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Abstract. The main purpose of this paper is to investigate a nonlinear elliptic problem with a natural growth term under
Robin boundary conditions. Using approximation techniques and surjectivity criteria of an operator mapping from a
Banach space into its dual, we prove the existence of a sequence of weakly approximated solutions and take its limit to

establish the existence of a renormalized or entropy solution for the initial problem.

1. INTRODUCTION
In this paper we consider the following nonlinear Robin boundary value problem

B(u) —diva(x,u,Vu) + H(x,u,Vu) 3 f in Q
(#)

a(x,u, Vu) -v = —[uP®-2y on JQ).

Here we suppose that () is an open bounded domain of RY (N > 3) with smooth boundary JQ),
f € L'(Q) and v represents the outer unit normal vector on dQ). The function p(.) : Q — R* is
continuous and satisfies the following conditions

1<p™:=minp(x) <p" :=maxp(x) < co.
xeQ) xeQ)
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The function is a maximal monotone graph such that0 € g(0) and int(domp) = (m, M) with — oo <
m<0<M< oo,

We assume that the p(.)-Leray-Lions type operator a : QO X Rx RN — RV is a Carathéodory
function satisfying the following conditions for all £, 17 € RN, s € R, and for a.e. x € Q

a(x,s,&).& > C1|EPD), (1.1)
la(x,s, &) < Calk(x) + |sPP)1 4 |gp)-1, (1.2)
(a(x,s,&) —a(x,s,1m)(E—n) >0if & #n, (1.3)
and
a(x,s,0) =0, (1.4)

where C; > 0, C; > 0 and k(.) is a given nonnegative function in L?'()(Q). Note that p’(.) stands
for the conjugate exponent of p(.).
The Carathéodory function H : Q X R X RN — R is a nonlinear term having natural growth of

order p(.) with respect to |Vu| and fullfils a sign condition :
IH(x,s,&)| < b(ls]) (c(x) + |&PX)), forae.xe O, seR, &€ RY (1.5)

and
H(x,s,&)s >0, (1.6)

where b : RT — RT is a continuous increasing function, ¢(.) a given nonnegative function in
LY(O).

We emphasize that the Robin problems exhibiting a natural growth term have been less analyzed
when the p(.)-Leray-Lions type operator depends simultaneously on the spatial variable x, the
solution u, and its gradient Vu. However, assuming ¢ = 0, certain authors addressed the problem
() when the operator a depends only on x and the gradient of the solution. Indeed, in the
framework of classical Sobolev spaces constant exponents p, Motreanu et al. [31] have recently
employed a sub-supersolution approach to establish the existence of solution for the following

Robin boundary value problems with full gradient dependence

diva(x, Vu) + a(x)|ulP~? = f(x,u,Vu) in Q
(P) (1.7)
a(x, Vu) -v+n(x)uf~2u =0 on 9Q).

We also refer the reader to the references cited therein [31] for motivation regarding Robin boundary
conditions. As far as the Robin boundary problems are concerned, some results have been extended
from classical Sobolev spaces to Sobolev spaces with variable exponents. In [36], by considering
the p(.)-Leray-Lions type operator a(x, Vu) and H identically zero, Ouaro et al. (see also [34, 35,
38]) proved the existence and uniqueness of a renormalized and an entropy solution of a Robin
boundary problem when the source term is an integrable function or a measure data. Further,
they studied in [37,42] the problem (#) without the natural growth term in the context of the



Int. J. Anal. Appl. (2025), 23:36 3

p(x,u)—Laplacian operator (i.e., the exponent p(.) depends on the solution u). In [39], Alain

prignet analyzed the existence of solutions to the following elliptic problem
diva(x,u,Vu) = f in D’ (1.8)

where f € (C(Q))" and with non-homogeneous boundaries condition of types Neumann (i.e
a(x,u,Vu).n = g on dN0), Fourier (i.e a(x,u, Vu).n + Au = g on dQ)), Dirichlet (1 = g on JQ2). We
also recall that nonlinear elliptic problems involving the general Leray-lions operator are most stud-
ied under the Dirichlet boundary conditions (see [7,9,11,13-16,19,26,45]) and Neumann boundary
conditions ( [7,12,33]) Besides the mathematical interest in solving partial differential equations
in Sobolev spaces with variable exponents, researchers are motivated by their applications across
various disciplines, including physical and mechanical processes, electro-rheological fluids, as well
as stationary thermo-rheological viscous flows of non-Newtonian fluids (see [6, 20, 25,40, 41] for
more details). Another great progress in their application was the modeling of image processing
([18]).

Recently, in [3], the authors analyzed the existence of solutions for the problem (#) under Dirichlet
boundary conditions in the framework of constant exponent. Then, in [28], the second author and
collaborators extended their results in the context of p(.) variable exponents and measure data.
In this paper, we use the theory of maximal monotone operators in Banach spaces and approx-
imation techniques to establish the existence of renormalized and entropy solutions for a broad
class of multivalued nonlinear elliptic problems involving Robin boundary conditions. We stress
that the concept of renormalized solutions is an alternative approach to solving partial differential
equations when the data are not smooth (L!-function or a measure), and classical methods might
fail. This type of solutions was initially introduced by Lions and Diperna [21] (see also [1,2,26,28])
to tackle elliptic equations when the right-hand side data belong to L! or are represented as a
measure.

Since we only have weak-* convergence of the Yosida approximation B, of § (see below) in the
space of bounded measures, a measure arises that must be properly handled when passing to the
limit. To overcome this difficulty, we proceed as in [28,32,34-36] by taking into account the mea-
sure that appears in the definition of solution. Another obstruction is that the Poincaré inequality
and the Poincaré-Wirtinger inequality with variable exponents cannot be applied. However, we
overcome this by using the Poincaré-Wirtinger inequality with a constant exponent. In contrast
to the Dirichlet case, the solution of the Robin boundary problem is not null on the boundary. We
must handle the solution on the boundary. To overcome this difficulty, we proceed as in [38] by
defining a new space that accounts for the boundary condition (see the proof of Proposition 3.1).
The added value of our work in the literature is the resolution of multivalued problems involving
simultaneously a general nonlinear operator (i.e., —div(a(x, 1, Vu))), a natural growth term and
Robin boundary condition. Furthermore, this work is a generalization of results from constant to

variable exponent Sobolev spaces.
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The remainder of this paper is structured as follows. Section 2 introduces key definitions and prop-
erties of Sobolev spaces with variable exponents. In Section 3, we demonstrate the existence of a
renormalized solution. Finally, Section 4 concludes by proving the existence of entropy solutions.

2. PRELIMINARIES

In the following, we provide definitions and outline the fundamental properties of Lebesgue and
Sobolev spaces with variable exponents.
Let Q be abounded open domain in RN (N > 3) with smooth boundary dQ, and letp(.) : Q — R*
be a continuous function with
1<p™ :=minp(x) <p* := maxp(x) < oo. (2.1)
xeQ) xeQ)
We denote

C+(Q) = {p() : Q —> (1,00) continuous such that1 < p~ <p* < oo}.

From this point onward, we assume that p € C;(Q)) and define the variable exponent Lebesgue

space as follows:

U’(')(Q) = {u : ) —» R measurable : f lulf ™ dx < oo},
O

Let p(.) be in € C4(Q)). Then, the expression

p(x)
llully(y = inf{A >0: f dx < 1}
0

defines a norm in L7() (Q2), called the Luxembourg norm. Moreover, (L) (Q}), Il-ll()) is a separable,

M
A

reflexive and uniformly convex Banach space. Hence its dual space is isomorphic to LV’ () ((0) where

S T = 1in Q.
We call the p(.)-modular of L’) (Q)) the mapping Pp() [P0)(Q) — R defined by

pp() (1) = fn julp @ dx.
Let u € LP1)(Q), then, we have (see [22], [23]):
: TR TR
min () 1l } < oy ) < max{ T, Tl . 22)

For any u € LP1)(Q) and v € [7'()(Q), we have the Holder type inequality (see [29]):
1
—)) llly ol - (2.3)

f uovdx
Q (p

Let p1, po € C.(Q) such that p;(x) < pa(x) for any x € Q. Then the embedding LP20)(Q) s
LP10)(Q)) is continuous (see [29]).

(1
<|l—+
-

Proposition 2.1. [29] Let u,, u € LP™)(Q)). Then, the following properties hold true:
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(@) llullyy <1 (resp, =1, > 1) if and only ifpp(')(u) <1(resp, =1, >1);
H ; p- P+ ; P p- .
G W) > Vimply Il < oy () < Nl and ) <1 imply el < () < el
(iii) Ilunlly() — 0 if and only zfpp(.)(un) — 0, and |[un|l,(.) — oo if and only pp(.)(un) — 00,
Now, we define the variable exponent Sobolev space by

W1/P(~)(Q) = {u € LP(')(Q) : [Vul € LP(~)(Q)},

with the norm
) = lullyy + 1Vl -

For a measurable function u : () — IR, we introduce the following notation

pl,p(,)(lxl) ::f|u|r7(x)dx_|_f|vu|p(x)dx.
0 0

Proposition 2.2. (see [43,44]) If u € W) (Q), the following properties hold true:
; P A
(@) llullpy >1= ||M||1f(') < prp()(u) < ||u||1,p(.),
.. 14 .
(i) llullp) <1 = ”””Lp(.) < prp() () < ||u||1,p(.),

(iii) llullyp) <1 (respectively, =1, > 1) & pllp(,)(u) < 1 (respectively, = 1, > 1).

By setting

N-1 .
(N—;;)(;;()JC) if p(x) <N,

oo if p(x) >N,
we have the following result.
Proposition 2.3. (see [44]) Let p € C, (Q). If g € C(9Q) such that
1<qg(x) <p?(x) Vx €00,

then, there is a compact embedding WP\ (Q)) — L1 (9Q)). In particular, there is a compact embedding
WO (Q) — LFO(9Q)).

We denote by Wé’p © (Q) the closure of C3(Q)) in W'# ()(Q2), and we define the Sobolev exponent
by p*(x) = I\I,\]_pp(éz) if p(x) < Nand p*(x) = 0 if p(x) = N.

Lemma 2.1. [9] Let u,u, € U’(')(Q) such that |fuy|l,) < C. Ifu,(.) = u(.)ae. in Q, then u, — uin
rO(Q).
Theorem 2.1. [23,27]

(i) The space W) (Q) is a separable and reflexive Banach space.
(ii) If g € C,(Q) and q(x) < p*(x) for any x € ), then the embedding Wé’p(')(ﬂ) —es [10)(Q) is
continuous and compact.

(iii) Poincaré inequality : there exists a constant C > 0, such that

lullyy < CllVully, Yu € WY (Q).
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(iv) Sobolev-Poincaré inequality : there exists a constant C > 0, such that
lulle ) < ClIVullyy, Yu € WP (Q).

Remark 2.1. In view of (iii) in Theorem 2.1, we deduce that ||Vu||p(.) and ||u||1,p(_) are equivalent norms in
w,"H ().

Lemma 2.2. [39] There exists a constant C > 0 such that for any u € W1 (Q), one has

LIuIdeC(LIVuIdx+£Q Iulda) (2.4)

and there exists a constant C' > 0 such that for any u € WY1(Q), 1 < g < N, one has

q

i q
( fQ |u|¢dx) sC’( fQ |Vu|‘7dx—|—( j; . |u|do) ) (2.5)

Remark 2.2. It is clear that for 1 < p~ < p™* < oo, one has

«_ N
where q* = N=q-

(a+ b)PX) < 2P =1 (gl 4 pp()),
Throughout the paper, we will use the truncation function T of level k > 0 defined by
Tx(s) = max{—k, min{k; s}}. (2.6)

One can easily see that klim Ti(s) = s and |Tx(s)| = min{|s|; k}.
T (Q) := {u : QO — R measurable function such that Ty (u) € W0 (Q)}.
Let us introduce some functions that will be frequently used in this paper.

Forr € R, let r* := max(r,0) and sign_ be the function defined by

. lifr >0,
Szg”g(r):{ 0ifr <0

For any s and k in R, with k > 0, we defined the function G(s) = s — Ti(s).
Let B be a maximal monotone operator defined on R. Then, we define its main section g° by

minimal absolute value of B(s) if f(s) #0,
po(s) = if [s,00) N D(B) = 0,

—0c0 if (—co,s] ND(B) = 0.
For a maximal monotone graph g in R X R, for any € € (0,1], the Yosida approximation B¢ of
(see [4,5,]) is given by B = z (I- (I+€B)™!), which a non-decreasing and Lipschitz-continuous
function.
If s € Dom(B), |Be(s)| < |B%(s)| and Be(s) — B°(s), as € — 0, and if s € Dom(B), |Be(s)| — o, as
e — 0.

We also use the following useful convergence result (see [32]).
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Lemma 2.3. Let (By)n>1 be a sequence of maximal monotone graphs such that B, — B in the sense of the
graph (for (x,y) € B, there exists (x,, Yn) € By such that x, — x and y, — y). We consider two sequences
(zn)n=1 € LY(Q) and (wy)ys1 € LY(QY). We suppose that: ¥n > 1,wy € Bu(zn), (Wy)us1 is bounded in
LY Q) and z, — z in L}(Q)). Then, z € dom(B).

Proposition 2.4. [] Let u € 77()(Q). Then there exists a unique measurable function v : Q — RN
such that VT (1) = vXyu<k, for all k > 0. The function v is denoted by Vu. Moreover if u € w0 (Q)
then v € (L) (Q))N and v = Vu in the usual sense.

As in [5], we introduce ‘Ttlr’p (')(Q) as the set of functions u € 7()(Q) such that there exists a
sequence (i )uen € W0 (Q) satisfying the following conditions:

(i) uy, — ua.e. in Q.

(i) VTi(un) — VTi(u) in (LY(Q))N for any k > 0.

(iii) There exists a measurable function v on d(), such that u,, — v a.e. in Q.

The function v is the trace of u in the generalized sense introduced in [4, 5].

Lemma24. [9]Letu € LP(')(Q) and u,, € LP(')(Q) such that ||un||Lp<_)(Q) <C. Ifu, = uae. in Q) then,
Uy, — uin PO (Q).

In the sequel, the following lemma which proof follows the same lines as in [9] will be useful.

Lemma 2.5. Assuming that (1.1)-(1.3) hold and (i) neN is a sequence in W) (Q)) such that u, — u in
W0 (Q) and

f [a(x, Uy, Vi) —a(x, uy, V) |V (1, — u)dx — 0. (2.7)
0

Then, u, — u in W70 (Q).

3. EXISTENCE OF RENORMALIZED SOLUTIONS

Definition 3.1. We say that a pair (u,b) € 7~tlr,p © (Q) x LY(Q) is a renormalized solution of problem (P)
if it satisfies the following conditions:
(Py) uedom(B) LN-ae.inQ,be p(u) LN-ae. in Q, [uf®-2u e L'(0Q)),

(Py) there exists v € MZ(') (Q) such that v L LN, and the positive part vt and negative part v~ of v satisfy

the following conditions
vt is concentrated on [u = M| N [u # 00|, v™ is concentrated on [u = m| N [u # —o0],

(P3) for any v e WYL (Q) N L®(Q) and for any S € C.(R),

La(x,u,Vu)V(S(u)v)dx—i—LH(x,u,Vu)S(u)vdx—i—beS(u)vdx

—I—fQS(u)vdv—FLQ Iulp(")'zuS(u)vda:LfS(u)vdx. (3.1)
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Moreover,

lim IVulP®dx = 0. (3.2)
=400 Jli<pui<i+1)

Theorem 3.1. Let f € L'(Q). Then, the problem (P) has at least one renormalized solution.
Proof.

step 1 Approximate problem
Our first step is to consider the following approximate problem
Be(T1(ue)) — diva(x, ue, Vite) + He(x, e, Viie) + eluelf™ 2y, = fe in Q)

(Pe)
a(x,ue, Vue) -n = T% (y(ue)) on dQ),

where y(ue) = [uelP ™2y, Be : R — R is the Yosida approximation of f and He(x,s,&) =

H(x,s, &)
——""2 _ foranye€ € (0,1]. For all u € W0 (Q)), remark that
1+elH(x,s,&)l yee (0] (@)

(Belw), 1) 2 0, Ipe(u)] < <l and. Tim pe(u) = B(u).

One also has

o=

He(x,s,&)s 20, [He(x,s,&) <1g(x,5,&)|, IHe(x,s,&)| <
and
1
elT () < -

Furthermore, for any € > 0, fo = T1(f) is a sequence of bounded functions which converge to
fell'(Q)ase— 0.

Moreover, one has
”fe”Ll(Q) < ||f||L1(Q) (3.3)

Proposition 3.1. For any f € (W'"?()(Q))*, the problem (P.) admits at least one weak solution u. €
WP (Q)). Namely,

fﬁe(Tl(ue))(pdx—l—fa(x,ue,Vue)Vgodx—l—fHe(x,ue,Vue)(pdx+efIug|”(x)_2ug(pdx
Q € Q Q Q

f T1(y(ue))pdo = f feqpdx, (3.4)
0 © Q
forall p € W0 (Q) N L2 (QQ).
Proof. We define the reflexive space
E:= W0 (Q) x PV (902)
and Xy the subspace of E defined by

Xo ={(u,0) €eE:v=1(u)},
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where 7(u) is the trace of u € 7";47 © (Q) in the usual sense, since u € W'()(Q). In the sequel, we
will identify an element (u,v) € X, with its representative u € W) (Q).

Let us define the operator A, : W70 (Q) — (W0 (Q))* as follows:

Vu,p e WPO(Q),

(Ac(u), @) :(Au,(p>+fﬁe(Tl(u))(pdx+fHe(x,u,Vu)<pdx+efIulp(x)_zupdx,
Q € Q Q

where (Au,go):fa(x,u,Vu)qudx+f T1(y(u))pdo.
Q €

a0

Lemma 3.1. The operator Ac is pseudo-monotone and bounded. Moreover, A, is coercive in the following

sense
(Ae(u), u)

— +ooas ||ully ,y = oo.
T L)

Proof. There exists a constant C3 > 0 such that (see [45])

[ Heton, V] < Calipl (35)
Q
There exists a constant C4 > 0 such that

fﬂ Be(T1(u))pdx| < Callglly (- (3.6)

By using again Holder type inequality, one has

ef Iulp(x)_zugodx Sef Iulp(x)_ll(p|dx
Q Q

11
= e(lz " (P—)f)”'”'p(x)_”'v'(.)”Go”pm

11
<el—+ e~ (llyy + V@I
(p_ (p_),) p O (el +1Velly())
< Gsllellp(.),
where Cs = e(pl—_ + (pf),)Illul‘“(")‘lllpf(.)-
1

[ ol < 2 | ioldo 67)
0 € € Jon

Using the Holder type inequality and the growth condition (1.5), we can show that A is bounded.
From this, together with (1.2), (3.5) and (3.6), we deduce that A, is also bounded.

In order to prove the coercivity of A, we set

p+ if llullypy <1,

p-if llullyp) > 1;



10 Int. ]. Anal. Appl. (2025), 23:36

then, for all u € Wi#() (Q), one has

(Ac(), ) . La(x,u,Vu)udx—kLﬁe(T%(u))udx—kLHe(x,u,Vu)udx

Tl o Il

eflulp(x)‘zudx+f [ulP®2udo
L _Jo 20

llull1 ()

fu(x,u,Vu)Vudx—l—efIulp(x)‘2udx
o) o)

>

(by neglecting positive terms)
llull1 ()

/\fIVulp(x)dx—l—efIulp(x)_zudx
S Q Q

B lleelly )

min(e,)\)(f|Vu|P(x)dx+f|u|P(x)dx)
9] Q

llutll (.
min(e, A)py () (1)
llull1 ()

el

.
2 min(e, )

. -1 .
> rnm(e,)\)llullip(.) — oo as [Jully () — o (since 1 < p- <p4).

Thus, A¢ is coercive.

It remains to show that A is pseudo-monotone. For that we consider a sequence (uy)ken In
WP()(Q) such that

U, — uin Xy,

Acup — xin X/, (3.8)

klim sup{Actig, ) < {Xe, U)-

Now, we aim to prove that
(Acuy, ur) — {x,u) as k — oo with y = A.u.

By the compact embedding W'7()(Q) << [F()(Q), there exists a subsequence, still denoted
(g )ken, such that u; — u in L) (Q)) as k — co.
Since (i )en is a bounded sequence in W'?()(Q)), using the growth condition it follows, that
(a(x, uy, Vig) Jren is bounded in (L7 (Q)))N. Therefore, there exists a function ¢ € (LP'()(Q2))N
such that

a(x, u, Vi) = @ in (L7 (Q))N as k — co. (3.9)
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Since (He(x, ty, Vi) )ken is bounded in (L7'0) (Q))N, it follows in the same manner that there exists
a function 1 € (L7 (Q))N such that

He (x, ug, Vi) = e in (L (Q))N as k — oo. (3.10)

Given the inequality Iﬁe(T% (ux))| < % and the convergence ux — u a.e. in (), as k — o, one can

apply the Lebesgue dominated convergence theorem and deduce that

Be(T1(ug)) — Be(T1(u)) in LP-'(Q), ask — co. (3.11)
It can also be stated that
P20 — [uP™=2y in Lp()(%)) ask — oo (3.12)
and
eluklp 2y —> elufP™2y strongly in LF ()(Q), as k — oo. (3.13)

Thus, for any v € wte() (Q),

(Xe,0) = klggo (Acug,v)

= lim (x g, Vug)Vodx + lim | He(x, ug, Vug)vdx

k—o0 k—oo J
+ lim ﬁe 1(ug))vdx + € hm PO 20 0dx + lim PO 2 0do
k—oo € o) k—oo Jony

f(vadx—i—ftpevdx+fﬂe vdx+€f|u|p uvdx+f [ulP®~2y0do. (3.14)

Based on (3.8) and (3.14), one obtains

khm sup{Acti, tg) = 11rn n sup (f a(x, ug, Vi ) Vugdx + ef Juag P )
o)

fHe (x, ug, Vuy) ukdx+fﬁ€ 1 (ug) Jugdx

+ f |uk|r’<x)da)
f @Vudx + f Peudx + f Be(T1 (u))udx + f ulP ) do
€ o0

+e f ulP ™ dx. (3.15)
Q
Combining (3.10)-(3.13), as k — oo, we obtain

fHe(x,uk,Vuk)ukdx—>flpeudx, (3.16)
Q Q

€

fﬁe 1 (ug)) ukdx—>fﬁe 1(u))udx, (3.17)
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ef Iuk|”(x)_2uk—>ef P )2y dx
O Q

f P2 do — | P 2udo.
20 Q)

and

It follows that
lim sup f a(x, ug, Vug ) Vugdx < f @Vudx.
o) o)

k— o0
According to (1.3), we have

f (a(x, ug, Vug) —a(x, ug, Vi) ) (Vuy — Vu)dx > 0.
0

Then,

fa(x,uk,Vuk)Vukdefa(x,uk,Vuk)Vudx-i-fa(x,uk,Vu)(Vuk—Vu)dx.
0 0 0

Given that Viy — Vu in LP0)(Q), and using (3.41) one obtains

lim inf f (a(x, ug, Vug ) Vugdx > f @Vudx.
0 0

k— 00

From (3.20), one can deduce that

lim | a(x, ug, Vug) Vugdx = f pVudx.
Combining (3.16), (3.17), (3.18) and (3.21), we obtain

(Aetir, i) = (Xe, u) as k — oo
It remain to prove that a(x, ug, Vi) — a(x,u, Vi) in (L7’ (Q0))N and

He (x, ug, Vi) = He(x,u, Vi) in L) (Q) as k — co.

From (3.21), we can prove that

klim (a(x, ug, Vug) —a(x, ug, Vu)) (Vi — Vu)dx = 0.
—00 Q

As stated in Lemma 2.5, one obtains
we = u in W0 (Q) and Vi — Vi ae. in Q, as k — co.

Then, we have
a(x, ug, Vi) — a(x,u, Vi) in (L (Q))N as k — oo
and

He (x, ug, Vi) — He(x,u, Vi) in 1P (Q) as k — co.

Thus, we can express xe = Acu, which completes the proof of Lemma 3.1.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Since A¢ is bounded, coercive and pseudo-monotone, according to Theorem 2.7 in [30], A¢ is

surjective.
Therefore, for any f € (W"P()(Q))*, there exists at least one solution u. € W) (Q) to (Pe), which
concludes the proof of Proposition 3.1. ]

Step 2 The a priori estimate

Lemma 3.2. Let ue be a weak solution of (Pe). Then, for any k > 0 one has,

| ||
f VT (1) P f L) (3.24)
f Be(T (1)) Tite ) < Kl flls (3.25)
and
T3 (y (ue)llroa) < Ifllr(o)- (3.26)

Proof. Taking T (ue) as test function in (3.4), one obtains

€

fﬁe 1 (ue)) Tr( ue)dx+f (x,ue,Vue)VTk(ue)dx—i—fHe(x,ue,Vue)Tk(ue)dx
0 0

+efIuelp(x)'zueTk(ue)dx+f Tl(y(ue))Tk(ue)da:ffeTk(ue)dx. (3.27)
Q 0N Q
Let us remark that

f FTe(ue)dx < K flls

Having in mind (1.1), (1.6) and the fact that Ty, e, s — Is|")=25 are non-decreasing functions with
Be(0) = Ti(0) = 0, then all the integrals in (3.27) are nonnegative. Therefore, by disregarding the

positive terms, it follows that

L a(x, e, Vite)VTi(ue)dx < k||f||L1(Q), (3.28)
Bl ) Tt < kil o (329)
LQ T% (y(ue))Tk(ue)do < k”f”Ll(Q) (3.30)

Applying (1.1) in (3.28), one obtains (3.24).
After dividing (3.29) by k > 0 and letting k — 0, one arrives at (3.25).
Similarly, dividing (3.30) by k > 0, one gets

f T4 () L Tele)do < Wl o
Q)

Then, (3.26) follows by applying Lebesgue dominated convergence theorem. m]
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Remark 3.1. We claim that |ulP™)=2u € L' (9Q)).
Indeed, from (3.26), we have

[ st <l (3.31)
By applying Fatou’s Lemma, we obtain

[t <timint [ 17,0/l < 1o
20

Lemma 3.3. The sequences (Be(T1(ue)))eso and (Be(T1(Tx(ue))))eso are uniformly bounded in L(Q).

Proof. Indeed, based on (3.29), one has

fﬁe 1( Tk(”e) X< ||f||L1

€

Passing to the limit as k — 0, one gets

f 1Be (T (ue))ldx < I1flls

€

Thus, the sequence (Be(T1(1e)))es0 is uniformly bounded in L' (Q).
Using the following inequality

flﬁe Tl Tk ue |dX<f|ﬁe l |dx

o

we deduce that (ﬁe(T% (Ti(ue))) )eso is also bounded in L' (Q)). m]
Lemma 3.4. [36] Let ue be a solution (Pe) with k > 0. Then,
fo IVTi(ue)lP dx < C(k+1) (3.32)
and
fa Tl do < (k+ 1)l (3:33)

The following estimates follows from Lemmas 2.2 and 3.4.

Proposition 3.2. [36] Let u¢ be a weak solution of (Pe) with k > 0 large enough. Then,

C t s _1 - *IQ
measflue| > k} < onst(f Pka (r) )

(3.34)

and

= = (3.35)

—_pr <N

mé’ﬂs{wuel . k} _ onst(f,0)(k+1) | Const(f,p, ("), 0)

where o = (p~)*(1 - pl—,) and (p~)* =
any element in [N, c0) if p~ = N.

Step 3 Convergence results.

Proposition 3.3. [36] Let u, be a weak solution of (Pe) and k > 0. Then, we have
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(1) Tx(ue) — Ti(u) in LP (Q)) and a.e. in O, as € — 0.
(i) Ty(ue) — Ti(u) in LF (dQ) and a.e. on 9Q).
(iil) There exists u € T Pl )(Q) such that u € dom(B) a.e. in Q) and

Ue — U in measure and a.e. in ), ase — 0.

(iv) ue converges a.e. on Q) to some function u.

The above convergences are not sufficient to pass to the limit, so we must prove the strong
convergence of the sequence (T (ue))es0-

Proposition 3.4. Let i, be a solution of (Pe) and k > 0. Then, one has

Ti(1e) = Te(u) strongly in W0 (Q). (3.36)
2

b(k)

Proof. For all k > 0, we defined the function ¢(s) = se** such that a = y)

Let us recall that for any s € IR, the function ¢ verifies the following inequality (see [13], Lemma 1)

b(k) 1

¢'(s) = —"los) = 5 (3.37)

Now, we choose ¢ = @(Ti(ue) — Tx(u)) as a test function in (3.4) to obtain

€

fﬁe 1(ue)) (pedx+f (x,ue,Vue)V(pedx—i—fHe(x,ue,Vue)(pedx
0 Q

+ f Ty (y (1) Jpedo + € f P pldx = f Foudr.
0 € (@) QO

Due to the fact that ¢ and u. have the same sign in the set {|u.| > k}, one has

D+P+B+IE+R<I,
where I} :f Be(T1 (1)) pedx, I2 = fa(x,ue,Vue)V(pedx, B :fHe(x,ue,Vue)(pedx,
{luel<k} € Q Q

I = f T1(y(ue))pedo, I2 = ef el 2 ueeds, I8 = f fepedx.
0 ¢ 0 o

Since |uP™)2u, — [uP™) 2y in L¥ ()(Q) and p. — 0in L*(Q) ase — 0, it follows that 111%12 =0.
€

Since ue converges to u and ¢, — 0 a.e. on JQ) as € — 0, then by the continuity of y, one has

T1(y(ue))pe — 0 a.e. on Q).

On the other hand, as |Ty(ue) — Tx(u)| < 2k, for any k > 1, we have
lpe| < 2ke*™ and [T, (y(ue))pel < 2ke4“k2|y(u€)| e L}'(90).

Using the Lebesgue generalized convergence theorem, one obtains lim I* = 0.

e—0

On the set {|uc| < k}, one has |ﬁ€(T% (1e))] < max (ﬁe(T%(—k)), 5€(T% (k))) and

ml>—‘

T, (1)l < 2k max (T, (-0, (T, 00}
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By applying the Lebesgue dominated converge theorem, it follows that lir% Il =o0.
€—

Since g — 0in L*(Q) and f. — fin L(Q) as € — 0, one has lim I® = 0.

e—0

Proceeding as in [28], we have

lii% Q[a(x, Ty (ue), VTi(ue)) —a(x, Te(ue), Vi (1))] - V(Ty(ue) — T (1) )dx = 0.

By employing Lemma 2.5, we obtain (3.36)

Remark 3.2. Letting € — 0, the above results imply that
o Vi — Vuand eluP™W2u. —s 0 a.e. in Q.
e Since the functions a(x, .,.) and H(x, .,.) are continuous for a.e. x in ), we have

a(x, ue, Vue) — a(x,u, Vu) a.e. in Q

and
He(x, ue, Vue) = H(x,u,Vu) a.e. in Q.

e According to (3.39) and Lemma 2.1, one has

a(x, ue, Vue) — a(x,u, Vu) weakly in (LP'0)(Q))N.

(3.38)

(3.39)

(3.40)

(3.41)

Note that the above strong convergence is not sufficient to pass to the limit in (3.4), so we need the

following results.
Lemma 3.5. Let ue be a solution of (Pe). Then, letting € — 0, we have
He(x,ue, Vue) = H(x,u, Vu) and eluclf ™2y, — 0 strongly in LY(Q).
Proof. According to Remark 3.2, we have
He(x, ue, Vue) = H(x,u, Vu) and e|u€|’”(")_2u€ — Oa.e. in Q.

By taking ¢ = T1(ue — Ty (1e)) as a test function in (3.4), we obtain

f ﬁe(T% (te))T1 (e — Ty (1e) )dx + f a(x,ue, Vue).V[T1(ue — Ty (ue))]dx
Q Q
+ L He(x, e, Ve ) T (e = T (ue) )dx + € f(; |”e|p(x)_2ueTl (e — Ty (ue))dx

+ fm T% (y(ue))T1 (e — Ty (1e) )do = f(;feTl(ue — Ty (ue))dx.

(3.42)

(3.43)

Since Ty (ue — Tu(ue)) has the same sign with ue and VT (ue — Ty (ue)) = Ve X jneu.<ns1), all the

terms in the left-hand side of (3.43) are nonnegative.
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By neglecting some positive terms and recalling that |f.| < |f] € L'(Q) and meas({|ue| > n}) — 0

as n — oo, one obtains

f He (x/ Ue, Vue)Tl (ui-? - Tn(ue))dx + ef |”e|p(x)_2”eT1 (ue - Tn(ue))dx
{luel>n}

{lue|>n}

< f foldx
{luel>n}

< f |fldx
{luel>n}

—> 0 as n — oo.

Since {|uc| > n + 1} C {|ue| > n}, we deduce from the above inequality that

lim lim sup (f |[He (x, e, Ve )|dx + ef Iuel’”(")_ldx) =0.
1200 e {luel>n+1) {lue|>n+1)

Thus, for any p > 0, there exists 1(p) > 0 such that

f |He (%, 1te, Vi) |dx + € f [Py <
{luel=h(p)} {luel=h(p)}

For any measurable subset A C (), one has

f |He(x, ue, Vite ) |dx + ef luelP™ " dx < b(h(p)) f(c(x) + IVTh(p)(ue)lp("))dx
A A A

. (3.44)

N

+ f |He (x, tte, Vite ) |dx
{luel=h(p)}

(p)
+f|Th(p)(u€)|p(")_ldx
A

+e f e dx. (3.45)
{luel=h(p)}

According to (3.36), there exists O(p) > 0 such that, for all A € Q) with meas(A) < 0(p),

b(h(p)) fA (c(x) + IVTpp) (ue) P dx + € fA lueP)1dx < g. (3.46)

Combining (3.44), (3.45) and (3.46), one has

f |He (x, ute, Ve )|dx + ef P 1dx < 0, (3.47)
A A

for all A € Q) such that meas(A) < 0(p).
We conclude that the sequences (He(x, ue, Vite) )e>0 and (€|u6|p(x)‘2ue)e>0 are equi-integrable. There-

fore, by Vitali’s Theorem, one arrives at (3.42). O

Lemma 3.6. (see [34]) Let u¢ be a solution of (Pe). Then, letting € — 0, we have
V[S(ue)é] — V[S(u)&] strongly in L”(')(Q),
forall S € CL(R) and & e WO (Q) NL®(Q).
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Now, we focus on the demonstration of (3.1) and (3.2). For that, one firstly uses S(u¢)& as test

function in (3.4) to obtain

ffe Ue)Edx — f %( (ue))S(ue)éda—fﬂu(x,ue,Vue).V[S(ue)E]dx—fQH(x,ue,Vue)S(ue)édx

—efluelp 24.S (ue) de—fﬁe 1 (ue))S(ue)é&dx, (3.48)

where & € W0 (Q)NL®(Q) and S € CL(R).
By applying the Lebesgue dominated convergence theorem, we obtain

)

lim [ feS(ue)édx = f fS(u)é&dx. (3.49)
e—0 O @)
Due to Lemma 3.5 and the fact that S(ue)& — S(u)& in L®(Q)), one has

lir% H(x,ue,Vue)S(ue)édx:fH(x,u,Vu)S(u)édx (3.50)
e=0Jn 0

and
hmef |t P2y, S(ue)édx = 0. (3.51)

Since |T1 (y(ue))S(ue)&l < C(S, 11l )y (ue)| € LY(9QY), we apply the generalized Lebesgue domi-

nated convergence theorem, to obtain

lim T1(y(ue))S(ue)édo =lim | y(u)S(u)édo. (3.52)
e=0 Jon ¢ €—0 Jon

According to Lemma 3.6 and the convergence (3.41), we obtain (see [28])

lim a(x,ue,Vue).V[S(ue)(p]dx:fa(x,u,Vu).V[S(u)q)]dx. (3.53)
0

e—0 O
Lemma 3.7. Let ue be a solution of (Pe) with k > 0. Then, we have
(i) there exists z € My(Q) such that fe(T1(ue)) — z, ase — 0,

(ii) hmfﬁe % ue)édx—fQS(u)édz.

Proof.
(i) Since (Be(T1 (ue)))eso is uniformly bounded in L' (Q)) (see Lemma 3.3), then up to a subsequence
still denoted by ¢, there exists z € M, (Q)) such that

Be(T1(ue)) = z, ase — 0.
(ii) Proceeding as in [42] (see also aso [28]), it follows (ii). O

Now, passing to the limit as € — 0, and combining (3.49)-(3.53) and Lemma 3.7-(ii), we obtains

—foa(x u,Vu). &ldx - fH x,u, Vu)S(u)&dx — fﬂy(u)S(u)édO

+ fg £S(u)dx = fQ S(u)&dz. (3.54)
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Therefore, we deduce that z € M’;(') (Q)). The Radon Nikodym decomposition of the measure z

with respect to Lebesgue measure £N can be expressed as follows

Lemma 3.8. [28,42] Let u, be a solution of (Pe) with k > 0. Then, z = b LN + v such that v1 LN and

b € ﬁ(u) LN —da.e. i?l Q, b (S L1<Q)’ v E MZ() (Q),

vt is concentrated on [u = M| N [u # o],

v~ is concentrated on [u = m| N [u # —oo].

In view of Lemma 3.8, (3.1) follows from (3.54).
To prove (3.2), one chooses ¢ = Ty (ue — Ty (ue)) as test function in (3.4) to obtain

f ﬁe(T% (ue)) Ty (ue — Ty (ue) )dx + f He(x, te, Vue)T1 (e — Ty (1te) )dx
Q Q

~|—ef Iuelp(")_2ueT1(ue —Tn(ue))dx+f T1(y(ue))T1(ue — Ty (ue))do
o c

Q)

+ fna(x, e, Viie) V[T1 (e — Tn(ue))|dx = LfeTl(ue — Ty (ue))dx. (3.55)

Since ue and Tq(ue — Ty (1)) have the same sign and B is nondecreasing, the four first terms are

positives. Then, one can deduce that

f a(x, ue, Vue).Vuedx < f feT1(ue — T (ue))dx. (3.56)
[n<|uel<n+1] [¢)

Since V[T1(ue — Tn(ue))] = ViteX jn<juc<n+1), using (1.1), one obtains
C f VueP®dx < f feTy (e — Ty (ue) )d. (3.57)
[n<luel<n+1] Q

According to [36], one has lim lim f feT1(1te — Tn(ue))dx = 0.
Q

n—o0 ¢—0

Therefore, passing to the limit in (3.57) as € — 0 and n — oo, one obtains (3.2). m|

Remark 3.3. We emphasize that if M = co (resp. m = —o0), then v = 0 (resp. v~ = 0). In particular,
when the domain of B is the entire IR, the above result leads to the standard reformulation of the renormalized

solution as follows.

Corollary 3.1. Let D(B) = R. Then, the problem (P) has at least one solution (u,b) € '7'tlr’p(') (Q)xLY(Q)
such that u € dom(B) LN-a.e.in Q, b€ p(u) LN-ae. in Q, [uP™2u € L1(dQ) and for any S € C.(R),

La(x,u,Vu)V(S(u)v)dx—i—LH(x,u,Vu)S(u)vdx—i—beS(u)vdx

+fao Iulp(x)'zuS(u)vda:LfS(u)vdx, (3.58)
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for any v € W0 (Q) N L®(Q)). Moreover,

lim IVul®dx = 0. (3.59)

=00 Jln<u<n41]

Remark 3.4. If the domain of B is bounded (meaning —oo < m <0 < M < o), one can choose h = 1. Asa

result, the renormalization by the function h is not required in definition 3.1.

Theorem 3.2. Let —co < m <0 < M < oo. Then, the condition (P3) can be expressed as follows:
(P}): forany v € WP (Q) NL®(Q),

fa(x,u,Vu)Vvdx+ H(x,u,Vu)vdx—i—fbvdx+fvdv—i—f ulP )2 uvdo
0 0 0 0 o0

= f fodx. (3.60)
Q

Proof. Let us consider the function S; defined by S;(r) = inf{1, (I +1 —|r[)"} with [ > 0.

Now, we set Sy = S;, where [y > 0 satisfying the following conditions

So € Ccl.(lR), 50(7’) >0,VrelR,

So(r) =1if[r]| <lpand So(r) = 0if |r| > 1o + 1.

As the domain of § is bounded, we can choose Iy > 0 such that [m, M| c [~lo,lp]. Then, setting
S = Spin (3.1), we obtain

fa(x,u,Vu)V(So(u)v)dx+fH(x,u,Vu)So(u)vdx+beo(u)vdx,
0 0

0
+f So(u)vdv + f ulP¥) =280 (u)vdo = f fSo(u)vdx. (3.61)
0 o0 0
Since u € dom(f), one has So(u) = 1. Hence, from (3.61), it follows (P%). ]

4. ENTROPY SOLUTIONS

In the following result, we derive the relationship between a renormalized solution and an

entropy solution.

Definition 4.1. A couple (u,b) € 7';”’(') (Q) X LY(Q) is said to be an entropy solution of the problem (P)
if it satisfies the condition (P1), (P3) and

Lb]ﬂu—v)dx%—f a(x,u, Vu)VTy(u— vdx+fo u, Vu) Ty (u —v)dx

f P 24Ty (u - v)do < f fTe(u—-v)d 4.1)
for any v € W0 (Q) N L™ (Q) such that v € dom(B).

Theorem 4.1. Let f € L1(Q). Then, the problem (P) has at least one entropy solution.
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Proof. For any n > 0, let S, be the function defined on R by S,,(r) = inf{1, (n + 1 —1r]) "} and (u, b)
a renormalized solution of (P).

Note that S,(#) — 1 a.e. inR as n — co. Setting S = S, in (3.58), one obtains

an(x,u,Vu)V(Sn(u)v)dx%—fQH(x,u,Vu)Sn(u)vdx—i—beSn(u)vdx+fSn(u)vdv

(9]

p(x)-2 =
+]{;O |ul uS, (u)vdo Lfsn(u)vdxr (42)

for any v € W0 (Q) NL®(QQ).
Since V(S,(1)v) = S, (u)Vo + S, (1)vVu, one can rewrite (4.2) as follows.

fSn(u)a(x,u,Vu)Vvdx—l—fS;(u)va(x,u,Vu)Vudx—l—fH(x,u,Vu)Sn(u)vdx
Q Q Q

+‘beSn(u)vdx+fQSn(u)vdv%—‘faQ Iulp(x)'zusn(u)vda:LfSn(u)vdx. (4.3)

Since, S, (1) — 1 a.e. in Q as n — oo, excepted the sixth term, all the terms in (4.3) pass to the

limit as n — oo (we refer to [28] for the detail). Hence, we obtain

f a(x,u, Vu) VUdJC—}—fH (x,u,Vu vdx+fbvdx+fvdv+hm Iul” uS vda—ffvdx
(4.4)

By applying the Lebesgue dominated convergence Theorem, we obtain

fa(x,u,Vu).Vvdx+fH(x,u,Vu)vdx+fbvdx+fvdv+f lulf 9 2uodo
o) o) Q o) 20

= f fodx, (4.5)
0
where v € W20 (Q) N L2 (Q).
Let v € W0 (Q) N L®(Q) and k > 0. Then, we choose Tj(u —v) as test function in (4.5) to get

fa(x,u,Vu)VTk(u—v)dx—l—fH(x,u,Vu)Tk(u—v)dx+fka(u—v)dx
0 0 0
—l—LTk(u—v)dv—i—j;Q Iulp(")_zuTk(u—v)do:Lka(u—v)dx, (4.6)

for any v € W0 (Q) N L2 (Q)).
Since v € domp, it follows that the fourth term in (4.6) is nonnegative (see [34]), which leads to
4.1). ]
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