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Abstract. Using Constantin-Iyer representation also known more generally as Euler-Lagrangian approach, we prove
the local existence of the Navier-Stokes equations in weighted Sobolev spaces with external forcing on R, for any

dimension d and p such thatp > d > 2.

1. INTRODUCTION

The Navier-Stokes equations are widely regarded as one of the most important equations in
fluid mechanics due to their broad science and engineering applications. While there is a huge
amount of work dedicated to the analysis of velocity equations, the Lagrangian approach is less
investigated. In Lagrangian settings, flow equations (positions of individual particles) are derived
and the solutions naturally allow tracking of particles. In ( [1], [2], [3]), the Euler coordinates were
used to study motion of incompressible fluid on compact manifolds. Fluid flows were treated as
intrinsically defined infinitely dimensional systems. In particular, Ebin and Marsden have shown
in [2] the local well-posedness of the deterministic Euler equations by solving ODE:s in the space of
Sobolev volume-preserving diffeomorphisms. In [4], the author followed ideas of ( [1], [2], [3]) to
study the Euler equations with a random forcing term W;. Flow equations were derived and solved
for d > 2 as ODEs in weighted Holderlder spaces. Without utilizing geometric tools, the author
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dealt with spaces of diffeomorphisms analytically. More recently, the authors of [5] provided a
stochastic framework extending the geometric approach of Ebin and Mardens. Their results can be
applied to prove the local well-posedness of the stochastic Euler equations with a random forcing
term W; in the Sobolev spaces with p = 2 and s > % +1.

The equivalence between the deterministic Navier-Stokes equations and corresponding flow
formulation was shown analytically in [6]. Later, a self-contained proof for the local existence in
Holder spaces was provided in [7]. The main idea was to perturb the flow by a Wiener process.
By averaging out random trajectories, the velocity can be recovered. While the results of [6] have
motivated a plethora of research into the Euler-Lagrangian approach of the Navier-Stokes and
Euler equations, only a handful has investigated it in Sobolev spaces. In [8], the Lagrangian
formulation was used to prove the local existence for the deterministic Euler equations in standard
Sobolev spaces H, withp = 2,d > 2 and s > % + 1 on the torus domain T¢ := R /2rZ?. Under
the same setting, their results were extended by [9] to cover the stochastic Euler equations with
Stratonovich transport noise.

While the geometric approach is elegant, the analytical approach is arguably more accessible,
especially for practitioners. For this reason, we follow the idea of ( [4], [6], [7]) to study the La-
grangian formulation of the Navier-Stokes equations. Our approach mostly relies on fundamental
results in harmonic analysis and can be easily understood by non-technical readers.

Our novel contribution can be summarized as follows:

e We study Constantin-lyer representation for the Navier-Stokes equations with random
forcing G (t)dt in the full space domain instead of the Euler equations with/without
Stratonovich transport noise on tori ( [8], [9], [10]) or the Navier-Stokes equations without
forcing term on periodic domains ( [6], [7]). Note that in [6], the authors were well aware
that G (t) dt can be handled, however, only formal discussion was provided.

e To the best of our knowledge, this work is the first to investigate L,—theory of Constantin-
Iyer representation with general p > d > 2 for the Navier-Stokes equations. Our results are
new even without the forcing term. We elaborate this further in the next point.

e Based on our Constantin-lyer representation, we provide a self-contained proof for the
local existence of the Navier-Stokes equations in weighted Sobolev spaces that can cover
p > d > 2 instead of non-weighted Sobolev spaces with p = 2 in ( [8], [9]) or Holder spaces
in ([6], [7], [10]). Our work entails some additional analytical results needed to handle the
challenge of general p in weighted spaces compared to the case of p = 2 in non-weighted
spaces or the Holder spaces. We impose an assumption [ > 1+ % for the existence of the
flow equations which is similar tos > 1 4 % found in ( [8], [9]).

e We also emphasize that our proof of existence covers the case of the Euler equations namely
€ = 0 without any special treatment such as passing to the limit e — 0.

Let (Q), 7, P) be a complete probability space with a filtration of c—algebras F = (7, t > 0) satisfy-

ing the usual conditions and B;, W; be independent standard d—dimensional Wiener processes on



Int. J. Anal. Appl. (2025), 23:27 3

(Q,F,P). LetF" = (Ttw, t> 0) be the standard sub-filtration of IF generated by W;. We will prove
the local existence of the velocity u : Q2 X (0, c0) X R? — RY which is ]Fw—adapted and evolves with
t in a weighted Sobolev space according to the following Navier-Stokes equation with € > 0 (see
Theorem 5.2),

du(t) = [S(—uk (t) dxu (t))+€2—2Au (t) + G (t)|dt

u(0) = wup, divu=0, t>0.

The symbol S stands for the solenoidal projection. We assume that the initial datum ug
is ’Fow—measurable, divug = 0 and the external forcing term G : Q) x (0,00) X R? — R4 is
FY-adapted.

Similar to [7], we define the perturbed flow 1 : Q X (0,00) X R? — R by

dn(t) =u(t,n(t))dt+edB;, n(0) =e, t>0.

Here, e denotes the identity map on R?. We derive (see Lemma 5.1 and Remark 5.2) the following

equation for the flow 1, denoting « (t) = 17! (t) the spatial inverse of 1 (¢),

dn (1) = E[S (Vi (t,2))" g (£ (1,2)) mw]jz -+ edBy

n(0)=e t>0.
where ,
gy (bx) = ug + f (Vi (5,%)) G (s, (s,x))ds, (w,tx)€Qx(0,00) xR
Once we prove the local exist(t)ence of 11, the velocity can be recovered from the flow via the formula,
u(t) = E[S(Vi (1)) gy (6, (1) I77"].

Lastly, we note that G can be random, although this does not cause any additional difficulties
compared to the case of deterministic G. The fact that G can be F" —adapted heuristically allows
passing to the limit to the stochastic equations with a stochastic integral as a forcing term, i.e.,
G (t) dW; instead of G (t) dt.

2. NoTATION

We list some commonly used notations in this paper.

E}Y (X) denotes the conditional expectation E (XITtW) :
e We assume throughout this paper that d > 2.

Ng denotes the set of all d—dimensional multi-indices.

e denotes an identity map from R? to R?. I denotes the d X d identity matrix.

e For any matrix or vector A, A* denotes its transpose.

Cy =C¢ (Rd) denotes the set of all indefinitely differentiable real-valued functions on R?

with compact support.
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e || denotes standard Euclidean norms for both vectors and matrices, regardless of dimen-

sions.

e For a real-valued function f on R?, |f |Oo = SUP,erd | f (x)| . Itis generalized to vector-valued
and matrix-valued functions by taking the maximum of |-|,, of all entries.
e For a real-valued function f on [0,00) X R, its partial derivatives are denoted by J;f =

df /ot,dif = df/dx;, Blzjf = 02f/dxidxj, Df = Vf = (d1f,...,d4f). Given a multi-index
yeNd,Dyf:ayf: . 8|V|f

)1 ox

e For f = (fl,fz,...,fm)* : R* — R™ and a multi-index y € N4, DV f = (DVfl,...,DVf’“)’e
denotes its partial derivative and Df = Vf = (8]- fi)i’j denotes its Jacobian matrix. The
notation D” f is also extended to a matrix-valued function by entry-wise differentiation.
We will also write ||f]| = | (0)| + |V

e If f is a real-valued, vector-valued or matrix-valued function on R?, we denote D f =
(DY f )|V|:k ,k=1,2,3,... the tensor of all derivatives of order k.

o C" (Rd) =C" (Rd ; R) , 1 > 0 denotes the set of all n-times continuously differentiable func-

cn T ZOSMSn Sup, |D7’f (x)| < ©o.

o C° (Rd) =C* (Rd; R), a > 0 denotes the standard Holder spaces on RY endowed with the

finite norm

and the same notations is used for weak derivatives.

tions on R? endowed with the finite norm | f

If (x) = £ ()]
-y’

floe = [flen +sup
X£Yy
where @« = n + B, nis an integer and g € (0,1].
e (" (resp. C") is extended to the space vector-valued and matrix-valued functions whose
all components belong to C" (resp. C".) It is endowed with the the maximum of C"—norm
on (resp. ' f
we will write C" (Rd ; B) and C" (Rd ; B) with appropriate B, e.g., B = R4,

e For a multi-linear continuous operator F : E — F where E, F are Banach spaces, ||F|| denotes

(resp. C"—norm) of all entries. The same notation | f C,,) are used. For the spaces,

its operator norm.

e C,N,M € (0,c0) with or without subscriptions denote constants which generally change
from line to line or even within the same line.

e We will use the Finstein summation convention over repeated indices when there is no
chance of confusion.

e When two functions are equal almost everywhere, we generally refer to them by the same
notation. If some properties of a function hold after a modification on a set of measure zero,
then we simply say that a function satisfies such properties. In particular, if a function is
Holder continuous or continuously differentiable after a modification on a set of measure

zero due to Sobolev embedding theorem, then we simply say that it has such properties.
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3. FuncTioN SpaceEs aAND DEcomMPosITION OF VECTOR FIELDS

3.1. Function Spaces. We will use Sobolev function spaces with asymptotic conditions originally
introduced by Cantor in [11] and were used in [12] to prove the local well-posedness of the
deterministic Euler equations.

Forp >1,1>0, 6 € R, we denote by Hé,p (Rd) = Hé’p (Rd ; R) the space of real-valued functions

f: R? > R whose weak derivatives have the finite norm
(6-1+k—d/p) p v
— p(o—I+k-d/p Y
fy, =X T ([ w4 o

1/2 . Lo o . .
wherew (x) = (1 + |x|2) . By interpolation inequalities, the norm | f | p 1S equivalent to the norm,
P

(fRd pO-I=d/P) ()| (x) |de) + Z (f W ©=4/0) (x )|Dyf(x)|pdx)l/p_

y|=l
It is easy to show that Cy (Rd) is dense in H; 5 (Rd) (e.g., [13, Proposition 2.3.1].) If v is a vector,

a matrix or even a multi-dimensional tensor, the norm |v] H is similarly defined by intrepreting ||
as the Euclidean norm. The corresponding spaces are denoted with respect to the dimensions of
the range spaces, for example, Hé,p (Rd; Rm) or Hé,p (Rd,‘ R™ x R”) .

For 0 < T < oo, we denote by Zl@p (T) the space of Hélp—valued functions v on [0, T] with the

finite norm sup; ;7 |v (t)| . We use the same notation Zé/p (T) regardless of dimensions as there

H!
is no chance of confusion. "

If 6 = 0, we write H} (R";B) = H, (R%;B) and if 6 = I = 0, we write L, (R; B) = H] (R";B)
with an appropriate B.

We use [, to denote the L, norms regardless of dimensions. The estimates of types | f g|p <
C | f |Oo | g|p and | f g|Oo <C | f |00 | g|oo with some generic C will be used abundantly in this paper. We
will not be pedantic about the value of C even when C = 1, since it depends on exact dimensions
of fand g.

Whenever p > d, we will interpret all derivatives of f € H;, (Rd) and thus of f € Hé,p (Rd) when
o=>1+ % as classical derivatives (cf. [14, Theorem 5 of Chapter 5].) Consequently, we may rely
on results in fundamental calculus such as chain rules, product rules, Taylor’s expansion, and
integration by-parts.

3.2. Decomposition of Vector Fields. Recall the definition of the Newtonian potential,

ﬂ d>?2
[(x) =T () = §
P In |X|, d=2

and
J 1 Xlllld

O/ d 2 2
= daog | x#
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where w, is the volume of the unit ball in R%.

Define the operators
Tif (x) = fRdri (x-y) f(y)dy, feCT(RY),i=1,...,d.

We will use T;,i = 1,...,d to define gradient and solenoidal projections for v € Hle " (Rd;Rd)
P

respectively. First, we set for v = (vl, ey vd)* eCy (Rd; Rd) ,
G(v) = VT; (vi)
S() = v-G(v)

where the standard summation convention over repeated indices is assumed. It is well-known
that

*
4

G (v) = VT;(v) = -RR;v/,
where R;f = —iF ! (%Tf) is the Riesz transform of f and R = (Ry,...,R;)". Usually, G (v) and

S (v) are referred to as gradient and solenoidal projections of the vector field v respectively, and
fg(v) -8 (f)dx =0, v, f C5 (R RY).

In fact, G (v) = VT; (vi)* and S (v) = v -G (v) are continuous in L, (Rd;Rd) ie. |G (v)|p < Clol,
and |S (U)|p < C|vl, (see [15, Remark 3.5].) For more detailed discussion on projections in non-
weighted Sobolev spaces see for instance [16, Section 3.1.2], [15, Section 3.2] and references therein.
The following Helmholtz decomposition for weighted Sobolev spaces is a key result for our main
proof.

Lemma 3.1. Letp > 1,1>0, O € (1,d). The operators

T;:Hy,,, (RY) = HY(RY), i=1,..d

are bounded. That is for any i =1,...,d, there exists C > 0 such that

|T; f|H,9++1W <Clfly fe Hy, (RY).

Consequently,

G:Hy,,,(RGRY) - Hy,, (RGRY), S Hy,, (RGRY) - Hy,, (RGRY)

are linear continuous. Moreover,

Hyp, (RGRY) = G (Hp,,, (RGRY)) @ S(HY,,, (R RY)

and S(Hle iy (RS Rd)) = {v eH,  (RGRY)| divo = 0}.

Proof. The first estimate is an immediate consequence of Lemma 8.5 whose proof is provided fully
in the Appendix. Regarding the direct sum and divergence-free vector fields, we refer to [15,

Lemma 3.7] and its proof which clearly carry over to weighted Sobolev spaces. m]
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Remark 3.1. The solonoidal projection has a convenient formula in weighted Sobolev spaces. Indeed,
if fe H9+l (Rd;Rd) for some p > 1,1 > 0,0 € (1,d) and u'l = aiN(fj), then by Lemma 8.5,
u e HH (Rd, R % Rd) . Following [4, Proposition 2], we let

0+Lp
Gf = Z‘VTi (fz‘)* _ Zv(uii)*, (Sf)j _ Z aixi(uij _uji), 1<j<d
By passing to the limit, f/ = AN (fJ) Y, 0l = ( f) (Qf) Therefore, Sf = Sf and

9= T3 (v () -2 )

In particular, if f = Vp wherep € HIJrl (Rd) is a scalar, then Sf = 0.

4. ScHAUDER RING PROPERTIES

We now establish slightly modified Schauder ring properties. All parameters are assumed to be

non-negative.

Lemma 4.1. (cf. [17, Theorem 4.39]) Letp > 1,1 > %, m +m’ < 1. Then there exists C > 0 such that for
allu € H;™ (RY), 0 € H-™ (RY),

[ o @lras <, vl

Proof. We follow the proof of [17, Theorem 4.39]. According to which, we have the following
embedding.
(i) Letlp<dandp <r < dp p Orp <r<co if Ip = d.) Then there is a constant C such that for all

g€ H,(RY),
Jlselrax=clel;,

(ii) Let Ip > d. Then there is a constant C such that for all g € H;, (Rd) and dx-a.s.,

3 ()] = Clg gy,
Hence, if (I—m)p > d, then
f|u( |de<C|u|H,m|v|,’;.
Similarly, if (I—m") p > d, then
f |u (x) v (x)|Pdx < Clul} Ilel

If both (I—m)p <dand (I-m’) p < d, noting that we always have (I —m +1—m’)p > d, then

d—(l-m)p d-(1-m)p
i T 4

<1,
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and there exist positive numbers r,7’ > 1 such that 1 + 1 =1,

< < ap
S Ol
dp
< r’p< —m——.
po= rp<d—(l—m’)p
Finally, we obtain by applying (i),
f|u de < (f|u (x)|rpdx)1/’ (flv (x)|f'pdx)1/r’
< C |M|HI m |'U| Hl m’*
The proof is complete. m]

Corollary 4.1. Let p > 1,1 > %, k = ki+...+kn < I Then there exists C > 0 such that for all
Uu; € Hi,_k" (Rd) ,i=1,...,N, the product Hf\ii u; € Hé,‘k (Rd) and

N

[
i=i

Proof. Let N = 2, and u, " € Ng be multi-indices so that |y| + |y’| < I—k. Since D!u; €
H;, k=l (Rd) DH'u, € Hl k2=l (Rd) and k1 + |y| +ky +|u’l <1, wehave by Lemma 4.1,

I\

(@
o

g

-k
HP

|D“u1D“ M2|p < C|D‘uu1|H;‘k1—\#| |D“ u2|H’tg—kz—w| < C|M1|H;—k1 qulH;—kz-
The statement follows by induction. m]
Corollary 4.1 can be generalized to weighted Sobolev spaces.

Corollary 4.2. Letp > 1,1 > 4 k—k1+...+kNsland6§61+...+6N—(N— )g. Then there

exists C > 0 such that for all u; € H(3 +l (Rd) ,i=1,...,N, the product TTY ., u; Héfl (Rd) and

N N
u; <C |25 I-k;
1:1[ ik ];1[ Hé ity
o+Lp
In particular, if o1 = ... = oy = 6 2 &, then b1+ ...+ on = (N=1)4 =6+ (N=1) (6 - 4) = 5 and
hence,
N N
u; <C (77
:Zl;l[ -k ];11: Hb+1,p
O+Lp
If, in addition, k; = O for all i, then
N N
H u; <C H il
i=i H! i=1
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Proof. Indeed, for any multi-index y € Ng such that |7/| <Il-k,

N N
- Dy (H ui] — O~ (Tidi=(N-1)d/p) Z H Wikt luil=d/p puiyy,

i=1 1+ Aun=y i=1

. ) I—ki—|u; e |- ) I—k;—|u;
Since D!iu; € H, ) JM (Rd) , we have wotkitlul-d/ppuiy; € H," o (Rd) and
1 7]

|wa+kf+|“f|‘d/ PD¥ iui|H1_ki‘Hi < CIDMu| iy < Clutil sy
P Hbﬁ»l,p o;+lp

The statement follows by Corollary 4.1. m]

Clearly, Corollary 4.1 and Corollary 4.2 can be extended to multiplication between matrices. We
have the following estimate of function composition. We note that all derivatives are interpreted
as classical since p > d.

’ d ; 1 dy.
Lemma4.2. Letp>d, 1>0,0,0 > pr N > 0. Then there exists C > 0 such that for all f € H6+l,p (R ),
detV (8_1)|00 + ”8_1” + X121 |V8|Oo + Xiz2 |D2g|H1—2 <N,

& +1-1,p

and g : RY — RY a diffeomorphism with

|f° g|Hl

o+Lp

)
<+l ™ Wy (20 Vel w0l )-

& +1-1p
Proof. We first mention a simple estimate,
-1 ([} 172
w(g‘1 (x)) (1 + |8 (x)| ) /

= <1 -1
ZORETT LR

g =1]g7 )]+ Ve, -

7

If | = 0, by changing the variable of integration,
Fosly =k f ()], = (14 sl 71,

For a multi-index y € Ng with |y' =1>1,w? %P+ D7 (f o g) is a summation of terms in the form
of

m
A :wé—d/p+mDyf (g) H w|yi|—1D/Jigﬂi
i=1

where u1 +...+ uw =7y, ,Ui| >1fori=1,..m, y| =m,1 <m<l,and 1 < a; < d are component
indices.

If |yi| =1foralli =1,...,mthen

_1||)6—d/P+m

A < C(1+]g [~ DE ], Vgl

We may now assume that / > 2 and | yl-| > 2 for some i. Since (I —m)p > d, by Sobolev embedding
theorem for f and Corollary 4.1,
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m m
Al < C(l i ||g-1||)5‘d/f7+m |w5—d/p+mDyf|oo H |Vgﬂi|oo H wl#il—lDHz’gﬂi
i=1,|pi|=1 i=1,|ui|22 p
o/ & N - "
LU T | A T I O 5 W R o S
Ti=1|w|=1 i=1,| |22 r
The proof is complete. o

Examining the proof above the restriction 6 > % can be easily relaxed as follows:

Corollary 4.3. Letp > d,1 > 0,6 > 0,0 > %, N > 0. Then there exists C > 0 such that for all
fe H6+lp (Rd) ;and g : RY - Rig diffeomorphism with |detV(g‘1)L) + ||g|| + ||g‘1|| + X1 |Vg|00 +
Xi>2 |D ngIZ <N/

& +1-1,p

|fo g|H’

o+Lp

_1||)|6—d/p|+l

!
C(l + “g” + ||g |f|Hfs+z,p (1 + Xi>1 |V8|oo + Xiz2 |D28|Hg,il_1,p) ‘

Clearly, Lemma 4.2 and Corollary 4.3 also hold if f is a vector or a matrix.

5. FLow REPRESENTATION AND MAIN RESULTS

In this section, we discuss flow representation of the Navier-Stokes equations and state our main
results. We will assume that the prescribed fields 1y and G satisfy the following assumption with
[>2.

Assumption F (1) .

(1) ugis ﬂw—measurable. Forallw € ), upisdivergence-free,and 1y € C? (Rd; Rd) Hle fl 2p (Rd' Rd) .
(ii) Gis F"Y—adapted. Forall (w, t) € QX [0, o), G () isdivergence-freeand G (t) € Hfgfl 2p (Rd' Rd).
Forallwe O, G e C([O, o), C? (Rd;Rd)) .

5.1. Flow Representation. Let (0, 7,P) be a complete probability space with a filtration F
of o— algebras (7t > 0) satisfying the usual conditions and By, W; be independent standard
d—dimensional Wiener processes on (Q, 7, P). Let F" = (7’ Wot> O) be the standard sub-filtration

of IF generated by W;. We consider the following Navier-Stokes equations with a random forcing

term G,
du(t):S(— (t) dyu (¢ )+ Au()—i—G()]d (5.1)

u(0) =ug, divu(t)=0, t>0.
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We now formulate the flow representation of (5.1). Note that 19 and G have sufficient regularity
thanks to Assumption F (I) to make the computation rigorous. To make the statement less cum-
bersome, we define some notations for the next Lemma. For a smooth vector field u, we let the

perturbed flow 1 (t) : RY — R¥, t > 0 be given by
dn(t) =u(t,n(t))dt+¢eBy, n(0) =e, t>0.

and let x (t) = 7! (t) be its spatial inverse whenever it is well-defined. Also, we let

t
gy (bx) =ug + f (Vi (s,x))" G (s,n(s,x))ds, (w,t,x) € AX(0,00) x R,
0
Lemma5.1. Letp >d, [ >2,0¢€ (1,d), a € (0,1], N;,Na > 0and F (1) holds. Letu : Qx [0, T| x R* —
RY be FW —adapted such that

sup |u (t)|03+a < Nj.
(@,H)eQx[0,T]

IF (i) (Vie (1)) gy (5 (1) € Hy (R%;RY) for all (w, t) € Q1 x [0, T] and
(i) E |S [V () gy (8% (t))]|C2 <N forallt €[0,T],

then for P-a.s., y (t) = E'S [(VK () gn (% (t))] solves

dy (t) =S8 [—uk () Iy (t) —(Vu (t))'y (t)] dat + [%sz t)+G (t)] dt (5.2)

y(0) =ug, divy(t)=0, te(0,T]

as an equality in HlH_—El—Z,p (Rd ; Rd) :

Remark 5.1. We will justify in the proof that « is well-defined. For clarity, we note that ug satisfies both
the above conditions and assumption F (I).

Proof. We consider the perturbed flow 7 (t) : RY — R? given by

dn(t) = u(t,n(t))dt+ By (5.3)
n(0)=e +te€(0,T].

According to [18, Theorem 2.1 and 2.4], the classical solution 1) (t) of (5.3) and its spatial inverse
x (t) = 7! (t) belongs to C ([O, T],C? (Rd;Rd)) and for P—a.s., k (t) is the classical solution of the
following equation,
52 k
dk(t) = |-V (t)u(t)+ ?AK (t)|dt — edkx (t) dB;

k(0) = e t€(0,T].



12 Int. ]. Anal. Appl. (2025), 23:27

Therefore, forany m,l =1,...,d,
daﬂ{m (t)

= [—V&ﬂcm (H)u(t)— V™ (t)du (t) + 82—2A8;1<'” (t)] dt — edpd™ (t) dBL.

By writing the above equation in a matrix form with A (t) = (J;x™ (t)) 1<m<q4, and multiplying by

gy (t,x (t)) from the right, we obtain =
(dA ()) &y (% (1))
&? .
— (—uk (1) A () = (Vu () A(t) + 5 AA () )g,, (t,x(t))dt

— A (1) gy (t,% (1)) dBE.

Next applying It6-Wentzell formula for g, (£, x (t)) and multiplying by A (¢)" from the left, we

obtain

A ()" dgy (£ x (1))

= [G(5) = A (1) Vg (1, (1)) Ve (t)u (1)) b
* 62—2 (A (1) Vg (5 (1)) Ak (£) + A (8) gy (£, (D) (Vi () - VT (1)) dt

—eA(t)" Vg (t,x () Ik () dBF.

Finally, the covariation term is d [A (), 8y (tx (t))] = €20k A (1) Vg, (tx (1)) I (t) dt.
By It6 product rule, summing the terms above, z (t) = A (t)" g, (t, k (t)) must satisfy the following
equation

e2

dz(t) = [G () = (£) 9z (1) = (Vue (1)) 2 (1) + A2 (t)]dt

—  edyz (t)dBF
z(0) = up.
Due to (i), z (t) € H! (Rd; Rd). According to Lemma 3.1, we may let z () = Sz (t) + (Vp ()" be

O-+Lp

its Helmholtz decomposition in Hl6 S (Rd; Rd) where p (t) € Hletrll (Rd) is a scalar. By collecting all

gradient terms, we derive

dz (t) = [G(t)—uk(t)akSz(t)—(Vu(t))*Sz(t)+%ZASz(t)+(Vq(t))*]dt
- &z (t)dBIt(
z(0) = wu

where g (t) = =Vp (t) u (t) - %Ap (t) . Next, we take the optional projection E}Yon both sides. Due
to (i), E/¥ can be interchanged with the integral with respect to dt and derivatives of Sz (t).
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Finally, by taking a solenoidal projection in Hle_fl—zp (Rd ;Rd) and applying Remark 3.1, it is easily
verified that

y(t) =ENSz(t)= E)S[(Vk(t) g, (tx(t))]

is a solution of (5.2) as an equality in HIQ_fl—Z,p (Rd ; Rd). o

In the next Lemma, we derive a simplified form of E}'S [(VK () g (t,x (t))] .

Lemma5.2. Letp >d, 1 >2, 0 € (1,d)and F (1) holds. Letn (t) : RY — R%, t € [0, T| bea diffeomorphism
and x (t) : RT — RY, t € [0, T] be its spatial inverse such that

(i) (Vi (£)" gy (3 (1)) € Hp ) (R%; R?) for all (w,t) € A% [0,T],

(ii) 1 (t), « (t) are spatially twice differentiable for all (w,t) € Q% [0,T],
(iii) for any multi-index y € N3 with 0 < |7/| <2, D' (t,x) is continuous in t for all (w,x) € Q x R¥.
Then for all (w,t) € Q% [0,T],

S((Vie (1) gy (£,% () = Ky, (1) (54)

where for j =1, ...,d,

th (t,x) = fl“z- (x—2z) [qﬁfihn (t,z) - (j);j,hn (t,z)] dz, (5.5)

]

P (t,x) = (Vi (t,x)) b (t, % (t,x)) Vi (£, x)

and
b (t3) = Vi () + [ (V5,0 VG (5,1 (5,) (Vi (5.2))
forall (w,t,x) € Q% [0,T] x RY.

Proof. In fact, if f € Hle iy (Rd ; Rd) then by Remark 3.1,

(Sf) = f Ti (- =2) (0if! (2) - 9jf (2)) dz. (5.6)
Applying (5.6) for (Vi (£))" g, (t,x () € H19+l,p (Rd; Rd) , we obtain

n
= f Ti (-=2) [0 (9 (,2) &5 (1, (£,2))) = 9; (9ix* (1, 2) gk (£, ¢ (1,2)) )| dz
_ f T (- —2) [k (1,2) VEE (8% (1,2)) (9 (1,2))" = 9 (t,2) Vg (1, (£,2)) (9j¢ (1,2)) | dz

= f T (= 2)|(V (62)" Vi (1 (62)) Vi (2)) " = (Vi (1,2 Vigg (1% (1,2) Vi (1,2)) |z

and by (iii),

Vg, (1) :Vuo+f0 (Vn(s))*VG(s,n(s))Vn(s)ds+LA(s)ds
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where (A (s));; = 91.].17" (s) G¥ (s, 1 (s)) is symmetric. The statement follows. m]

Remark 5.2. For the time being, we provide a formal argument to derive the form of the flow equations. If
a diffeomorphism 1 (t) and «x (t) = n~1 (t) its spatial inverse satisfy
dn(t) = ES[(Vk(t,2))" gy (5 (£,2))] Lyt + edBs (5.7)
= E/'Kyp, (t,1(t) + edB;
n(0) = e te(0,T],
then by letting u (t) = E}"’S[(VK (1)) gy (tx (t))] in Lemma 5.1, (5.2) becomes (5.1) where the term
(Vu (#)) u(t) =1V |u (t) |2 disappears under the solenoidal projection.

Our strategy is to find a solution of (5.7) in appropriate weighted Sobolev spaces and then return to
Lemma 5.1 and show that indeed the velocity

u(t) = ENS[(Vi (1) gy (b ()]

isa Hlefpl —solution of (5.1) where the equality is understood in Hle_fl—z,p (Rd,' Rd) (see Theorem 5.2 for the

complete statement.)

5.2. Main Results. We are now ready to state main results of this paper. Intuitively, 1 (t) remains
close to the identity mapping for a short time. Due to the lack of Sobolev regularity of constants
and the identity map e, it is convenient to consider for ¢ > 0 the displacement C (¢) defined by

C(t) =n(t)—e—eB.
Therefore, from (5.7), C () must satisfy the equation
dc(t) = EKy, (t1(t))dt
c() = o.
We start with the existence of the flow equation.
Theorem 5.1. Letp >d, | > 1+ ;%' 0 e [1 + g,d), N > 0and

sup [ugl1 +  sup |G(t)|H,+1 <N.

+1
weO OHP (1) eQx[0,00) O+Lp

Then for some deterministic T > 0, there exists C € C ([O, T] ’Hlé:»]lp (Rd;Rd)) such that

t
ct) = fo EY Ky, (5,1 (5)) ds, (0, 1) € Qx[0,T) (5.8)

holds in Hf9 1 (Rd ;Rd). Moreover, there exists M > 0 such that
—-Lp

sup  [Cly <M.
(wheax(o,T] ot

Next, we state the existence of the velocity equation.
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Theorem 5.2. Letp >d, [ >2+ %, 0 e [1 + %,d), N >0, F () holds and

sup |ugl+1 +  sup |G(t)|Hl+1 <N.

we) O+Lp (a),i’)EQX[0,00) O+Lp

Suppose that C is the solution of (5.8) as given in Theorem 5.1. Then for P—a.s.,u (t) := E'S (Vi (t))" gy (t,x (t)),
(w,t) € Q% 0,T] solves

2
u(0) =ug, divu(t)=0, te(0,T]

du(t) = [S (—uk (t) dxu (t)) + éAu (t) + G (t)|dt (5.9)

as an equality in Hle_+21—2 . (Rd ; Rd) . Moreover, there exists M > 0 such that

sup |u (t)|Hl+1 <M.
(w,t)eqx[0,T] O+Lp

6. EstiMATES oF DIFFEOMORPHISMS

We collect some basic estimates regarding diffeomorphisms. First, for any differentiable function
f:R? >R,
2\1/2
w(ey ()

Zon e

fl =1f )] +|V..-

7

Ifn=e+b+( forsomeb € RY and a continuously differentiable C : R - R? with |V, < 21?,
then 7 is a diffeomorphism with spatial inverse « , Vi = I+ V¢, (V)™ = ¥, (-1)" (VQ)", and

1 o o1
Vo = (V)| <14 ) a7 VAL <14 ) sy (6.1)
n=1 n=1
< 1+ ; <?2
= T Tdd-1) " °
Moreover,
_ 1 1

Vie— Tl = (Vi) =1 < < o 6.2)

o d(2d-1) ~ 2d
For any x,y € R,
= y] < Vil [ (x) =11 ()]
If we take y = x (0) ,x = 0, then
| (0)] < Vi 1 (0)]. (6.3)
Therefore, by (6.1),

Il =[x (0)] + Vi < (14 |7 (0)]) IVKleo (6.4)
2(1 418l + ]2 (0)]).

IA
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For determinants of Jacobian matrices, by (6.1) for all x € R4,

|det Vi (x)] < CIVkl4, <C, (6.5)

ldetv(x)] < C(1+IVT.)!<C. (6.6)

We now discuss linear combinationof n =e+ b+ Cand ] = e+ b+ C where |V(|.,, VC|00 < 217.
Considering fors € [0,1],ns = (1 —s)n+s7], bs = (1 =5)b+sb, (s = (1 —5) L + s, we have
ns = e+ bs + Cs,
VT]S = I+ VCS;

V() = [
}, it follows from (6.4) that

where |Vl < 21?. Hence, by (6.1),

Il = max{|C (0){,1C(0)

ol},

< 2. Denoting by = max{lbl,

(o8]

[ <2 (1 + o +1o). (6.7)

Obviously, for all x € R4,

|detv () (x)| < C, |detVn, (x)| < C. 6.8)

Definition 6.1. For M >0, T > 0,p > 1,1> 0,0 € (1,d), we say that C € ﬂ%’? if for all (w,t) €
QO x1[0,T], C(¢) is continuously differentiable and

GV (1), <55 [C(10)| <M,

i t <M.

(i) |C ( )|H’J+1;,p

We will consistently denote 7 () = e + €B; + C(t) and « (t) to be the spatial inverse of 1 (f).

Assumptions (i), (ii) will be used without explicit mention. Clearly, if C € ﬂ%’?

diffeomorphism. We start with a simple Lemma which facilitates later computations. To ease

then 7 (t) is a

notation, we will write A; = /\f =1+ €5UP[o g |Bg|, t > 0.

Lemma 6.1. There exists C > 0 such that for all C € ﬂ%’? and (w,t,x) € O x [0, T] x RY,

t t
o) o, o) o,
w w
Moreover,
|detVr] (iL)|00 <C, |detV1< (t)|oo <C.
All estimates also hold for a linear interpolation n, = am + (1 —a)m, a € [0,1] of n; € ﬂ%’?,i =1,2

with constants independent of a.

Proof. Trivially,
w(n(t))

w

<1+l @l = 1+ |n (0 + [Va (1),
<1+[C(t0)] +elBl+1+|VC (D),
< Cht.
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The estimates for « (t) = 17! (t) follows directly from (6.4). The estimates for Jacobian matrices

follows immediately from (6.6) and (6.5) respectively. m|
6.1. Growth Estimates of the Spatial Inverse.

Lemma6.2. Letp>d,1>1,0¢€ (1,d),0 = 9—5.

(i) There exists C > 0 such that for all C € ﬂﬁj’? and (w,t) € Q% [0,T],
1

2d’

| (£,0)| < CA,.

Vi (1) -1 _ <

(ii) There exists C > 0 such that for all C € ﬂﬁ/’? and (w,t) € QA% [0,T],
| (Vi (1) - 1)|p <cAl
(iii) There exists C > 0 such that for all C € ﬂ%’?,

|kakV1< (t) |p

(@,t) e Q% [0, T and 1 <k <1,

IA

cAx,

|w0+kaVK (t) |p

IA

+
CAtG Pk/
where py is defined recursively as py =k (1 +pr-1), k=2, p1 = 1.

Proof. The variable t is mostly dropped throughout the proof since all estimates simply holds for
each t. We resort to tools in differential calculus on norm vector spaces. For a primer on the subject,
an interested reader may consult [19].

(i) The first estimate is simply (6.2). For the second estimate, by (6.3),
|k (t,0)| < C|n(t,0)| < CA.
(ii) By changing the variable of integration and Lemma 6.1,

|w”‘1 (Vk=1) |p

= Z ™t (VC (K))n|p < cAlH Z |(VC)|:O_1 |w0—1VC|p
n=1

n=1

lo=1]
<CAYT

(iif) Our goal now is to obtain the form of derivatives of k. Let My, the set of all d X d matrices and
U be the set of invertible d X d matrices. Then F (A) = A1, A € U, is smooth and its n—th Frechet

derivative is a continuous multilinear mapping defined as

F(n) (A) . (xl, ceey xn) = (_1)71 ZA‘lxg(l)A_l...A‘lxa(n)A_l.
o

where the summation is taken over all possible permutations. Clearly, the operator norm of F(")
satisfies

n+1
1", Aeu,n>0

|F™ (4)|| < cla™
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for some C > 0 (for more details see [19, Theorem 5.4.3 and relevant exercises].)
Leta € R, b= Vn(a) € U, 1 < n < I, we write the order n Taylor’s expansion of Vi ata and F at b
as follows:

Vi (a+x) =V (a) + Y @i (x) +7(x)
i=1

where ¢; (x) = ilTZlVlZi DYV (a)x?,

r(x)| =0 ("), x € R% and

n

F(b+y)=F(b)+) () +5(y)
j=1
where ¥ (y) = ¥ (1,4, y) = $FD (0) - (0,9, v) s () = o(|y[), y € Masa.
We denote §; the multi-linear symmetrical mapping associated with 1; that is ¢; (yl, v yj) =
% Yo (ya(l), o Yo ]-)) where the summation is taken over all possible permutations. Next, by the
method outlined in [19, Section 7.5], the homogeneous component of order # in the finite expansion

of h = FoVnatais given by

i Z‘ 175] ((pil (x) 1 Pi, (x) s Qi (x))

j=11i +i2+,..+ij:n

=

Z %Z Vi (9%(1) (%), P,y (%) s iy, (x))

j:1 i1+i2+...+ij:n

: 5 Z ZF V) (b) '(90%(1) (%), @iy (X) e piy (x))

.\ 2
]:1 (]!) i1+i2+...+ij:n o

=

and it is equal to L1 (a) - (x,...,x) = L Xju|=n D*h (a) x*. Due to uniqueness of the coefficient
of x* for each u € Ng such that | y| — 1 and the explicit form of FU/) as multiplication of matrices,

D¥h (a) must be a linear combination of terms in the form of
FU) (Vn (a)) - (D¥V (a) .., D'V (a))

where j=1,..,nand 1 + o + ... + uj = .
Let y € Nd such that 1 < |7/| = k < I, then w*DYV« = w*DY (h (x)) is a linear combination of terms

in the form of

FO) (V1 (1)) - (wll DMV (1), .., ol DIV (1)) T T ol Do
i=1

wherea; +...+a, =y, |laj| > 1fori=1,..,n, yl =n,1<n<k<Il and 1 < g; < d are component
indices.

We note that by (i),
(Vi ()| = Vil <2
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If k = 1, then by Lemma 6.1,
lwD" Vx|, < C |wD217 (K)|p VKo
< CAs

Now for 2 < k < I, we proceed with a strong induction- assuming that the first estimate in (iii)

holdsupto1 < k-1 <1-1. We estimate each term in the summation denoting
n
A =F9) (Vn(x)) .(wlullpylvn (), ..., witil DV (K)) H wail=1pai i
i=1

If n <Ithenl- |yi| >l-n> g. By Lemma 6.1 and Sobolev embedding theorem,
|F(7) (Vi (%)) -(w““'D“an (), ..., wil DHivy (K))| < CAL.

Therefore, by Corollary 4.1 with k > % and the induction hypothesis,

n
n ;-1 1, a;
\Al, < CA; | | [ DYy
i=1|a;|>2 4

n
<cny ] Do <ca bl

i=1,|a]>2 d/p+k-1p d/p+k=1,p
kpy—
< CAfAP! =A™,

Ifn =1Ithen|a;| =1,i=1,..]and thus [T}, |w|”"'|‘1D""'K“"|Oo <C.
Hence, due to Lemma 6.1 and Corollary 4.1,
A, <C |F9 (Y () - (k"D V7 (1) , .., DV (1))
p
j

H wltlprivy

i=1

<CAf < CAx,

p
Therefore, the first estimate in (iii) holds for k completing the induction. The second estimate
follows from multiplying A by w®, replacing wl“|D¥1vn (i) with wHllDk VY (i), and applying
the first estimate. o

Next, we derive a growth estimate for K, given by (5.5) with a general  in place of k.

Lemma 6.3. Let p > d, | > %, 0 € (1,d). Then there exist C,r > 0 so that for all C € ﬂ%’? and

. I d.pd d
h:Qx[0,T] = Hy, (RGRIXRY),

Ko ()],per <CA R (D] (@) € QX [0, T].

O0+Lp O+1p
Proof. The variable t is omitted. Now by using Lemma 3.1, Corollary 4.2, Lemma 4.2 and Lemma

6.2 (i, ii, iii) in order,

’Kn,h|er++1Lp < Clﬁbnlhlfﬂew
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IA

2
C (1 + Vi — I'H’W) I ().,

0+1p

IA

;
CA; IhIHIQW .
The proof is complete. o

6.2. Difference Estimates. In this section, we estimate the difference of spatial inverses. We write
fori=1,2,7n;(t) = (i (t) + e+ eB; and denote their spatial inverses by «; (t). The exponent of A;
will be generically denoted by r and allowed to grow as needed. Due to its simplicity, Lemma 6.1

will from now be applied without further reference.

Lemma 6.4. Letp > d, | > g, 0 € (1,d) . Then there exist C,r > 0 such that for all C;,(p € ﬂ%’?,

ki () -2 (D],  <CAla ()-GO, (0t eQx[oT].

0+1-1, 0+1-1,p

Proof. The variable t is omitted. We observe the following identity,
K1 —k2 = (K10m =K1 0M) 0 K2
1
= [f Vi (anz + (1=a)m) (2 = m) dafoxy.
0

By changing the variable of integration and Lemma 6.2 (i),

o—1 (

|w K1 —K2)|

p

<CA MVl [0 (12 = m)|, < CAY ™ [ (2 = )],
Now, we easily check the condition in Corollary 4.3. Owing to Lemma 6.2 (i, iii),

|det Via| _ + [[2]| + lleall + Vialo + X152 [D?ia] e < CALL
H

0+1-1,p
Therefore, applying Corollary 4.3 with6 = 0 -1and ¢’ = 0,

1
o1 = alyy < CA; fo [Vier (anz + (L =a) m) (2= m)|y ~ da.

0+I-1p

1
<CA; f (Vs (@n2 + (A=) ) =) (m=m)|,y da

O+1-1p

+ CAp |T]2 - ﬂl’Hz

0+1-1p

=711+ 1.

Next, we apply Corollary 4.2 with [ > %, 0=0-1,60=06,60=0-1,

1
e SC/\:f |VK1 (111]2 + <1 —a) 771) - I|Hl |772 - 771|Hz da.
0 0+Lp B+i-1p
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Recalling (6.7), we have “(anz +(1-a) 771)_1“ < CA4, a € [0,1] . In addition, from (6.8), we have
detV (am + (1 —-a) 171)_1| < C. Thus, applying Lemma 4.2 with 6 = ¢’ = 6,

I1 < CAL Vi1 = I 2 — 1M
t H9+1,P |77 1 |H19+l—1,p

The statement now follows from Lemma 6.2 (ii, iii). O

Remark 6.1. The estimates ||(a172 + (1-a) 1]1)_1” < CAy and |detV (am+ (1-a)m)™"| < Cwill be
needed later.

We now provide the Lipschitz continuity of K;, , with respect to 17 defined by (5.5) with a general
h in place of h,,.

Lemma6.5. Letp >d, 1 >1+ %, 0 € (1,d) . Then there exist C,r > 0 such that for all (1, (; € ﬂ%’? and

. I d.pd d
h:Qx[0,T] = Hy, (RGRIXRY),

|K171rh (t) - an,h (t)|Hz

0+1-1p

<CA(D)],; |a®-G®|, (ot eqx]oT].
6+Lp 0+1-1p
Proof. The variable t is omitted. Applying Lemma 3.1,
|K171,h - an,h|Hl < C |¢Th,h - (an,hIHIQ_jlflp

0+1-1,p

< C|(Vir)" ki (k1) (Vi1 = Vica) |y
0+1-1p

+C|(Vx1)" (h (x1) =T (x2)) Vica|

0+1-1,p

+ C|((VK1)* — (VKZ)*) h (KZ) VKZlH’—l

6+1-1,p

=I1+71,+ I3.

We estimate 7 and similarly 73. Applying Corollary 4.2 with[ -1 > ?7' Lemma 4.2 with/-1 >0

and 6 = &’ = 0, and finally Lemma 6.2 (i, ii, iii), we derive

P

< - - _
I;<C (|<VK1) I|HH + 1) |h (K1>|Hlejz-1,p %= VK2|H19+11_1,

6+1-1,p

< CAL || p- Vi1 — Vio|pi-
t | |HZHJ&I—1,p | ! 2|H16431—1,p

We now proceed to estimate 7. Applying Corollary 4.2 with [ -1 > % followed by Lemma 6.2 (ii,
iii),

I, < C(l + II— (VKl)*|HH )(1 + |- VK2|H1—1 )

0+I-1,p 0+1-1p

1
xf VI (@ + (1= a) k) (11 = )|l
0

0+I1-1p

1
< C/\{f |Vh (ax1 + (1—a) x2) (k1 — 1<2)|HH da.
0

6+1-1,p
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Applying Corollary 4.2 with [ -1 > %, 6=0,60=0+1,600=0-1,

1
I, < C)\:jo‘ |Vh (a1 + (1—a) 1<2)|H1_1 1 — 1<2|ng11172 )

O+Lp P

We observe that (6.2) ensures that aVi; + (1 —a)Vxk; is close to the identity matrix. Indeed,

1
Vi + (1-a)Via 1| | <alVi = Il + (1= a) [Vi2 = Il < 5.

Due to Ostrowski’s lower bound for determinants, detV (ax; + (1 —a) x2) > ¢ > 0. By the inverse
function theorem, axj + (1 —a)x, has the spatial inverse denoted by (ax; + (1 - a)iy) By the
same calculation as (6.4) and Lemma 6.2 (i),

H(mq + (1-a) Kz)_lu

< (14 (ax1(0) 4+ (1—a)x2 (0))) |V (ax1 + (1—a) Kz)_l
< CAt, ae [0, 1] .

[o0]

Finally, applying Lemma 4.2 with/-1>0, 6 = 0 +1, ' = 0, and Lemma 6.2 (j, iii)
Iz < C/\: |Vh|H[H_4:l,p |1<1 - KZIHL)_J:FZ,;;

The proof is completed by Lemma 6.4. m]

The following Lipschitz continuity will also be needed.

Lemma 6.6. Letp > d, 1 > 1+ g, 0e(1,d),N>0and SUP (4, 1)eax(0,1] |G (t)|Hg++1[ < N. Denote for
i=1,2,

t
o (8) =f0 (V1 ())" VG (s,1i (s)) (Vi () ds, (w, 1) € Ax [0, T].
Then there exist C,r > 0 such that for all C;,C; € ﬂ%’?,
G (t)|Hle,+1l_1 <CLIG =Gl gy (@,8) €OX[0,T].
Proof. We split the difference as follows:

g (6) =y (B,

< f (Vi1 (s) = V2 (5))" VG (s, (5)) (Vi1 (5)) dis
0

1-1
H9+l—1

+ fo (V2 (s))" (VG (5,11 (5)) = VG (s,m2 (s))) (V1 () ds

1-1
H6+[—1

+£w@wwammmwmwwmmw

1-1
H8+l—l

=I1+1+ 1.
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We start with 75. Applying Corollary 4.2 with [ -1 > ;—}l,

7,<C H (1 +|r- VT]i|Zg—+1[_Lp(t))
=17

fo (VG (5,11 (5)) = VG (5,12 (5))) ds

fo (VG (5,11 (5)) = VG (5,12 (5))) ds

<C

-1
H9+I—1,p

By the fundamental theorem of calculus followed by Corollary 4.2 with [ -1 > %, 6=0,0 =0+1,
0 =60-1,

f
2 _ _
I, < Cf; |D°G (s,am (s) + (1-a) 172)|H’9’+11,p ds|Cy Cz'%’iz_z,p(t)'
Finally, using Lemma 4.2 with/-1>0,0 = 0+ 1, = 0, and Remark 6.1,

r M2 -
I, < Ct)\t |D Glzle’j,yp(t) G Cz'Zlelll—z,p(t) '

Now, we now estimate 71 and similarly 73. Applying Corollary 4.2 with /-1 > b

t
I <CVG-VGlpr ) fo IVG (5,n1 (5))| .

6+I1-1p
Finally, using Lemma 4.2 with/-1>0,6=0,0" =0,
r —_—
I < CtALIVG VC2|ZIH_+1HPU) lvchZﬁ,,l,p(f) .

The proof is complete. m]

7. PROOF OF THE MAIN THEOREM

In this section, we construct a solution of the flow equation via iteration. Specifically, we will

show a contraction in an appropriate function space of the mapping n — K, ,, given by (5.5).
7.1. Proof of Theorem 5.1. We now prove Theorem 5.1.

Proof. We will show the existence for all w € () and all estimates will be independent of w. Fixing
0 < T < oo, we consider the mapping £ : { — fot EY Ko, (5,1 (s))ds = C(t), t € [0, T] where

th (t,x) = fl"i (x—2z) [cps,hq (t,z) - ¢f{rhq (t,z)] dz,

My
G (t,x) = (Vi (t,x)) B (t,x (t,x)) Vi (t,x),
and ,
hy (t,x) = Vug (x) + fo (Vn (s,x))" VG (5,1 (s,x)) (V1 (s, %)) ds,
for all (w,t,x) € QO x [0, T] x R%.
Recall that C € ﬂﬁj’? if for all (w,t) € QA% [0,T], C(t) is a continuously differentiable and

(i) [VC ()], < 2 [C(£0)| <M,
(ii) |C (t)|H19++11p <M.
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We mention that by Lemma 6.2 (i), ||k (S)” < CAs which will be used several times. Applying

Corollary 4.2 and Lemma 4.2 with 6 = ¢’ = 0,
T r
18 (S)|Hg+,,,, < Vil +CsALIVGlyy () < CAL (7.1)
Therefore, by Lemma 6.3,
Ko, (S)|H§,+j,,p < CAL |, (S)|Hi)+z,p < CAL, (7.2)
and by Corollary 43 with/+1>0,6=0-1,8" =0,
EY [Kyn, (5,1 (S))|H’e“l <CEVA <C. (7.3)
+lp
Hence,

|C (t)|Hz+1 < Ct.

0+1p

By Sobolev embedding theorem, we have |C (t,0)| < Ct,
differentiable. We emphasize that C depends on M and T but is independent of C. Therefore, fixing
M > 0 and making T smalleri.e., CT <M, then £L:C — fot E;NK,WU (s,n(s))ds = C(t) maps Ao

M, T,
. p,l,0
into L?IM,TIZ.
pl1,0

Next, we show the contraction in the weaker Zle H-1p (T) norm. We assume that (e A are
F"—adapted.

vl (t‘)|oO < Ct and ( is continuously

O+I-1p

t
fo [EY Ky (5,1(5)) = EVKop (5,7 (5], s
t

< fo EV Ky (5,1(5)) = Ko (5,15))],, s

0+1-1,p

t
4 f EY Ky (5,715)) = Koy (5,715))],, s

0+1-1,p
t t
:ffl(s)ds—i—ffz(s)ds.
0 0

Estimate of 71: Applying Corollary 42 with6 =60-1,6; =0,0, =0-1,

11 (s) = EV [Kyp, (5,11 (5)) = Ky, (5,71(9))

0+1-1p

1
j; VK, (s,an (s) + (1 =a) 7 (s)) (1 (s) =7 (s)) dal

<EV

1
<c fo EV VK, (s,an(s) + (1—a) 7)), daln(s) =7 ()],

6+1p 0+1-1p

By Lemma 4.2 with 6 = ¢’ = 0, (7.2), and Remark 6.1,

I1(s) <Ce(s) - C(s)|,y

0+1-1,p

Estimate of 7,: By Corollary 4.3 with6 = 0-1,6" = 0,
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15 (s) = EY|(Kyp, () = K, (5)) 07 (5) ol
0+1-1,p
< EY|Kypnyny (5) 07 (s)|,,  +E (Kr] iy (8) = Kigy ( )) o7 (s)],,
0+1-1p 0+1-1,p
< B 2k 9 |+ OB a2 K, 90Ky, O]y
0-+i-1p 0-+i-1,p

= f21 (S) +Izz (S) .
Applying Lemma 6.3 with [ -1 > g,
I21 (S) < CEZV |:/\§ |h,] (S) h,]( )lHleil : ]
P
Owing to Lemma 6.6, 751 (s) < C |C C|Z, )
0+1-1,p
By Lemma 6.5 and (7.1),

Ixn(s)<Cle(s)=L(s)|,y

0+1-1p

Combining estimates of 71 and 7>, we derive

l£©-£(),

= C|C’ C|2’

10+171,p (T) O+1-1p (T

(7.4)
By a standard successive iteration starting with Q) (t) =0,
¢ () ::\J;tEZVB;ﬂn%h“n)(s,n(”)(s))ds,t e[o0,1],
there exists {* € Zle -1y (T) such that
C 0= [ By 7 ()

as an equality in H’ (Rd ; Rd) Owing to Lemma 8.1, C* € Y il ( ). Finally, we show that

0+1-1p 0+Lp
ceC ([0 T], Hi;rll (Rd’- Rd)), Clearly, by passing to the limit, {* € A M,T possibly with a larger M.
Hence, by (7.3),
t
* _ W *
C0-C Wy, = [ B e 1 O,
<C(t-t).
The proof is complete. o

7.2. Proof of Theorem 5.2. We now prove Theorem 5.2.

Proof. We start by checking the assumptions of Lemma 5.2.
(i) By applying Corollary 4.2 and Lemma 4.2,

(Vic ()" gy (3 (1) € Hyy,,, (RGRY), (w,t) € @x [0,T].

which also justifies condition (i) of Lemma 5.1.
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(ii) follows from differentiability of C (t) and Lemma 6.2.
(iii) follows from continuity of |C (t) | g1 and Sobolev embedding theorem.
O+Lp

Hence, by (5.4) in Lemma 5.2,

S (Ve (£)) gn (£, (£)) = Ky, (), (@, ) € @X[0,T].

We let
u(t) = ES (Vi (£) &y (t,x (1)) = Ef'Kyp, (1), (w,t) € A [0, T].
By (7.2),
ol WOl < sup B[R Dy SN <o

Because | +1 >3 + %, we have by Sobolev embedding theorem that

sup [ (8)] e, SN <0
(w,1)€QX[0,T]

for some a € (0,1]. Furthermore, the above inequality also justifies condition (ii) of Lemma 5.1.
Therefore, applying Lemma 5.1, u (t) solves (5.2) as an equality in H'2 (Rd;Rd) .

By Corollary 42 with6 =0, 61 =0, 0, =0 -1,

0+1-2,p

(w(t))*u(t):%wu( O eHl,, (RGRY).

Thus, (Vu (t))" u (t) disappears under the Solenoidal projection in H Iefl 2 (Rd ;R4 ) . Therefore, u (t)

solves (5.9) as an equality in H’Q +21 2p (Rd ; Rd) . m]

8. APPENDIX

8.1. Weaker Norm. We mention a result on convergence of functions in Hép (Rd ; Rd) which is
needed for constructing a solution.
Lemma8.1. Letp >1,1>0,6>0.IfC, — Cin Hé (Rd Rd) and |Cylpn < M < oo for all n > 1 then

5+1p
CeHylh, (RGRY).

Proof. Without loss of generality, we assume that C,,C € Hép (Rd ; R) instead of Hép (Rd ; Rd). The
idea is to show that w?d'*1C € L, (Rd) whereo =0+1- g. Lety € Ng with |7/| =land1<i<d.

By a standard argument, we take ¢ € C7 (Rd) then on some subsequence of {(,} there exist

f,8€ly (Rd) such that
f( 700" Cy) (x dx—>ff

f( o= 13w87Cn) dx—>fg

On the other hand, using integration by parts,
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- f (w?0i0"Cy) (x) @ (x) + (aw"_18iw8ycn) (x) @ (x) dx

:f(wf’aycn) (x) dip (x) dx.

Taking limit n — oo,

- [r@ewa-o [swewi= [(@r)wap

Therefore, w’d”C has a weak derivative, namely f +o0g € L, (Rd). Now because w’~197( € L, (Rd),

we conclude that w°d;d"C € L, (Rd). Since y, i are arbitrary, the conclusion follows.

O

8.2. Weight Function. Let B, (x) = {y € R?: [x—y| <}, x € R%,B, = B, (0),r > 0. Letp > 1,1 +

1_

; = 1. We say that a non-negative function w on R? is of class A, if

p/q
(Lf w(x—i—y)dy)(if w(x—i—y)_q/pdy) <C,xeRY R>0.
IBRrI JB, IBR| Jgg

1/2
We show an important property of the weight function w (x) = (1 + |x|2) ,x € R4

Lemma8.2. Letp>1,d>1,a € (~d,d(p-1)), then w* € A,.

Remark 8.1. d - % > 0 is equivalent to a« < d (p—1). Also, for 0 € (1,d), a = 0 — de(-dd (p-1)).

p
Proof. For each a € R,

1
IBrl Ji

R 1 R
[Paenef = [Caen e [Taen it
0 r 0 r 1 r
CR¥™ifd +a > 0.

R
w(y)“dysczz—df (1+r)“rdd7r <CifRe(0,1].
0

If R > 1 then

A

Therefore, for R > 1, noting d + a > 0,

1
IBR| JBy

Hence, for R > 1, notingd + a > 0 and d — % >0,

1 f o 1 a d
— w(y)'dy=—=— | w(x+y) dy xeR"
|BR (x)| Bg () IBRI Jgg

w (y)* dy < CR“.

Consider now

Since
1 -1

Sw@w(y)” swlrty) 2w w(y),xy R,

(8.1)

(8.2)
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it follows that
1 w(x+y)"dy <2 (x)”‘L w(y)*dyifa>0,
BRIl Jpy IBrl JByg
and
— | wx+y)dy<2w (x)ai w(y) “dyifa<0.
IBrl Jg, IBR| Jgy

Hence, for R € (0,1],

1 N 1 .y p/q
(—fw<x+y> dy)(—fw<x+y> ”dy)
IBRr| JB, IBRI JBg

b g V(L lalg/p )p /
C(lBRl LRw(y) dy)(lBRl LRw(y) dy| <C. (8.3)

Let R > 1, |x| > 2R. Then with |y| < Rwehave 2|x| > |y + x| > % |x|. Hence for each a € R, there is
C > 0 so that

— | w(x+y)"dy < Cw(x)".
IBrl JBg

The conclusion follows from (8.2) and (8.3).
LetR > 1,|x| < 2R. By (8.1),
1
@ |x+y|<3R
CR".

w(x+y)"dy w(x+y)"dy

IBR| Jgg

IA

Hence,

r
(Lf w(x+y)“dy)(if w(x+y)_“q/”dy)q <C,xeRY R>0.
IBrl JBy IBr| JBy
O

8.3. Newton Potential Estimates. We investigate some fundamental properties of Newton poten-

tial in weighted Sobolev spaces.

Lemma8.3. Letp > 1,Au=0and u € ng (Rd) with 6 > 0. Then u = 0.

Proof. Letuy,uy € Hg,p (Rd) be the solutions of Au = 0. Let v = u1 — up and
Ve = V%@
with
@ (x) = e (x/e), xeR?,
and ¢ € Cg"(Rd),(p >0, [¢p=1.

As a bounded harmonic function ve = c. By definition, A = L, (Rd) and thusc¢ = 0. O

For f € CY° (Rd) we denote N (f) the Newton potential of f :
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Lemma 8.4. Let p > 1,d > 2,0 € (1,d). Then there exists C > 0 such that for all f € ng(Rd) and
u=VN(f),ie, u(x)= [VI(x=y)f(y)dy, x € R,
M%NWSCM@f

Proof. Let f € CY° (Rd),gb =N (f) and

u(x) =V (x) = fVF(x—y)f(y)dy, x € RY.
By the estimate of [20, Theorem 9.9], for each p > 1 there exists C > 0 such that

Vul, < Clf],.

In particular, [Vul, < C | f |2. Also, it is straightforward to verify that |D"‘D2F (x)| < x| for all
|x| # 0 and |a| < 1. Hence, by Lemma 8.2, [21, Theorem 2, Chapter V.4] and [21, Theorem 1, Chapter
V.3], for each 0 € (1,d) and p > 1 there is C > 0 so that

|w6_d/”Vu|p <C |w9_d/pf|p.
We will now apply generalized Hardy-Littlewood inequality (see e.g. [13, Theorem 1.3.5]) to show
that

[Pt < Clw® P ] . (8.4)
Consider,

0-d/p-1

Xi—Yi _
P ey )" f (y)dy

0-d/p-1
S(iféggyﬁmrh—yrdeﬁ$vaunwy

WO P1 () (x)| = C‘fw(ﬁ(c)
w (y

Case i. 6—%—120,

6—d/p-1
w(x d/p1 1 |-(6-d/ -1
(x) T < C(lee /-1 y| (0-d/p) | 1 )
w(y)
Case ii. 6—%—1 <0,
0-d/p-
w (x) /71 0-d/p-11,,|~(0-d/p)
o=arp = C I vl :

w (y)
Because O € (1,d), the condition of [13, Theorem 1.3.5] is now easily verified and (8.4) is proved.
Therefore,

|%%scm%%

The estimate for general f € Hg . (Rd) follows by passing to the limit. m]

We will need higher order estimates of the Newton potential.

Lemma8.5. Letp>1,1>0,d >2, 0 € (1,d). Then there exists C > 0 so that for all f € Hf9+l,p (Rd),

VN (F)|,per <Clfly - (8.5)

O+Lp O+Lp
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Proof. We prove the claim by induction. The case of I = 0 follows from Lemma 8.4. Let ¢y =
N(f),fecCy (Rd). Assume that we proved (8.5) for 0 < I < n and for each p > 1. Consider for a
multi-index € NI with [p| =n+1,

yp = DPy = N (f3),
where fg = DFf. Then
AYp = fy,  A(Vip) = Vfzin R,

and v = w" 144 solves
Av=F, A(Vv)=VF,

where F = w"" 15+ A (w"“) Pp+2V (w”“) V.
By (8.5) for I = n,

|w6—d/p+n—1¢ﬁ|p n |w9—d/p+nv¢ﬁ|p < f|H§+,l,,, . (8.6)
Therefore,

|w9_d/pF|p < C[|w6—d/p+n+1fﬁ|p +|w9—d/p+n—l¢ﬁ|p +|w9—d/p+nv¢ﬁ|p] (8.7)

< C|f|H§Ll1+Ln
Now,
wf=/rlyy = f-d/r-lly w”“) ¢ﬁ+w”“V¢ﬁ]
= (n+1) WPy + w1y,

and by (8.6),

n
H9+n,p

|w9_d/”_1Vv|p <C |f

Clearly, VN (F) solves A (VN (F)) = VF. Due to Lemma 8.4 and (8.7),

|VN (F)|Hé/p <ClFly <Clf < (8.8)
Hence,
|[w®=/P~1 (Vo - VN (F))| < C|f|pr < oo
P O+n+1lp

We conclude by Lemma 8.3 that Vo = VN (F).
From (8.8) for each p > 1, there is C > 0 so that for all multi-index u € N with | y| =1,

|w9_d/pD“Vv|p <C |f|H,1+1

O+n+1p

We have, recalling that v = w1y, Vo = (n + 1) w"Vwyg + w"1Vipg and

DHVy (n+1) [m"' DFwVw + w"DFVao | g
+ (n+1)w"DFwVyg +w" T DIV,

B+ w" T DV,
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where by (8.6)
|w6—d/pB|p < C(|w9—d/p+n—1¢ﬁ|p +|w9—d/P+nV¢ﬁ|p)
< C|f .
Hence,

|w6—d/p+n+1D#V¢ﬁ|p <C |f|Hn+1

O+n+1,p
1

0+1,
limit. |

and the statement is proved. The estimate for general f € H . (Rd) follows by passing to the

CONCLUSION

We employed the Euler-Lagrangian approach to prove the local existence of the Navier-Stokes
equations in weighted Sobolev spaces on the full domain. This paper is the first to cover general
p > d > 2. In the future, we will expand our approach and prove similar results with stochastic

integrals as the forcing terms.
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