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Abstract. This paper examines the existence and uniqueness of the solution to the mixed g-fractional integral and
fractional derivative with g-integral condition nonlocal problem of the functional integro-differential equation. More-
over, we establish the problem’s Hyers-Ulam stability. The solution’s continuous dependence will be examined. We’ll

provide an example to illustrate the findings.

1. INTRODUCTION

Both fractional and quantum calculus (g-calculus) have a lengthy history. Quantum calculus,
or g-calculus, is a well-established discipline with several applications in complex analysis, hy-
pergeometric series, quantum mechanics, and particle physics. Jackson developed the g-calculus
first [1]. Books [2,3] contain basic definitions and properties of g-calculus. g-calculus, This area
of research has several applications, see [4-6] and references therein. There are several devel-
opments and applications of the g-calculus in mathematical physics, the theory of relativity and
special functions [7,8]. In several papers [9-12,15], integro—differential equation with Infinite-Point
Boundary Conditions have been studied. Reda et al. [5] used the fixed point theory to investigate
the existence and uniqueness of some differential equations, including the fractional g-integral

with the nonlocal g-integral condition. In this paper, we are concerned with g-fractional functional

Received: Dec. 12, 2024.

2020 Mathematics Subject Classification. 05A30, 26A15, 26A33, 26E70.
Key words and phrases. functional equations; existence of solutions; continuous dependence; continuous solutions;

nonlocal condition; g-calculus.

https://doi.org/10.28924/2291-8639-23-2025-21 © 2025 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-23-2025-21

2 Int. J. Anal. Appl. (2025), 23:21

integro-differential equation (nonlocal problem (n-p))

DFFHIL(t) = (p(t,C(t),/\Igt,b(t,C(t)) , ae t,Be(0,1],

) (1.1)
C(0) =0, [, C(s)dys = Co.

Where D! and IS the Riemann-Liouville fractional derivative of order 4 1 and The fractional
g-integral of the Riemann-Liouville type of order 6 > 0 respectively. The existence of solution,
under certain conditions, will be proved. The continuous dependence of the solution on (g and on
the function g, will be studied.

The arrangement of the paper is as follows: In Section 2, Recalling some essential definitions and
findings from the literature. In Section 3, We investigate whether there are ongoing solutions
to the problem (1.1), We prove that there is just one solution to the problem (1.1), we prove the
Hyers-Ulam stability of the problem, the continuous dependence of the solution is studied, and to
illustrate the primary existence result, one example is provided. Finally, the conclusion of study

in the research.

2. o-CaLcuLrus

This section provides some of the necessary resources for our research.We start with some
basic definitions and findings from [2, 3] for g-calculus, g-fractional integral, and g-derivatives. If

0 < g <1 are constants, the g-calculus relations are as follows.

e We define a gq-real number [a], by

1-4°
lal, = 1_q,aGIR.

¢ A g-analog of the Pochhammer symbol is defined by

1, k=0,
(@ )k =
[11(1-ag)), keN.

e The g-gamma function is defined by

E(q)

I,(t) = —————, R-{0,-1,-2,...},
RS |
where E(gq') = ﬁ. Or, equivalently, Ty (r) = T_thi), and satisfies I'y(r + 1) = [r],T4(r).

e The g-integral of a function 9

[o¢]

(1,9)(t) = fo S(s)dys = (1-q)t Y 4'3(q't), t < [0,b].

i=0
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Definition 2.1. [4] Let S be a function defined on [0,1]. The fractional g-integral of the Riemann-Liouville
type of order 6 > 0 is given by
P(t), 6=0,
(159)(t) = t b
% fo (t—gs)°18(s)dys = (1—q)°° 172, ql(&;—;))i’S(qlt). 5> 0.

Lemma 2.1. [13] For 6 > 0, using g—integration by parts, we have

(9)
0 = £y

3. MAIN RESULTS

The following lemma provides the equivalency between (1.1) and the integral equation.

Lemma 3.1. The solution of the n-p (1.1), if it exist, then the n-p (1.1) and the functional g—integral

equation

) = e [ ool co vt co

+Iﬁ“(p(t, C(t), ALy (t, C(t))). (3.1)
are equivalent.

Proof. Let C be a solution of the n-p (1.1), we obtain

dz 2—(1

—al “+Pg(t) = (p(t,C(f)//UgEb(t/C(t)))/
d? :
ﬁll_ﬁw) = go(t,C(t),/\Iggb(t,C(t))),

integrating from 0 to t, we obtain

TP = G010 = o L0, A1) )

we put I'BL(t)) =0 = v1 and integrating from 0 to ¢, we obtain

IBC(t) = (IVPL() ) o =ty = 12<p(t, C(t), ALy(t, C(t))),
we put (I'PL(t));—0 = v and integrating If, we obtain

IC(t) - IﬁUZ - Iﬁtvl = Iz+ﬁ(P(tr C(t)/ Alglp(t/ C(t)))/ (3-2)

differentiation (3.2), we get

th-1 P

RO e

son 1P, L0, A1, .
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Using the nonlocal g—condition, we get

p
) =t + el Ay o) 63
1 1 B 1
fog(s)dqs = vlfo r(ls—Jrﬁ)dqs+fo1ﬁ+1(P(s,c(s),)\lf]¢(s,c(s)))dqs
then
p— [co— f 1Iﬁ“(p(s,c<s>,M$¢<s,c<s>>)dqs]. (3.4)
fo 1+/3 0

Using (3.3) and (3.4), we obtain (3.1). To complete the proof, suppose that C satisfies equation(3.1),
integrating I'# and differentiation (3.1), we obtain

1fC(t) = ﬁvl+[2¢(t,C(t),/\lgl,b(t,l(t))),

1P = oIl 280,20

DAIL(E) = qo(t,C(t),/USyb(f/C(f)))/

1 1 1 1
j;C(T)qu = folsﬁdqs[co_j(;Iﬁﬂ(p(S’C(S),AIS¢(S’C(S)))qu]£ sPdgt

n fo 1 1ﬁ+1(p(t,c(t>,mg"¢(t,C(t)))dﬂ

1
‘fo C(7)dyt = Co, C(0) =

3.1. Existence of solution. The next theorem establishes the existence of at least one solution to

and

Then
O

(1.1) using Schauder fixed point theorem [14].

Theorem 3.1. Let ¢ : [0,1] xIR* - Rand ¢ : [0,1] X R — R be fulfills Carathéodory condition, if There

exist functions vy, € L0, 1] and positive constants py » > 0 such that
lp(t, C, )l < vi(t) + palll + palyl,
[P (t, Ol < vat) + paldl,

t ¢
sup vi(s)ds < Vi, sup Igvz(s)ds <V,
t€[0,1] YO t€[0,1]

and

p1 p1lAlp2
(+ [ﬁ]q)[r(ﬁ +2) T(B+2)I,0+1)

then the n-p (1.1) has at least one solution.

) elo1),
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Proof. Provide a definition for the operator Z associated to integral equation (3.1) by
1
EC(t) = [plat! [Co - f P +1<P(Sf C(s), Algu (s, C(S)))dqs]
0
+1ﬁ+1<p(t, C(t), ALy (t, C(t) )).

Col+(1 v, 4+ PAvV2
Let Oy = (1) € R : o] < 7}, where 7 Z [BlglCol+(1+[Blg)[ 1+mr|(‘ﬁlp+22)] ‘
((1+[ﬁ] )[F{HZ (,@+2).rq(o+1)D

dqs]

Then we have, for C € ),

1
IZC(H)] < ‘[ﬁ]qtﬁ [lCol—i— fo s

ofs c AL 09)

+]/3+1 (p(t, C(t), /\Igl,b(t/ C(t)))|

1
[ICOI + fo P (o1 (s)] + palC(s)] + palAlL] (va(s) + P2|C(5)|))dv/5]

IN
=,
)

-+

=

+1ﬁ+1(|v1(t)| + palC(8)] + prIAIG (va (1) “72'5“)'))

[ICoI +f01[V1 +f0t EE[;?)S (p1||x|| +p1IAI(Vz+12pzllxll))d9]dq5]

+ +ft —(t ) (P Ilx|l +p |)\|( 2 + Lol ”))d@
V X V Pp,|lx
! 0 F(ﬁ—}—l) ! ! q

IA

'[ﬁ]qtﬁ

IA

1
[|C0|+ f [Vwﬁ@nunwlww)

t
TprAlpali] f (ﬁﬂ o 1)d6]dqs]
0)f o

m(mIIXIIerI/\IVz)+p1IA|szIXI|f /3+1) (6+1)d6

[|C0|+ fo [V1+m(mIIXII+p1IAIVz)

l[ﬁ] tf

+Vi+

IA

l[ﬁ]qtﬁ

+Vi+

1
AV A
(Pallll + prlAIV2) + P12l e Ty

pillxll + p1IAIV2 pilAlpzlx(| ]
T(B+2) T(B+2).I,(6+1)
pulixll + p1lAlV2 pilAlpzllx|
T(8+2) T(B+2)T,(6+1)

r AV Alpar
= Il 1+ [ | v+ PP

1
r'(B+2)
[,B]q[|CO| + Vl +

IA

+Vi+
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This demonstrates that Z : (), — (), and the class of functions {Z(} is uniformly bounded in ().

Now, let t, £, € (0,1) such that |, — t1]| < O, then
1
[2C(t2) - 2 (1)l = |[ﬁ1qt§[<:o - [l cto) atpus o e
b (- 0)F S
+f0 1,(ﬁ_l_1)(p(s,(;(s),/\Iql,b(s,C(s)))cls

- o= [ ol o) gt e |

t Y
. fo g(lﬂ ﬂ) (’)(S’ C(s), Ay s, C(s)))ds

o [ 1 {5,600 Aty (s, o) s

<1t - 18l

t) _0\8
N ft §t§ﬁ fi)(P(SIC(S),AI%(S,C(S)))EIS

t -0 —(t; —O)P
I

pir + p1lAIVa pilAlpar ]

< |t§_tf|[ﬁ]q[|co|—|—vl+ T(B+2) r(ﬁ+2).1"q(6+1)

tz
_|_ f
t]

t]
_|_ f
0

This implies that the class of functions {E(} is equi-continuous in ;.
Let ¢, € ), (4 = C(n — o), then from continuity of the functions ¢ and ¢(, we obtain

@, Ca(t), yn(t)) = @(t,C(1), y(t)) and (¢, Cu(t)) — (¢, C(t)) as n — oo. Also

(-0)F

r(g+1)

(=0)F = (h - 0)f
r(g+1)

[lvl (B + par + p1lAIL (va(t) + PZT)]

[Ivl ()] + p1r + prlAlL (va(t) + Pzr)]

1
Eou(t) - 200 = ‘[mqtﬁ[co— [ 1400 () 130 (5
(1 (5, ALY (1))

1
(Bl (o - fo (s, 0(s), AL (s, (5)) )]

_Iﬁ+1(p(t,g(t),Azg¢(t,c(t)))|

[Blqt? fol I

—p(5,L(s), ALY (s, L(5)) )dgs

P (5, @n(), ALY (s, Pu(s)) ) dgs

IA
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P (L, @u (1), ALY (, @a(1))) = (8, C(8), ALY (£,C(1))) |

Using assumptions (1)-(2), the operator E is continuous. Then by Schauder fixed point Theorem
[14], at least one solution exists C € C[0, 1] of the n-p (1.1). o

3.2. Uniqueness of the solution. We prove the existence of exactly one solution to (1.1) in the

following theorem.

Theorem 3.2. Let ¢ : [0,1] x R? — R is continuous in C, y Vt € [0,1] and measurable in t for any
GyeRand ¢ :[0,1] xR — Ris continuous in C ¥Vt € [0,1] and measurable in t for any C € R. If there
exists p1o > 0 with

p(t, G y) — @t u,0)l < prlC—ul +prly — o, (3.5)
and

[ (t, Q) —(t,u)| < palC —ul, (3.6)
then the solution of the n-p (1.1) is unique.

Proof. Let C, y be two the solution of (1.1), then
1

o= [ 10 ct6) a5, 60 e
0

+Iﬁ+l(p(t, C(t), Ay (t, C(t)))

IC(t) -yl =

—[ﬁ]qtﬁ[co —j(;l Iﬁ“(p(S,y(S),MgIP(S/y(S)))qu]

_1ﬁ+1¢,(t, y(t), AL (t, y(t)))l

8,1 f 1

—qo(s,y<s>,ms¢<s,y<s>>)

IA

ofs ¢ 09)

dgs

<p(t,c<t>,ms¢<t,c<t>>)—<o(t,y<t>,A1$¢<t,y<t>>)‘

IA

1
Blat fo Iﬁ”[PllC(S) —y(s)l + prALl (s, C(s)) =y (s, y(S))l]qu

4Bt [P1|C(t) -y(s)l+ p1A12|l,b(t; (1)) - ¢(t, y(t))l]

p1 pip2A
62 " T+

IA

([Blg+1 JIC =yl

Hence

(1= U+ Dl * e <0




8 Int. J. Anal. Appl. (2025), 23:21

since ([f]; +1) [r(gj-z) + r(ﬁé;ﬁfﬁé“)] < 1, then C = y and the solution of the n-p (1.1) isunique. O

3.3. Hyers-Ulam Stability.

Definition 3.1. Let the solution to (1.1) exist. The n-p (1.1) is Hyers—Ulam-stable if Ye > 0, 3 6(e) > 0
such that, for any solution (s € C[0,1] of (1.1) satisfying

‘Dﬂﬂgs(t) - go(t, Co(t), ALY (t, Cs(t))) < 6. (3.7)

Then
IC—Gll <e.

Theorem 3.3. Assume that the hypothesis of Theorem 2 is satisfied; then, problem (1.1) is Hyers—Ulam-
stable.

Proof. Let the condition of Equation (3.7) be satisfied; then, we have

_5<DFIL () - (p(t, G0, AR cs(t>>)s 5

2
-56< %Il—ﬁcs(t) -~ (p(t, Cs(8), ALY (t, Cs(t)))s o

—-I15< ;—xll—ﬁcs(t) —v - I(p(t, Cs(1), AL (t, Cs(t)))s o

— 125 < I"PL(t) —vp — tog — Iz(p(t, Cs(t), ALy (t, cs(t)))s s

—1F725 < I4(t) — TPvo — TPty — 1ﬁ+2<p(t, Cs(8), ALy (t, cs(t)))s P25

-1 -1
T TE+1)

1
— 1P = —5y < Lo(t) - [ﬁ]qtﬁ[co - fO Iﬁ“(p(s, Cs(s), ALY (s, Cs(s)))dqs]

— 1P < () -

v - Iﬁ“(p(t, Cs(8), ALYy (1, @(t)))s I°+1s

) Iﬁﬂ(’)(“ Co(1), Algy (1 cs<t>>)s P =g,

Now,
C-Cl= ][mqtﬁ[co [ 1[5 2(6) A1 5,06 |
+19¥90{0), Y 0, )|
-l [ s co 6 e

_ ﬁ+1(p(t, Co(1), AL(t, Cs(t)))
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+ [ﬁ]qtﬁ[CO - fol IﬁH(P(Sr Cs(s), ALY (s, Cs(S)))qu]
+ I gl Co(1), ALY (¢, Cs(t)))’

[B]4t" iCo - fo 1 Iﬁ“(p(s, C(s), ALY (s, C(s)))dqs]

+ 1Py t,C(t),MSl,D(f,C(t)))
1
_ 1ﬁ+1(p(t, Co(t), ALy (t, Cs(t)))'

+ ‘[ﬁ]qtﬁ [Co - fo 1 Iﬁ“(p(s, Cols), ALY (s, cs(s)))d,,s]

+ Iﬁ-l—l(P(t, Cs(t),AISIP(t, Cs(t)))—Cs
< |[ﬁ]qtﬁ| ‘f: B+l

o100 283900, 0) o 0, A cs<t>>)‘+61

ofs €A ) ol 00 A0 0 s

1
< I[ﬁ]qfﬁlfo Iﬁ“[PllC(S) = G(s)l + ALY (s, C(s)) — Y (s, Cs(S))I]qu

+ Iﬁ+1[p1|C(t) =G PRI (1 C(1) ~ v, Cs(t>>l]+51

p1 pip2A

< 1 — G|l + 61.
Hence
01 _
Ie=Gsll < 1— (([ﬁ]q+1)P1 + (4+2)p1p2lAl ) -
T(p+2) T(B+2).T,(6+1)
Then, the problem (1.1) is Hyers—Ulam-stable. m|

3.4. Continuous dependence. The meaning of continuous depends on the initial data Cp and the

parameter A is provided below.

Definition 3.2. The solution C € C[0,1] of the n-p (1.1) depends continuously on Co and A, if

Ve>0, 3 6i(e) st [Co—Cyl < =A< =C-Cll<e,
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where C* is the solution of the n-p

{ DFHIC(t) = (p(t, C*(t),/\*lgtp(t, C*(t))), ae t, Be(0,1], (3.8)

C(0) =0, ) T(s)dgs = T,

Theorem 3.4. Assume that the assumptions in Theorem 3.2 are met, then the solution of the n-p (1.1)

depends continuously on Co and A.

Proof. Let C, C* be two solutions of the n-p (1.1) and (3.8) respectively. Then

IA

IA

IA

IA

Hence

IC(t) = C (1)l
‘[ﬁ]qtﬁ[Co - fo l Iﬁﬂ(p(S,C(s),)\lglp(s,C(s)))dqs]

+Iﬁ+1(p(t,C(t),AISyD(t,C(t)))
_[5]qtﬁ[gg — fol Iﬁ“(P(s, C'(s), ATy (s, C*(S)))dﬂs]
_Iﬁ+1(p(t, C(), ATyt C*(t)))‘

1
Blio-Gl+ [ 1 45

o5 ¢ A5 ) fols 0 1w 0)

+Iﬁ+1

go(t,<:<t>,Ms¢<t,<:<t>>)—<p(t,c*<t>,A*13¢<t,c*(t>>)|

1
[Bl4[1Co — Gl + fo P [IC(s) = T (s)] + 1AL (s, C(s)) = AT (s, T ()1 dgs]
P () — O]+ A, C() — AL (1, ()]

1
[Blq[62 + fo PP [IC= TN+ 1A = Al (s, C(s)) |+ IV (s, C(5)) = (5, € (5)) 1 dgs]
FP 1[I0 = T+ 1A = AL (£, S+ IV (8, C (1) = (5, T (4))]]

P1 . p103 p1palA’| )

Plaloz+ r(ﬁ+2)”c_C I+ T(B+2).T,(06+2)  T(B+2)T,(6+ 1)IIC—C Il
- pids pipalt| :
+r(/3+2)”C_C ||+F(,8+2).Fq(6+1) r(ﬁ+2)_rq(6+2)llC—C [

[Bl402 + ([Blg + Dp163 +(([ﬁ]q+1)p1 (9 +2)p1pal’] —_—

T([Bly +1).T4(0+2) r'(p+2) [(p+2).I(6+1)

([Bly+Dprd
Bled2 + s o

([B];+1)p (q+2)p1p21A*|
1- ( r(q/erz)1 + r(ﬁ+2).r1,,(25+1))

IC-Cll <

= €1.

This implies that the solution of the n-p (1.1) depends continuously on (g and A. m]
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3.5. Examples: In this section, we highlight our findings with an example.

Example 3.1. Consider the following n-p

D¢ = fet 4+ HEUD 11 1 (cos(2t +2)
+t3cosC(t) +e~fC(t)), ae te(0,1], (3.9)
€(0) = Co, fol C(s)doss = Co.
Set
Loo1HL) 12
(L), DY, C(t)) = e+ T + §IO_5(cos(2t +2)
+#3 cos C(t) +e7'L(1)).
Then
5 2t 1 121
lp(t,C(6), g (t,C(D))l < e+ 3(d+ J15531(cos(2t +2)
+t3cos C(t) +e7fC(h)))),
and also

1 1
[(t, C(1))] < glcos(Zt +2)|+ §|C(t)|~
It is evident that the assumptions (1)-(4) of Theorem 3.1 are satisfied with
vi(t) =2 € L1[0,1], va(t) = Slcos(2t+2) € L0, 1], p1 =3 p2=13,

p1 p1lAlp2 3 33

B+2)  T(B+2)T,0+ 1)] = (1.585786) [r(2.5) * T(2.5).T0.5(%)

by applying to Theorem 3.1, the given n-p (3.9) has a continuous solution.

(18l + Dl

CONCLUSION

This work has examined the continuous dependence of the g-fractional functional integro-
differential equation on initial data and parameter, existence solutions using the Schauder fixed
point theorem, and uniqueness solutions. We demonstrated that the problem is Hyers-Ulam stable.

To demonstrate the utility of our findings, a few examples are presented.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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