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Abstract. Let F, be a finite field, where g is an odd prime such that g > 3. Let f (t) = £ — t € IF, [t] be a polynomial of
degree 3. For A # 0 in IF;, consider families of elliptic curves {E, } A€, and {H,} AeFF, defined respectively by

v* = Af(u) and f (v) = Af(u).

In this paper, I investigate the relation between the rational points over finite field on {E A (]Fq)} AeF and {H A (]Fq)} ,
q ’\E]F;

and determine the number of rational points on both of these family of curves.

1. INTRODUCTION
The Legendre symbol [5] of a element a € IF; is given as:

o q-1
— | = a7 modyg.
(‘7) 1

Definition 1.1. [5] Let q be a prime number, an element a € ¥y is called quadratic residue if there exists
B € I, satisfies

B> =a.

If there is no such g, then a a quadratic non-residue.

The quadratic character of x : IF; — C for a € IF;, is given as follows:

0, ifa=0,
x(a)=4 +1, if (%) =1,
-1, otherwise.
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Corollary 1.1. [1] Let «, B,y be integers with an odd prime such that q 1 «, then

qii(mﬂ—}—ﬁu—l—y): —(%) if B? — 4ac = 0 (modq),
q (g-1) (%), if B — 4ac 2 0 (modg).

Definition 1.2. [1] If a € F, the Jacobsthal sum ¢, () is defined by

() = Y x (u) x(u" +a),

uelky,

u=0

where n is a positive integer.
For a smooth projective curve C, the Riemann hypothesis over finite fields says
IN=(g+1)1<2gq,
where N is the number of IF;- rational points on C, and g is a genus of C.

Definition 1.3. [7] For an odd prime, the number of solutions (u,v) € F; x IF, of quadratic polynomial
f (u) is given by

q-1
#{(n,0) € By x Fylo? = f ()} = q+ ) x (F(u)).
u=0

Consider the projective curve H, defined by the equation homogeneous polynomial
v u
F(u,v,z) = z”f(g)—/\z”f(g), A" #1and A € Fj.

Theorem 1.1. [2] Let IF; be a finite field of characteristic q such that q does not divide n. The projective
curve H) is non-singular at infinity.

Definition 1.4. [4] The genus of non-singular algebraic curve defined by a polynomial F(u,v) of degree t
is given by the formula

[(t=1) (£-2)].

N| =

g:

2. RatioNAL PoinTs oN A Famiry oF Curves o2 = A f(u)

Let f(u) = u® — u be a polynomial of degree 3 such that u € F,,. Consider the elliptic curve E,
which is defined by

F(u,v) = v —)\(u3 —u),and ,A € ]F;.
LetE, (]Fq) denote the set of IF;—rational points on the affine curve.

Theorem 2.1. For f(u) = u® — u, the number of rational points on the curve E, is given by

#E (Fy) = (7-3) + x (1) p(-1) +3.
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Proof. Let
$ =1{(0,0), (£1,0)},

be the set trivial rational points on a curve E,. Let #E, (IFq) be the number of rational points

(u,v) € IF; X IF; of the congruence =2 (u3 - u) modq and u # 0, £1 which is given as follow,

#EL(F)) = ) (14 x (M) x (e —u)) +#S

ue]F;
= Z 1+ Z)((/\))((u3—u)+3
ue]F; ue]F,’;

= (1=3)+x (1) d(-1) +3.
Theorem 2.2. Let {Ep}rer, be a family of elliptic curves, then # {E B (]Fq)} is given by

#Ex (Fq)haer, = (9-1) (9—3) +3.
Proof. Consider the set
E (Fy) = {(u,0) € By x Fglo® = A(u® —u), A € F} 0 # 0},

where E} (qu) NE, (qu) = ¢ when A # . To prove this, assume E' (qu) NE, (IFq) # ¢ for A #
then there exists (a, ) that belongs to E, (qu) and E, (]Fq) ,s0 B2 = A (a3 - oz) and g2 = p (a3 - a),
which implies either u = A or @ = +1, a contradiction since A # y and g # 0.Let QR (]Fq) be the
collection of elements that are quadratic residues in IF;, while QNR (IFq) is the the collection of
elements that are quadratic non-residues in IF.

Consider the family of curves {E, (IFq)} AeF;, then

{Ex (]Fq)}AeIF; = U E; (Fy)+$

AG]F;
#EL(F)laer, = Y #E; (Fy) +#S
/\e]Fj7
= ), #E () + ) #E () +#S.
AeQR(IF, ) A€QR(IF,)
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3. RarioNAL PoiNTs or THE CURVE H) (IFq)
Consider the affine Holm curve [6] H, defined by F(u,v) = f (v) — Af (u)

H, : f(v):/\f(u),/\GIF;,
H, : 03—v:/\(u3—u),/\€]F;,

and its projective model
H, :v°— 02> = A(u3 - uzz), = ]F;,

By Theorem 1.1., H, has no singularity at infinity. In addition, by solving the system of equation
F, =F, =F, = F =0, I obtain H, is non-singular curve, Moreover, by Definition 1.4., the genus
of H, is one.

The following set

T =1{(0,0),(+1,0),(0,+1), (+1, 1)},

of trivial points of cardinality 9 contained in the following set

H, (IFq) = {(u,v) e F; xTF,: -0 = /\(u3 —u)},
foreach A € I, . Let #H ) (]Fq) be the number of IF;-rational points on the affine curve H,. Then by
the Riemann Hypothesis over finite fields, I get

g-1

Y x (F(w)

u=0

<247

Proposition 3.1. For each A € [F,

(1) #H, (IFq) =#H, (IF,,) , where A is an additive inverse of A.
(2) #H, (IFq) = #H, (]Fq) , where A is an multiplicative inverse of A.
o) = {311 1
Proof. (1) Observe the map
G:H, (IFq) — H) (]Fq)/
defined as (a, B) — (—a, B) is a bijective map. Hence, #H, (]Fq) = #H, (]Fq) .
(2) Observe the map
G:H, (IF,,) — H, (]F,,),
defined as (a, B) — (B, a) is a bijective map. Hence, #H, (IFq) = #H, (]Fq) .
(3) The curve H; (IFq) is defined by the equation

03—0—(143—14) = 0,
(v—u)(vz+uv+u2)—(v—u) = 0,
(v-u)(®+uw+u*>-1) = 0,
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if (v—u) =0, then #{(1,v) : u = v} = q. Otherwise, if v> + uv + u? — 1 = 0, this leaves two
cases:
. = 21 — is i i =1L =1 A1
Case 1: Let u = v, then 3u* = 1, if x(3) = +1 this implies ( Nl ‘/3) and ( Vel \/5) belong to
{(u,0) :u=0};
moreover, x(3) = +1 when g = 1,11(mod12). Therefore,

2 q=1,11(mod12),
#{(u,v);vz—l—uv—i—uz:l,u:v}: q (mod12)
0 g=5,7(mod12).
Case 2: Let v # u. Dividing by v and putting = zl] and = &,
{(a,B) €FyxFy: 2 =a® +a+1),

then by Corollary 1.1.
#(a,B) e]ququ:ﬁz —a®+a+1)=g-1
Now, If g = 1,11(mod12), then {(u,v) : u = v} N {(u,v) P uv+u? = 1} = 2, therefore

g-3 gq=1,11(mod12),

2 2
,0); 0" Fuvtut =11 =
{(u 0}t uotu } { g—1 q=5,7(cmod12).

Therefore, I conclude

29-3 =1,11(mod12),
#H, (IFq) _ 4 q ( )
29—-1 g=5,7(mod12).
4. ARITHMETIC RELATION BETWEEN {E,} AelF; AND {H,} A€F;

Throughout this section, I study the arithmetic relation between elliptic curves {E,} AeF; and

{H,} A€F; - Consider
Er(Fy) : {(u,0) € ByxFy0? = Af(u), A € F;},
Ey(Fy) ¢ {(u,0) € FyxFy,0? = Af(u), f(u) # 0,A € F;}.
And consider the sets
T = {(q1,92) € EyXE, :qu = (u1,01),q2 = (u2,02), 0} = 0%, A # p},
Hy (Fy) = {(w,0) €FyxF,: f(v) = Af(u), f(v) %0, f(u) #0,A € Fy}.
Moreover, since f(u) # 0,u® —u # 0, then u # 0, +1, which leads to v # 0, +1. Now consider

T =11 {(q1,92) € Ey X E}y g1 = (un, £1), 02 = (g, £1)}.

Theorem 4.1. Thearithmetic relation between two family of elliptic curves {H, (qu)} A€, and {E, (]Fq)} AeAeF,
is given as follows
G: 1T — H, (F).
(q1.42) > (u1,u2)
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Proof. Let (q1,92) € IT*, such that g1 = (a1,B1) € E, g = (az, B2) € E}, where A # u, I have proved
that when A # u, Ey NE}, = ¢, then

B =A (e} - ), B = p(a) - ), and B} = 3,
then the rational point (@1, a2) would be lying on the following curve

(ai’ - 0‘1) = P(“; - sz), where p = %
Conversely: suppose that (a1, a2) € Hy (]Fq) then

(a? - al) = /\(ag - az),
this leaves two cases:
Case 1: If the curve (oz:f - oq) =A (ag - az) is a quadratic equation, then there exists § € IF; such
that
(oz“;’ - 0(1) =A (a; - az) = ﬁz,
then, (a1, ) € E] (IFq) and (a2, £f) € E}, (IFq)

3

Case 2: If the curve (0‘1

I ( ) such that

- al) =A (ag - az) is not a quadratic equation, then there exists p €

p (a? - oq) = pA (ag - az) =B
Let pA = u then, (a3, +p) € E, (IFq) and (ap, £B) € E}, (]Fq). O

Theorem 4.2. Let {H,} A€F; be a family of elliptic curves, then #{H, (IFq)} A€, is given as follows
#{Hy (Fy)haer; = (9—3)> +9.
Proof. Consider the set
Hy(Fy) = {(w,0) €FyxFy:0° -0 =A(u’~u),AeF},
Hy (F,) = {(w,0) eFyxFy:v*—v=A(’~u),AeF}-T,

where H} (IFq) N H; (]F ) = ¢ when A # p. since f(v) # 0 and f(u) # 0, which implies v # %1

{H* (IFq }/\e]Fq U H IFq
A€y,
#{H;, (Fy)acr, Z #H;, (
A€y,

= #n*—#{(u,v) € Fy x Flo® = Af(u),v= il}.

For a given ug € IFf7 and ug # %1, there are two points (u,v) on E, (IFq) with u—coordinate ug; if
Af(ug) non-square in IF,,

#{(ug,v) : (uo,v) €E, (]Fq)} =1+ x (Af(uo))
= 14+x(A)$(-1).
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The number of (uo,v) on {E} (qu)}Ae]p;

#(uo,0) + (0,0) € By (F)haarsh = Y, 1+ Y x (A)

/\EIF /\EIF

= ZH(P Zx A)

A€l Ael;,
= (-1 +¢(-1)(0)
= g-1

So, there are g — 1 of distinct rational points (1o, v) for a given ug. Now, for all over u € [ and
u+ =+1,
=(q-3)(q-1).
Let C be the elliptic curve such that v> = 1, then A (u3 - u) = 1, so there are at most two points
(u,+1) € ( ) for each A € IF;. By theorem 2.2 #{E ( )}/\GIF =(g9-1)(9-3), then

#{(u,0) e FyxFp A(1®-u) =1, A € F}} = 2[—(q_1) (‘7_3)]

(9=-1)
= 2(9-3).
Therefore,
#{H) (]Fq)}Aelp; = #n —#{ ) € Fy X Fylo? = Af(u),v il}
#H, (Foher; = (9-3)(9-1)-2(9-3)
= (4-3)".
Moreover,

#{Hy (Fy)her, = (9—3)> +9.

5. CONCLUSION

In this paper, I have proved there is an arithmetic relation between families of elliptic curves

{Ea} A€, and {H,} AcF, and calculated the number of rational points on each of {E, } A€F, and {H,} AcF, -
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