
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context. Additionally, Verma and Prasad [5] explored the Weyl operator within the framework of
the Mehler-Fock transform.

This paper is organized as follows: Section 2 introduces the essential preliminaries and nota-
tions, including the definitions of function spaces, the Kontorovich-Lebedev-Clifford transform
and its inverse formula, Lebesgue spaces, Parseval and Plancherel relations, generalized trans-
lation operators, and convolution operators. Section 3 delves into the study of the Windowed
Kontorovich-Lebedev-Clifford transform, incorporating the generalized translation operator and
the Kontorovich-Lebedev-Clifford transform, while exploring some fundamental properties and
providing estimates in Lebesgue spaces. Section 4 is dedicated to constructing the Weyl transform
associated with the Windowed Kontorovich-Lebedev-Clifford transform. This section also derives

estimates based on different symbol classes.

2. KontorovIiCcH-LEBEDEV-CLIFFORD TRANSFORM HARMONIC ANALYSIS

o L% (R4,du),1 < a < oo, is the usual Lebesgue space with measure

1
du(ay) = Eal_l day,

and satisfies the norm

1
()5 11 (ar)lodp(ar) )" < oo, forl<a <o,

h a ==
Winlle . ess suplhy (a1)] < oo, for a = oo.

xel

¢ Similarly, we define the space

which is equipped with the measurable functions on R} = (0, c0) and measure
do(A) = izsinh(Zn VA)dA,
s

and satisfies the norm

1
il B (fooo Ihl(/\)l"‘dv(/\))”Y <oo, forl<a<oo,
T Rdo) = g suplh ()] < oo, for a = .
AeR

o L% (Ry xRy, du®dv) is the space of measurable functions on R, X R, satisfying

1
allLe (R xR | duedo) = (f f Ihl(al,)\)lad#(ﬂl)dv(/\)) <oo, lT<a<oo,
o Jo

71l (R, xR duedo) =  €sssup  |hy(ar,A)l < oo, a = co.
(ﬂ],A)ElRJerRJr
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Consequently, the following notation for their respective inner products will be adopted:

<h1/h2>L2(]R+,dy):f hy(a1)hp(ar) dp(ay), hi,g € L*(Ry, dy).
0

Similarly, we define inner products of

L?>(R.,dv), andfor hy,hyel? (R, x Ry, du®dv),

B, o) R o) = fo fg Iy (a1, Az, 1) dps(ar) do(A)

respectively.

e CZ(R) denotes the space of smooth compactly supported functions; it is dense in the

Banach space L*(Ry,du) for 1 < a < co.

In this paper, the Kontorovich-Lebedev-Clifford Transformof a function h; defined on R is

given by [11]:
K(n)(1) = [ Ky @ VA (@)dp(o), A € R, e

The inversion formula for (2.1) is given by:

in(en) = [ Ky (VK () (1do(), 0 € R @2)

where Kjs, (a1), y € R, is the Macdonald function given as (see cite emt)

Kig,(a1) = f e meosht cos(ayt) dt, ay € RY,.
0
From [12], we have
|Kig2 (Ell)| < f e ™M coshtdt — KO(al)-
0

Moreover, K, (2 va1) satisfies (see [10])
K, (2 < C'(ag)a [sinh (27 V)2 1
| 2ivil \/a_l)| < C'(ag)a,* [sinh(2nVA)]72, 0<ay< 5
Remark 2.1. Let T = {K(hy) | hy € C®R.}. Then T is dense in L? (R, dv).
Thus, the KLC transform acts as an isometric isomorphism operator from
L? (R4, dy) to L? (R4, do).

The Parseval and Plancherel’s formulas are as follows [11]:

[ ® ) W@ o) = [ (o aan) disan), 23
0 0

[ ey @f o) = [ patanf dute)
0 0
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respectively.This shows that the Kontorovich-Lebedev-Clifford transform preserves the scalar

product.
Theorem 2.1. For hy € L*(Ry,du), 1 < a <2, and 1 + % = 1, we have K(hy) € LP (R,,dv), and it
holds that:
K (h)lls (R, do) < W1llze (R, dp)- (2.4)
Also, for F € L* (Ry,dv), 1 < a < 2,and 1 + % =1, we have K }(F) € LF(R, du), and the inequality

IOl g < Pl

holds true.

Proof. By Plancherel’s formula (2.3), we have

K (h1)lle2 (R, a0y = il (R, dp)- (2.5)

Next, using the definition of the Kontorovich-Lebedev-Clifford transform and From the pro-
preties of K,,. \/X<2 \/a1) there exits C; > 0 such that:

Ko(2+vm) <Gy,
we get
IK ()l (R, o) < CallPalln (v, ap)- (2.6)
Thus, from (2.5), (2.6), and the Riesz-Thorin theorem [2], we arrive at

K () llp (R, g0y < llpe(r, gy, 11 € CTR4.

By the density of C°(R;) in L*(R;du), a limiting argument can be used to complete the proof
that the Kontorovich-Lebedev-Clifford transform is a bounded linear operator from L* (R du) into
[# (R, dv). Hence, (2.4) holds true.
Proceeding as above, for F € L* (R4, dv), 1 < a <2, and % + 113 =1,wehave K™(F) € LF(R . du),
and it follows that:
”]K_1 (P)”Lﬂ(m,dy) = ”P||L“(R+,dv)'

O

The translation operator is one of the fundamental operators in time-frequency analysis. Similar
to the work presented in [9] [5], the generalized translation or shift operator corresponding to the
Kontorovich-Lebedev-Clifford transform for h; € CZ°IR; is defined as:

(o 2) = (To) (@) = (7o) o) = [ " Dlar, ay as)in (a3) dis(as), 27)

From [11], we have

4 « .
fO Ky 2 (2 V) Ky (2 V) Ky, (2 Va3) sinh (270 VA) dA = Di(ay, a2, 3),

72
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where D(ay,a,,a3) is given as

1 aray + aaz + asa
D(ﬂl,ﬂz,a?)) = E exp - ‘/m ’ ay,a2,a3 € R+/
142643

which is symmetric in a3, a2 and a3. we have a product of Macdonald functions as [12]

Koy (2 V) Ky, (2 Viz) = %fow Kyiva(2 Vas)D(ar, a2, a3)a5™" das = K(D(a1, a2,.)) (4),

Also from [7] [11] [12], we have few estimates that will be useful in further calculations

fom D(ay, a3, a3) dp(as) = 2Ko (2 Vay + a2) < Ko(2 var) or Ko(2 Vaz).

-2V
2

f D(al,az,a3)a3‘1 daz = ?_K()(Z Vay + 15[2).
0

By the definition of the translation operator and the above equality, we have:

0 < D(ay,az,a3) <

K (Tah1) (A) = Ky 7 (2va1)K(h1) (1), (2.9)
Theorem 2.2. Let hy € L*(Ry,t71dt), 1 < a < oo. Then for all ay > 0, T,,(h1) € L*(R4, a7 day) and
17 (h)llie(r . ap) < Ko(2 Va)llllpew, du) < Cillballie(r, - (2.10)

Proof. Using ((2.7)), Holder’s inequality, we have for all a; > 0,

a
B

1 a 00 00 ~
|7-al(h1)<a2)|a§(§)f Ihl(as)I“D(al,az,ag)as‘ldas(f D(al,az,aa)aslda3)
0 0

1\* g [
<(3) @x@vaD? [ D@, ds, a0,
0

ifl <a <oand 1+ L = 1. Therefore, by the symmetry of D(ay,az,a3),
a B y Y. y

00 1 o a 00 00 ~ ~
f |7711 (hl ) (612) |"‘a2_1 dﬂz < (E) (2K0 (2 \/al)) p f |h1 (El3) |a f D(al, az, ag)az 1 dﬂzﬂg 1 dﬂg
0 0 0
1\* a © _
< (E) (2K0(2 \/u1>)ﬂ+1 f |h1 (a3)|“a3 1 d&lg.
0
Then

17, (h) e ap) < Ko(2 Va)llallpew, dp) < Cillballier, -
O

The shift operator associated with the Kontorovich-Lebedev-Clifford transform provides a con-

volution structure as follows [11]:

(nha)(an) = [ " (Tuhn) (a3) (aas) dis(as) = [ ) [ " Dlar, g a3l (a2 aa3) () dpas),

for ]’ll,hz S CEO(R+)
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The Convolution Theorem is the mathematical tool that provides the foundation for signal
filtering. The Kontorovich-Lebedev-Clifford transform of the Kontorovich-Lebedev-Clifford con-
volution is the product of the Kontorovich-Lebedev-Clifford transforms, that is,

K (h1%h2) (A) = K (h1) (1)K (h2) (4).
3. Winpowep KonTOROVICH-LEBEDEV-CLIFFORD TRANSFORM

Following the framework established for the windowed Kontorovich-Lebedev transform [8], the
windowed Mehler-Fock transform [5], and the Weyl operator associated with the index Whittaker
transform [9], we introduce the windowed Kontorovich-Lebedev-Clifford transform. In this sec-
tion, we present the formal definition of this transform and outline the principal results achieved

in this paper.

Definition 3.1. For hy, hy € CZ(Ry.), the Windowed Kontorovich-Lebedev-Clifford is defined as

WK (1) (a1, 1) = fo I (02) (Tayla) (02)Kyy (2 V) i a2)

Using the Kontorovich-Lebedev-Clifford transform and (2.7) , it is represented as

WK (h1,h) (a1,A) = K [h1 (Ta,h2)] (A). (3.1)
By invoking (2.7), we readily obtain

WK (l’ll,hz) (al,/\) = (l’lz *KZi\/X(')f) (al).

Theorem 3.1. For hi,hy € C°(R4), 1 <a <2, and % + /13 =1, we have
||W7{ (hl’h2)|IL/3(R+x]R+,d‘u®dv) < Cullmlleer, ap) 2l i) -

Moreover, the transform WK can be extended to a bounded operator from L*(R du) x LP(Rdu) to
LP(IXRy,du®do).

Proof. For hy,hy € CZ® (R4 ), invoking (3.1) and (2.4), we have

W 1, 2) sty = ( fo ) fo K [ (Toh)] (D dy(az)dv(/\))/?

B

Now, applying Minkowski’s inequality and theorem (2.2) , we readily obtain

IA

”(W(]( (hl’hz)”Lﬁ(]R+><R+,dy®dv) <G ||h1||L”(R+de) ||h2||Lﬁ(R+/d#) :
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Thus, WK can be extended to a bounded operator from L*(R.,du) x LF(Ry,du) to
LF (Ry X Ry, du ®dv). Therefore, the proof is complete. m

Theorem 3.2. Let hy € L'(R,du) such that ¢ = 2Ko(2az + a3) fooo hy(as)du(az) # 0. Then for all
hy € (LY NL?)(Ry,du), we have

K () () = 1 [ WK (i, ) (01, 0) o). 62
Moreover,
(o) = 1 [ g @ [ W ) (0,0 )| o). 63)

Proof. The result follows from (3.1), Fubini’s theorem, and the fact that

00

j(;oo (ﬂlhz) (ﬂ2> d‘u([l1> = 2K()<2 Vay —|—a3) jo‘ (h2ﬂ3> d‘u(ﬂ?)) =c.

Further, using the inverse Kontorovich-Lebedev-Clifford transform (2.3) in (3.2), we obtain
(3.3). O

Theorem 3.3. For hy,ha, h € L*(R, du), we have

<(W7( (h1,h2) ,(Wq( (h,h2)> = fo‘oo I’ll (a1)6(a1)}_1(a1) d‘u(al) = (hle,]’l> .
where

o) = [ |7 @)f duten) (34)

Proof. Using Plancherel’s relation (2.5) and (3.1), we have

(WK h2), WK 1) = [ ) [ " ha(ar) (Togha) (a0 ilar) (7 uha) (an) s (s ) (a2)

= [ @@ [ [7he) @0 i)
0 0

=G, h),
where S(a1) is defined as(3.4). This completes the proof.
O
Theorem 3.4. If a € [2, 0], hy, hy € CPR, then
W (1) 2 e, ooy < Ct Wtz gy We2lliz e g - (3.5)

Moreover, WK can be extended to a bounded operator from L?(R,,du) x L2(R.,du) to
L* (R+ X H{_A,_,dlll@d’())
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Proof. For a = 2, by Theorem (3.1), we have

I WH (o)l o aso) < Co Mtz ) W2z, g - (3.6)
For @ = oo, by Theorem (2.1) , the Holder inequality, and theorem(2.2), we get

W1 12) e ey < C IR Wh2lliz g - (3.7)
Then, by(3.6), (3.7), and the Riesz-Thorin theorem [2], we yield (3.5). Since C’IR; is dense in
L*(R.dy), a limiting argument completes the proof. o

Theorem 3.5. Let us fix f and « satisfying p > 2 and p’ < a < B, where ' and o' are the conjugate
exponents of B and «, respectively. Then

WK : LY (Ry,du) x LY (R, du) - LF (Ry x Ry, du®dv)

is bounded.

In particular,

||W7((h1'h2)“Lﬁ (R, xR, dpuedo) = C Wller () Wr2llee (R, ) -
where C' is some constant.
Proof. Invoking Theorem (3.1), we have

I WH (o)l o o) < Co iz ) W2z, g - (3.8)
Using the propreties of K, (2 va1) there exits C; > 0 such that:

sup  |K, z2Va)| <G, Yx>1,A>0,
(a1,A)eR4 xR

also noting theorem (2.2),we have

| WK (h1, b

[ " ha(ar) (Tarha) (a2)K,, (2 vaT)ds(a)

= Sup
(y,/\)E]R+ XIR 4

<G swp [ o) (Tahe) a0 duan)
(y,A)eR; xRy YO

) ||L°° (R4 xRy, du®do)

1 1
<G osup Wl an | (Tah2) o217+ 2 =1]
(1A)eR, xR, L¥ (R4 du) ” a2 ”Lk(Rmp) Tk
< C Il (r, a) W2llper,ag) - (3.9)

Now, let k = oo in (3.9). Then by (3.8) and the interpolation of multipliers of multiple linear
maps [12], we obtain the desired result.

IWH (1, 12)| s s ety < C Wl () W2l e,y @ > 2 (3.10)
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Again using (3.9) with k = a and (3.10), by the interpolation of multiplier maps , we get

IWK (1, 2) Lo (R xR dpiado) S © Wl v ) W2llie (R g P 2 2
Fora <2,letk =1in (3.9). Then by (3.10) , we get

||W7( (hlfh2)||L/3(R+xR+,du®dv) < C il (R, du) 2llze (R dp) (3.11)

By (3.9) with k = @ and (3.11), we obtain

||(W(]< <h1/ hZ)

’
e (ko) S € Ml . ayy Wi2llo (R, gy @ < 2,2 S B < 0.

Therefore, we finish the proof. O

4. WEYL OPERATOR AssSOCIATED WITH THE WINDOWED KoNTOROVICH-LEBEDEV-CLIFFORD TRANSFORM

In this section, we examine the Weyl transform in the context of the windowed Kontorovich-
Lebedev-Clifford transform. Specifically, we establish the boundedness and compactness of the
Weyl transform when the symbol ¢ belongs to the space L* (R4 X R4, du ®dv), where a € [1,2].
The results presented here provide a deeper understanding of the operator-theoretic properties of
the Weyl transform in this framework.

Definition 4.1. Let the symbol ¢ € CZ (Ry xRy, du®dv), and hy, hy € C®(R4.). The Weyl transform
Ay is defined by

(Agh1, hy) = f f ¢(a1, NYWK (hy,hy) (ar, A) du(ay) dv(A). (4.1)
0o Jo
Theorem 4.1. Let ¢ € CX (R X Ry, du®dv), and hy € CCR... Then, we have

(Agh) (a0) = [ (a0 o) du ),
where

V(o) = [ (Tiud) (01, 0Ky (2N do(0)

Proof. Invoking (2.7) and Fubini’s theorem, we have
(Aot i) = [ [ otm, 1) [ [ e T ()i 524 du(az)] du(ay)do (1)
- [ [ [ Tt @11k rl2vm dv(/\)]hl(az)hz(m)du(al)du(az)

Thus,
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(Ash1) (@1) = fo Yo, a2) (a2) dp(a2),

where

V(o) = [ (Tiad) (11, 1)Ky (2 V) o)

This completes the proof. m]

Theorem 4.2. Let Y € C&® (R X Ry, du®dv). Then, forall hy € C®(Ry),
Ay L2(Ry,du) - L*(Ry, du)

is a Hilbert-Schmidt operator and, consequently, it is compact. Moreover, for ¢ €
L (R+ xRy, du®dv) , a € [1,2], the operator Ay, can be extended to a bounded operator from L*(R ., dy)
to itself.

Proof. From Theorem (4.1) and by the L2-boundedness of the translation operator in (2.2), and
Theorem (2.1), it follows that Y(a1,a2) € L>(Ry X R, dudu). Hence, we have

IIﬂqsllzs( [ iavas)p auta) autes) [ |h1(a1)|2d14(a1))2
= [IYll2lll1l2.

Since C2° (IR ) is dense in L*(R ., dy), it follows that A, can be extended to a bounded operator
from L2(R,dp) to L2 (R4, du).

In particular, Y(a1,42) € L*(Ry X Ry, dudy) implies that Ay : L*(Ry,dy) — L*(Ry,dy) is a
Hilbert-Schmidt operator. Consequently, it is compact. By the density of C° (Ry xR, duy ®dv)
in L2 (Ry X Ry, du ®dv), the proof is complete. m]

We denote by Z(E,F) (or Z(E) if E = F) the space of bounded linear operators from a Banach

space E into a Banach space F.

Theorem 4.3. Let ¢ € L* (Ry xR, du®dv), a € [1,2]. Then the operator Ay is a bounded operator on
L?*(Rdu), and hence

”ﬂ?”z(m < Cill§lia (R xR dx@do)

Proof. Using Theorem (3.1) , Definition (4.1), and the density of C® (R;XxRy) in
L? (R xRy, du ®dv), as well as the density of C°Ry in L?(R+du), the proof follows. m

Theorem 4.4. The Weyl operator Ay, with symbol ¢ € LF (R X Ry, du ® dv) is bounded on L* (IR y+dy)

if p <2and p < a < p’, with the corresponding norm estimate

”ﬂ¢”z(m) < CliPlis (xR , dxado)
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Proof. (i) Let us assume a # 1 and a # oo. In this case, the boundedness follows from Definition
(4.1) and Theorem (3.5). We have

(0 sup

”hlllLa(IRJr,d,u) ||h2||La Ry d =1

5 up ( [ [ toter o dutay o

||h1||La(]R+,dH) ”hzllm Ry du

f f (P al, (W(]< (hl,hz) (al,)\) dy(al)dv()\)

™=

-

x(fooo fow WK (ko) (a1, 1) dy(al)dv(/\))

< C’||¢||L3(R+><]R+,dy®dv) Wl (R, dp) 2]l (R.,dy)
(ii) If &« = 1, then g = 1, and by using Theorem (3.5), we readily obtain

¢ 111, (Wq((hl,hz) (611, )dy(ul)dv( )'

]| = sup

Wralyen () =121 )

< sup

Wrtlyeo (i ) =2l )

f a1, ) [ WK O, o), ) do()

< CllPllp (R, xR, duedo)
(iii) If @ = oo, then we must have § = 1 too. Using the same arguments, we can obtain that

[ A]| < Clipllia (v, apsio)-
Using the boundedness of the Weyl operator, we can easily deduce that the bounded operator

is also compact. ]
Theorem 4.5. In the same hypotheses as in Theorem (4.4) , the Weyl operator is compact on L* (R4, du).
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