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Abstract. Maji et al. [10] presented the idea of intuitionistic fuzzy soft sets (IFSSs), which build on intuitionistic fuzzy sets
(IFSs) and soft sets. In this paper, we extend the notion of IFSs to Boolean rings (BRs). We briefly overview intuitionistic
fuzzy soft Boolean rings (IFSBRs) and list some of their fundamental characteristics. We define the intersection, union,

AND, and OR operations of IFSBRs. We then present the definitions of IFSIs and consider a few associated findings.

1. INTRODUCTION

Imprecise data is used in numerous applications in business management, social science, en-
gineering, economics, and environmental science. Uncertain data may result from incomplete
or random data, measuring device limitations, delayed data updates, and other factors in those
applications. The significance of those apps and the rapidly increasing volume of uncertain data
being collected and accumulated have drawn a lot of attention to the need for research on efficient
and effective methods for modeling uncertain data and addressing uncertainties. However, over-

all, this research has remained challenging. The literature is replete with numerous studies and
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applications relating to specific specialized instruments, including interval mathematics, proba-
bility theory, fuzzy set theory, IFS theory, vague set theory, and rough set theory. In 1999, Russian
researcher Molodtsov first proposed soft set theory [12] as a way to circumvent these problems.

The field of soft set theory is rapidly evolving. The concept of fuzzy soft sets (FSSs) was initially
introduced by Maji et al. [11], who also offered an application for it. Additionally, Roy and
Maji [20] presented a technique for object recognition using imprecise data collected from multiple
observers.

The above discussion clarifies that Zadeh’s fuzzy sets theory [23], which Atanassov extended
to IFSs [1], serves as the basis for all of these works. As an extension of the concept of fuzzy sets,
Atanassov presented and explored the idea of IFSs [2,5]. In [3], a few uses of IFSs are covered.
Some properties related to applying IFSs to algebraic hyperstructures by Davvaz et al. [4,6,9,10,23]
are discussed. Rao et al. [14-19] studied fuzzy soft Boolean rings (FSBRs) and fuzzy soft Boolean
near-rings (FSBNRs), examining their algebraic properties, generalizations, and structural implica-
tions. Key findings highlight that operations such as AND, restricted, and extended intersections
preserve FSBNR structures, while FS-homomorphisms maintain FSBNR images and pre-images.
Their work integrates soft set theory with Boolean near rings, broadening the theoretical under-
standing and applications of Boolean-like structures. Inan and Oztiirk [7] investigated fuzzy soft
rings and their generalization, (€, € Vq)-fuzzy soft subrings, focusing on their fundamental prop-
erties. Ramesh et al. [8,13,21,22] explored the interplay between intuitionistic fuzzy translations
(IFTs) and IFSs in BF-algebras, introducing concepts such as IF-extensions, IF-multiplications, and
their related properties. The study also examines their fundamental properties by examining
intuitionistic fuzzy translations applied to implicative and commutative ideals in BCK-algebras.
Building on the interval-valued intuitionistic fuzzy sets proposed by Atanassov and Gargov, the re-
search introduces interval-valued intuitionistic fuzzy ideals and homomorphisms in BF-algebras,
uncovering intriguing properties and extending the theoretical framework of fuzzy set theory in
algebraic structures.

This paper deals with utilizing the algebraic framework of BRs using intuitionistic fuzzy soft

theory. We characterize some algebraic properties and operation characterizations of IFSBRs.

2. PRELIMINARIES

To be thorough, we list a few pertinent definitions and findings in this section.

Definition 2.1. Foraset R, when two binary operations are available, namely addition + and multiplication
-, if any of the following characteristics apply, it is considered to be a ring:

(1) R is a group under +,

(ii) R is a semigroup under -,

(iii) (g +s)r = gr+srand g(s+r) = gs+ gr, Vg, s,r € R.

Definition 2.2. If s> =s,¥s € R, then a ring R is a BR.
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Definition 2.3. Let A represent the universe’s beginning,  represent parameters, m C A, and FS(A)
indicate A’s fuzzy power set. An FSS’s A is a pair (G, m), in this case, G : 1 — FS(A) specifying the
mapping G. An FSS is a family of fuzzy subsets of A with parameters.

Definition 2.4. Let A represent the universe’s beginning, 1 represent parameters, IFS(A) stand for A’s
IFS, and 1 C A. A pair (G, nt) is called an IFSS over A; in this case, G : 1 — IFS(A) specifies the mapping
G.

An ESS is a particular case of an IFSS, a parameterized family of IFSSs of A. An IFSS degenerates into
an FSS when all of A’s IFSSs degenerate into fuzzy subsets.

Foralle € m C A, we have an IFSS on A, G(e) referred to as the IFS of the parameter e. The intuitionistic

value
(Ge(a), Ge(a))
represents the extent to which an object a € A possesses parameter e. G(e) has the following possible writing:
G(e) = {{a, Ge(a), G, (a))la € A}.

Ifforalla € A, G,(a) +G,(a) < 1, then G(e) becomes an IFS; if foralla € A,e € m C A, G,(a) +G,(a) < 1,
then the IFSS (G, 1) degenerates into an FSS.

Definition 2.5. Let (G, ) and (S, p) be two IFSS’s A. Then, (G, ) is said to be an IFS subset of (S, p) if
(i)mCp,
(ii) Ve € 11, G(e) is an of S(e) is an IF set .

The notation (G, ) C (S, p) indicates the preceding relationship of inclusion.

Likewise, if (S, p) is an IFS subset of (G, n), then (G,m) is referred to as an IFS superset of (S, p),
respectively. We indicated the relationship above by (G, 1) 2 (S, p). (G, n) and (S, p) are regarded as IFS
equivalents if (G, m) C (S, p) and (S, p) € (G, ).

Definition 2.6. Let (G, m) and (S, p) be IFSS’s A, following that, the set

(i) (G, 1) AND (S, p), then (G, 1) A (S, p) is characterized as (G, ) A (S, p) = (S,0), where d = X p
and R(u,v) = G(u) N S(v),¥(u,v) € mXp.

(ii) (G, ) OR (S, p), then (G, ) V (S, p) is characterized as (G, ) V (S, p) = (S,0)), where 0 = X p
and R(u,v) = G(u) US(v),¥(u,v) € T X p.

Definition 2.7. An IFSS is defined as the intersection of IFSS’s (G, 1) and (S, p), as indicated by (R, o),
where 0 = U pand Ve € o,
Ge, if e€em—p
R,=4 S, if eecp—m
GeNS,, if eemnp
Then it’s represented as (R,0) = (G, m) N (S, p).

Definition 2.8. An IFSS is defined as the union of IFSS’s (G, ) and (S, p), as indicated by (R, ¢), where
o=mnUpandVe€ o,
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Ge, if e€m—p
R,=4 S, if eecp-m
G.US,, if eemnp
Then it’s represented as (R,0) = (G, m) U (S, p).

We may occasionally use alternative definitions of intersection and union, as follows, instead of

the IFSS definitions previously provided.

Definition 2.9. Let (G, ) and (S, p) be IFSS’s A such that tN p # 0.

(i) The bi-union of (G, ) and (S, p) is identified as the IFSS (R,c), where 0 = m N p and R(a) =
G(a)US(a),Va € 0. This is indicated by (R,0) = (G, ) LU (S, p).

(ii) The bi-intersection of (G, ) and (S, p) is identified as the IFSS (R, o), where 0 = N p and R(a) =
G(a)NS(a),Va € 0. This is indicated by (R,0) = (G, ) 1 (S, p).

Definition 2.10. Let (G, 7t) and (S, p) be two IFSS’s A. The product of (G, 1) and (S, p) is described as
the IFSS (Go S,0), whereo = nUpand Ve € 0,a € A,
Ge, if eem—p
(GoS)e=13 S, if ecp—m
sup,_., G.US,, if eemnp
and
G, if eem—p
(GoS).={ S, if cep-n
inf,—yy G’e U S;, if eemNp
The representation is (Go S,0) = (G, 1) o (S, p).

3. InTurTIiONISTIC FUZZY SOFT BOOLEAN RINGS

This section provides an overview of IFSBR definitions and outlines some of their key charac-

teristics. All IFSS are now taken into account over a BR R.

Definition 3.1. Let (G, 7t) be a non-null IFSS R. Afterward, (G, ) is referred to as an IFSBR’s R if for
eachee mand (,0 € R,

(i) Ge(C+ 0) = min{G.(C), G.(0)}, G,(C+ 0) < max{G,(C),G,(0)}

(i) G¢(20) = min{G,(C), G.(0)}, (ce) < max{G,(C),G.(0)}.

Example 3.1. Let the binary operations + and - be present in the nonempty set R = {0, g,s,r} in the
following terms:

+10 ¢ s r 0 g s r
0(0 g s r 0 00O
g8 0 7 s g0 ¢ 0 g
s|s r 0 g s|0 0 s s
rir s g 0 r{0 g s r
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Then (R, +,-) is a BR. Set the parameters to E = {ey, e, e3}, and define an IFSS (G, 1) of R,

G(e1) ={(0,0.2),(g,0.2), (5,0.1), (r,0.1)}
G(e2) =1{(0,04),(g,04),(s,0.3),(r,0.3)}
G(es) = {(0,0.3),(g,0.3), (5,0.2), (r,0.2)}
G'(e1) = 1(0,03), (g,0.4), (5,0.7), (r,0.7)}
G/ (62) = {(0 0. 4)/ (g )/ (S/ 0'7)1 (7’, 0-7)}
G'(es) = 1(0,03), (g,0.5), (s,0.8), (r,0.8)}

It follows that (G, m) is an IFSSR’s R.

Definition 3.2. We state that (G, 1) is an IFS-sub-BR of (S, p) for two IFSBRs (G, nt) and (S, p) of R.
We also write (G, ) C (S, p) if

(i)mtCp,

(ii) for each h € R and e € 11,G,(C) < S.(C) and G,(C) = S.(Q).

Definition 3.3. If (G, ) C (S,p) and (S, p) € (G, mt), then two IFSBRs (G, 1) and (S, p) of R are equal.

Definition 3.4. Let (G, 1) U (S, p) be the union of IFSBRs (G, nt) and (S, p) of R. It is described using
an IFSBR R : tU p —> [0, 1]® which ensures that for every e € TU p,

(C,Ge(0),G,(Q)), if ecm—p
Re =1 (C,Se(0),5.(C)), if eep-—m
(€, Ge(Q) V 5e(C), Go(C) AS,(C)), if eemnp
That is indicated by (R,0) = (G, ) U (S, p), where 6 = U p.

Theorem 3.1. If (G, ) and (S, p) are IFSBR’s R, then (G, ) U (S, p) is an IFSBR’s R.

Proof. Forany e € mU p and h,i € R, we take into account the following situations:
Case 1. Lete € m—p. Then

R.(C+0) = G,
G

R(C+0) =

IA
O O

NS a0~ o 0~

=
~
2
I
Q. O

o> >
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— R(Q)VR,(0).
Case 2. Let e € p — 1. Next, in line with Case 1’s proof, we have
Re(C+6) Se(C+0)
Se(C) A ( )

R.(CO) =

R,(C+0) =

R.(CO) =

Case 3. Let e € mN p. In this instance, it is an easy proof to follow. Therefore, in any event, as

we have
Ro(C+6) = R.(C)AR.(6)
R.(CO) > R.(C) AR.(0)
R.(C+6) < R,(C)VR.(6)
R,(L6) < R,(C)VR,(6).
Therefore, (G, 7) U (S, p) is an IFSBR’s R. O

Definition 3.5. Let (G, ) N (S, p) represents the intersection of two IFSBRs (G, 1) and (S, p) of R, and

its represented by

/

(C,Ge(C),Ge(C)), if eem—p
Re(c) =14 (G Se (C) (C))/ lf ecp—m
(€, Ge(Q) ASe(Q), G(Q) VS, (Q)), if eemnp
This is indicated by (R,0) = (G, ) N (S, p), where 0 = U p.
Theorem 3.2. If (G, ) and (S, p) are IFSBR's R, then (G, ) N (S, p) is an IFSBR’s R.

Proof. The proof is simple to understand. m]

Definition 3.6. Let (G, ) and (S, p) be IFSBR’s R. Then (G, ) AND (S, p) is indicated by (G, ) A
(S, p), and its determined by (G, ) A (S,p) = (R,0), wherec = n X pand R : ¢ — ([0,1] x [0,1])R

determined as
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R(C,0) = G(O)NS(6),Y(C,6) € o

Theorem 3.3. If (G, ) and (S, p) are two IFSBR’s R, then (G, 1) A (S, p) and (G, ) 11 (S, p) are IFSBR’s
R.

Proof. For allh,i € R and (x,y) € m X p, we have

Ry yy(C+0) = G(C+0)NSy(C+0)

(Gx(C) AGx(0)) N (Sy(C) ASy(0))
= (Gx(C) NSy(0)) A (Gx(0) NSy(0))
= Rixy)(€) ARy (0)

v

Ry (CO) = Gy(CO)NS,(CH)
> (Gx(C) AGx(p)) N (Sy(C) ASy(p))
= ( (0N (C))/\ y(0))
= Ry (C) AR(ry)(0).

Parallel to this, we have

R (€ +0) < Rpy ) Q) VR (0)
Riy) (60 < Ry (O VR, ) (6):
Hence, (G, ) A (S, p) is an IFSBR’s R. Similar proofs can be used for (G, ) 1 (S, p). m]

4. InTurTiONISTIC FUuzZY SOFT IDEALS OF INTUITIONISTIC FUZZY SOFT BOOLEAN RINGS

Definition 4.1. An IFSS (G, 1) of R is referred to as an IFSI's R if for each e € tand C, 0 € R,
(i) Ge(C+ 60) = min{Ge(C), G(0)}, G,(C + 0) < max{G,(C), G,(6)}
(ii) G¢(CO) 2 max{G,(C), Ge(6)}, G,(CO) < min{G,(T), G,(6)}.

Theorem 4.1. If (G, ) and (S, p) are IFSI's R, then (G, ) A (S, p) and (G, ) N (S, p) are IFSI's R.

Proof. Let us take (G,7) A (S,p) = (R,0) respectively, where 0 = 7 X p and R((,0) = G(C) N
S(0),¥(C,0) € 0. Since (G,7) and (S, p) are two IFSI’s R, for all (, 0 € R and (x, ) € g,
Rixy)(C+0) = min{Gy(C+0),5,(C+ 0)}
> minfmin{Gy(C), G¢(0)}, min{S,(C), S,(0)}}
= min{R () (C), Ry (0)}
max{G, (C + 6), Sly(C +0))
max{max{(G,(C), G,(0)}, max{(s, (C), 5, (0)}}
max{R/(x,y) (0), R’(x,y) (0)}
Rxy)(CO) = min{G(CO),S,(CO)}

Ry (C+0)

IA

IA
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> min{max{Gy(C), Gx(0)}, max{S,(C), S,(0)}}
= max{min{G(C), 5,(0)}, S, (O)}}
= max{Ry,(C),Ry,(0)}

R, (C0) = max(Gi(C+06),5,)(C+0)
< max{min{G;(C), G+(0)}, min{S,)(C), S, (0)}
= min{max(G,)(€),5,(€)) max(G,(6).,0)
= min(R, , (0), R, (O

&

Consequently, (G, ) A (S, p) is an IFSI's R. Hence, (G, 1) 11 (S, p) is similarly proved. o
Theorem 4.2. If (G, ) and (S, p) are IFSI's R, then (G, ) N (S, p) is an IFSI's R.

Proof. For any C, 0 € R and e € 0. Examine the following scenarios:
Case 1. Lete € m—p. Then

R(C+0) = G(C+0)
> min{G,(C), Ge(8))
= min{R,(C),R.(0))
R(C+0) = G.(L+0)
< max{G,(C),G,(9)}
= max{R,(C),R,(6))
R.(CO) = G.(CO)
> max{G,(C),G,(0)}
= max{R.(C),R.(0)}
R,(C6) = G,(CO)
< min{G,(Q),G,(6)}
— min{R.(C),R.(0)}.

Case 2. Lete € p — . Then

R(C+0) = S(C+0)
> min{S.(C), Se(i)}
= min{R.(Q),R.(0)}
R,(C+6) = S,(C+0)
< max{S,(Q),S,(i))
— max{R.(C), R,(0))
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R:(CO) = S.(CO)
> max{S.(C),S.(i)}
= max{R.(C),R.(0)}
R,(CO) = S,(C0)
< min(S,(C), S.(i)}
— min{R,(C),R.(0)}.

Case 3. Lete € mN p. Then

R,(C+0) = min{G,(C+0),S.(C+ 0)}
> min{min{G.(C), G¢(0)}, min{S,(C), S¢(0)}}
> min{min{G,(C), S¢(C)}, min{G.(0), S.(0)}}
= min{R¢(C), Re(0)}

R(C+60) = max{G,(C+0),S,(C+0))

S.(0)}, max{G,(0), S,(0)}}
= max{R,(C),R,(6)}.

< max{max{G,(C

{

< max{max{G,(C),G.(0)}, max{S,(C),S.(6)}}
{ ),
{

Now, R.(C0) > max{R.(C),R.(0)} and R,(CO) < min{R,(C),R,(6)} are similarly proved. Conse-
quently, (G, )N (S, p) is an IFSI's R. m]

Theorem 4.3. If (G, ) and (S, p) are two IFSI's R, then (G, ) o (S, p) is an IFSI's R.

Proof. For any C,0 € R and e € U p. Examine the following scenarios:
Case 1. Lete € m—p. Then

(GoS)e(C+0) = Ge(C+0)
> min{G,(C),G.(0)}
= min{(Go5)e(C), (GoS)e(6)}
(GoS).(C+6) = G.(C+0)
< max{G,(0),G,(0)}
— max{(GoS).(C), (GoS).(6))
(GoS)e(LO) = G.(LO)
> max{G.(C), G.(0)}
= max{(GoS).(0),(GoS).(0)}
(GoS).(CO) = G,(CO)
< min{G,(Q),G,(6)}
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— min{(GoS).(Q), (GoS).(0)).

Case 2. Assume that e € p — . This instance resembles Case 1.
Case 3. Lete € mN p. Then

(GoS)e(C) = sup min{G,(C1),Se(Ca}
=00

< sup min{G.(C1p), Se(Cop)}
Cp=C1Cop

< sup min{G,(z), S¢(t)}
Cp=zt

— (Go5).(cO).
Similarly, we can write (G0 S).(0) < (G0 S).(C0). Therefore, (Go S),(L0) > max{Go S).(C),Go
S)e(0)}. Also,
(GoS)(c) = _inf max(G,(C1),S,(Cal

=G0

> Cpuglfczpmax{G L(Cip), S.(Cap)}

> inf max{G,(z),S,(t)}
Cp=zt

= (GoS),(Ch).

Similarly, we can write (G o S),(p) > (GoS),(C6). Hence, (GoS),(C0) < min{(GoS),(C),(Go
S).(0)}. Therefore, (G, 7)o (S, p) is an IFSI’s R. mi

5. Ibeavristic INTUITIONISTIC FUZZY SOFT BOOLEAN RINGS

Definition 5.1. Let (G, ) be an IFSBR’s R. Then (G, 1) is referred to as an IIFSBR’s R if G(e) is an IFI
of R, for all e € supp(G, ), i.e.,, ¥(, 0,9 € R,

() Go(C+ 0) = min{Ge(C), Ge(6)}, Go(C+ 6) < max{GL(C), Gu(6))

(i) Ge(20) = min{G,(C), G¢(0)}, G,(L0) < max{G,(C),G.(6)}

(iii) Ge(=C) 2 Ge(C), G,(=C) < G,(C)

(iv) Ge(C) = Ge(0 +C—0), ’(c) <G,(0+C-0)

(0) Ge[(C+9)0 = O] 2 Ge(9), G [(T+9)0 - CO] < G,(3).

Example 5.1. Let the binary operations + and - be applied to the nonempty set R = {0, g,s,r} in the
following terms:

+10 g s r 0 g s r
00 g s r 0000
g8 0 7 s g0 ¢ 0 g
s|s r 0 g s|0 0 s s
rir s g 0 r{0 g s r
Then (R,+,-) is a BR. Define an IFSS (G, 1) over R by letting E = {e1, €3, e3} be the parameters,
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G(er) = {(0,0.2),(g,0.2),(s,0.1), (r,0.1)}, G (e1)

G(ez) = {(0,0.4),(g,0.4),(s,0.3), (r,0.3)},G (e2)

G(e3) = {(0,0.3),(g,0.3), (5,0.2), (r,0.2)}, G (e3)
Then (G, m) is an IIFSBR’s R.

{(0,0.3), (g,0.4), (s,0.7), (r,0.7)}
{(0,0.4), (g,0.5), (s,0.7), (r,0.7)}
{(0,0.3), (g,0.5), (5,0.8), (r,0.7)}

Theorem 5.1. If (G, ) and (S, p) are two IIFSBR’s R, then (G, ) M (S, p) is an IIFSBR’s R if it is
non-null.

Proof. Let (R,0) = (G,m) N (S,p), where Ve € 0,R, = G, NS,. Suppose (R,0) is non-null, so
there exists e € Supp(R,0) such that R, = G, NS, # 0. That is, R,(C) = G.(C) A S¢(C) and
R,(C) = G,(C) VS.(C), VL e R.
Since (G, ) is an IIFSBR’s R, we have
(i) Ge(C+ 6) = min{G,(C), Ge(0)}, G,(C+ 0) < max{G,(C), G,(6)}, YC, 0 € R
(ii) G(CO) = min{G,(T), Ge(6)}, G,(CO) < max{G,(C), G,(6)},YC, 0 € R
(iff) Ge(=C) 2 Ge(C), Ge(=C) < G(0), YT e R
(iv) Ge(C) = G,(6+C-0),G (C) <G,(04+C-0),Y,,0eR
(V) Ge[(C+ 9)0 = CO] 2 Ge(9), G,[(C+ 9)0 = CO] < G,(9),¥(, 0,9 € R,
and also we have the same properties for fuzzy sets S, and S,. For any (, 0, 9 € R, we obtain
RC(C + 9) - (Ge A Se)(c + 9)
= G (C+0)AS.(C+0)
(Ge(C) A Ge(8)) A (Se(C) A Se(6))
= (Ge(C) ASe(C)) A (Ge(6) A S5(0))
= (GeASe)(C) A (GenS,)(6)
= Re(C) AR.(6).
Similarly, we get
R;(C+0) < Ry(C) VR,(0).

Now, we have that

RJ(C+9)0—-CO] = G[(C+9)0—CO] AS[(C+9)0 O]
Ge(9) AS.(9)

R(C+9)0-C0] = G,[(C+9)0-CO]VS,[(C+9)0-C0]
G.(8) VS.(9)

The other equalities are proved similarly for each C, 0 € R. Hence, (G, 7)1 (S, p) is an IIFSBR’s R,

as desired. O
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Theorem 5.2. If (G, ) and (S, p) are IIFSBR’s R, then (G, 1) A (S, p) is an IIFSBR’s R.

Proof. Let (G,m) A(S,p) = (R,0), where R, = G, NS, Ve € 0. Lete € Supp(R,0). Then R, =
G.N S, # 0. For simplicity, we only show that R,(C0) > R,(0) and R,(C0) < R,(0),VY, 0 € R. For
any C, 0 € R, we have

R.(CO) =

R.(CO) =

The other equalities are easily satisfied. Hence, (G, ) A (S, p) is an IIFSBR’s R. m]

6. CONCLUSION

This research explores the integration of intuitionistic fuzzy soft sets (IFSSs) into the algebraic
framework of Boolean rings (BRs), presenting the concept of intuitionistic fuzzy soft Boolean rings
(IFSBRs). It builds on previous advancements in fuzzy set theory and soft set theory, highlighting
their applications in managing uncertainty across disciplines. The study systematically defines op-
erations on IFSBRs, including union, intersection, AND, and OR, extending classical Boolean ring
properties to an intuitionistic fuzzy soft context. Key findings demonstrate that these operations
preserve the IFSBR structure, offering insights into their algebraic and operational behaviours. Ad-
ditionally, the paper introduces the notion of intuitionistic fuzzy soft ideals (IFSIs) and investigates
their compatibility with IFSBRs, providing theorems that affirm structural integrity under various
operations. The work concludes with a theoretical foundation for advancing soft set theory and its
potential application to other algebraic structures, emphasizing the role of intuitionistic fuzzy logic
in enhancing the computational modeling of uncertain data. This comprehensive approach aligns
intuitionistic fuzzy soft sets with practical applications, supporting decision-making processes in

areas where data imprecision is prevalent.
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