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Abstract. In this paper a mathematical model of drug consumption dynamics is proposed and analyzed. The model is
based on the principle of the epidemiological model and takes into account the biological and environmental factors
of exposed individuals, treatment and sensitization. The Jacobian determinant method is used to determine the basic
reproduction function Ry of the model. The drug-free equilibrium points and the endemic equilibrium of the model
were then identified, and their stabilities were analyzed based on the value of Rj. A sensitivity analysis was performed
to assess which parameters have the greatest influence on the dynamics of drug consumption. The numerical simulation
was carried out using data from the Burkinabe population in 2020, aged between 11 and 65 years. The numerical results

show that sensitization and treatment do not have much effect if the individual evolves in a favorable environment.

1. INTRODUCTION

Drugs can be defined as any substance of natural origin or obtained through synthesis that,
when absorbed by a living organism, alters one or more of its functions [1]. Since the dawn of
civilization, humans have used drugs for healing, pain relief, ritual purposes, and to alter their
psyche and behavior [2]. Over the past 20 years, drug use has spread at an unprecedented rate,
affecting all regions of the globe. This scourge has led to a concomitant worsening of health
and social problems [3]. According to the United Nations Office on Drugs and Crime (UNODC),
approximately 284 million people worldwide, aged 15 to 65, the majority of whom are men, are
estimated to have used drugs throughout the year 2020. In Africa, the UNODC estimates that the

number of drug users among young adults ranges from 22 to 72 million, with a prevalence rate of
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approximately 3.8 % to 12.5 % [1]. In Burkina Faso, about 122 tons of drugs were seized in 2021,
compared to 240 tons in 2022 and over 300 tons in 2023. The Burkinabe government has intensified
its efforts to combat drug use through initiatives from the National Committee for the Fight
Against Drugs (CNLD). However, despite these efforts, the trend appears to indicate an increase in
consumption. Most studies on drug use often focus on medical, sociological, and epidemiological
aspects; however, in recent decades, mathematical modeling has increasingly been explored as an
important tool to understand and mitigate issues related to drug consumption in various countries
around the world. In 2007, White and Comiskey established one of the first discrete-event models
of opioid dependence based on the principles of mathematical epidemiology [4]. They studied the
dynamics using a threshold Ry and demonstrated that prevention is more effective than treatment.
In 2009, the model by White and Comiskey was reconsidered by Mulone and Staughan [5].
They established the stability of the positive equilibrium point of the model using the eigenvalue
equation and Poincaré-Bendixson theory. In 2011, Sanchez E, Villanueva Micé R], Santonja F],
and Rubio M proposed a mathematical model to predict cocaine consumption in Spain [6]. They
considered cocaine use as a socially transmissible epidemic disease that spreads through peer
pressure or social contacts. In 2017, Isaac Mwangi Wangari and Lewi Stone formulated a heroin
epidemic model with a saturated treatment function [7]. They based their work on the assumption
that heroin use follows a process that can be modeled similarly to infectious diseases. In 2021, M.
Chapwanya, J. M. S. Lubuma, H. Lutermann, A. Matusse, F. Nyabadza, and Y. Terefe proposed a
mathematical model of cannabis epidemic in a South African province with a nonlinear incidence
rate [8]. In June 2023, Moumine, Balatif, and Rachik proposed a SMHTR model that describes
population dynamics and analyzes interactions between different classes of drug users [9]. In
December 2023, Elbaz and El-Awady formulated a model of soft drug epidemics [10].

In the context of Burkina Faso, to our knowledge, there are no mathematical models on the
dynamics of drug consumption. In this work, we present a mathematical model of the dynamics
of drug consumption in Burkina Faso where we consider that drug consumption spreads like
an epidemic disease, socially transmissible and which spreads through peer pressure or social
contacts. We also consider the influence of biological and environmental factors such as births from
drug-using parents or drug-using environments as sources of direct exposure to drug consumption.
Taking these factors into account will thus make it possible to evaluate their real impact on drug
consumption dynamics.

The rest of the work is orginized as follows: Section 2 is devoted to the presentation of the
model. Section 3 is devoted to the mathematical analysis of the model in which the existence,
uniqueness, and overall stability of the model are established. In Section 4, we make a sensitivity
analysis of the model, the numerical simulation on data from the population of Burkina Faso in

2020, aged between 11 and 65 years. We end the work with a conclusion.
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2. MopeL ForMuLATION

In the proposed model, The total population is subdivided into seven different compartments:
S,AE,C,, C,, T, and R, whose descriptions are provided in the table 1

TasLE 1. Table of Model Variable Descriptions

Variable Description

S Represents the number of susceptible individuals in the population at a given time f.
Here, all individuals are aged 11 years and above.
A Represents the number of susceptible individuals who are aware of the harmful effects
of drug consumption at a given time ¢
E Represents the number of exposed individuals at a given time ¢ ; That is, individuals who are in
contact with occasional or regular users or those undergoing treatment, as well as individuals
born to occasional or regular users or those undergoing treatment; but who do not consume drugs.
Co Represents the number of occasional drug users at a given time ¢; that is, individuals
who frequently consume drugs but are not yet dependent.
Cr Represents the number of regular drug users at a given time t; that is, individuals
who are dependent on drug consumption.
T Represents the number of drug users undergoing treatment at a given time ¢
R Represents the number of drug users who have been successfully treated, as well as individuals
who have voluntarily stopped using drugs through ’self-healing” at a given time ¢.
N Represents the total population at a given timet. (N=S+E+C,+C,+T+R).

We consider the following assumptions:

(H1): The total population is constant within the modeling time period ; therefore, we find:
A = uN + 61Cy + 62C, + 63T

(H 2): The population mixes homogeneously; that is, each individual in the population has an
equal chance of encountering any other individual.

(H 3): Occasional and regular users are able to stop using drugs either through self-control or by
undergoing treatment.

(H4): Individuals who have successfully undergone detoxification, either through self-control or
treatment, become temporarily immune to drug consumption.

(H 5): Individuals undergoing treatment still consume drugs.

(H 6): Occasional, regular, and individuals undergoing treatment can influence others to start
using drugs.

(H7): Drug users undergoing treatment may relapse into occasional or regular drug users due to
severe withdrawal side effects or the high cost of treatment.

(H 8): Individuals born to occasional, regular, or treatment-receiving drug users are born exposed
to drug consumption.

Under the assumptions below, We establish the following transmission diagram:
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Ficure 1. Epidemiological Model Diagram of Drug Consumption Dynamics with

Awareness in Burkina Faso.

The different parameters of the model are described as follows:

TasLE 2. Table of Parameter Descriptions for the Model

Parameter Description

A Population recruitment rate (individuals reaching the age of 11 and above during the modeling period).
A Birth rate of children born to occasional drug users.

Az Birth rate of children born to regular drug users.

A3 Birth rate of children born to drug users undergoing treatment.

u Natural mortality rate of the general population.

by Contact rate between susceptible individuals and occasional drug users.

by Contact rate between susceptible individuals and regular drug users.

b3 Contact rate between susceptible individuals and drug users undergoing treatment.

p Media campaign rate to increase population awareness.

Awareness failure rate.

a Probability of exposed individuals becoming occasional drug users.

01 Mortality rate related to occasional drug consumption.

02 Mortality rate related to regular drug consumption.

03 Mortality rate related to drug use among individuals undergoing treatment.

€ Probability of drug users who have successfully undergone detoxification becoming susceptible again.

01 Probability of occasional drug users becoming regular drug users.

6> Probability of occasional drug users who have successfully undergone detoxification through self-control.
k1 Probability of drug users undergoing treatment who relapse into occasional drug users.

ko Probability of drug users undergoing treatment who relapse into regular drug users.

k3 Probability of drug users undergoing treatment who have successfully undergone detoxification.

Progression rate of the compartment C; to the compartments T and R.

n Rate of regular drug users undergoing treatment.
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The compartment S: It is generated by a recruitment rate A — (A1C,(t) + A2C, () + A3T(t))
and is increased due to individuals who have successfully undergone detoxification and

become susceptible again at a rate ¢R(t). Itis decreased due to contact with occasional, reg-
b1Co (1) +b2C (£)+b3T(£) )
N

ular, or treatment drug users at a rate S(t) ( , by the success of awareness
campaigns at a rate pS(f), and by the natural mortality rate .

The compartment A: It is increased by the success of awareness campaigns at a rate pS(t).
It is decreased by the failure of awareness at a rate A(t) (E blC”(t)+b21C\;(t)+b3T(t)) and by the

natural mortality rate y.

The compartment E: Itis increased by the contact of susceptible individuals with occasional,
B Co(8) oG () HE5T(0) ) by the

regular, or treatment-seeking drug users at a rate of S(t) X(

failure of awareness campaigns at a rate of A(t) (5 blc”(t)erz%'(tHbST(t) ), and also by vertical

transmission at a rate of (A1C,(t) + A2C,(t) + A3T(t)). It is decreased when some exposed
individuals begin to consume drugs occasionally at a rate of aE(t) and also by the natural
mortality rate u.

The compartment C,: It is increased when some exposed individuals begin to consume
drugs at a rate of aE(t) and also when some individuals fail their treatment at a rate of
kiT(t). It is decreased when some occasional consumers become regular consumers at a
rate of 01C,(t) or when some occasional consumers decide to stop consuming drugs at a
rate of 0,C,(t). It is also decreased by the natural mortality rate y and the mortality rate
related to occasional drug consumption 6;.

The compartment C,: It is increased by the rate 61C,(t) of occasional consumers who
become regular consumers and by the rate k,T(t) of consumers in treatment who relapse.
It is decreased when some regular consumers either decide to undergo treatment at a rate
of ynC,(t), or stop consuming drugs through self-control at a rate of y(1 —n)C,(t), or due
to the natural mortality rate u and the mortality rate related to regular consumption 6,.
The compartment T: It is increased by the rate ynC,(t) of regular consumers who decide to
undergo treatment. It is decreased when individuals in treatment relapse into occasional
consumers at a rate of k;T(t) or into regular consumers at a rate of kT (#), or succeed in
their detoxification at a rate of k3T(t). It is also decreased by the natural mortality rate u
and the mortality rate related to drug use among consumers in treatment.

The compartment R: It is increased either by the rate 6,C,(t) of occasional consumers
who decide to stop using drugs through self-control, or by the rate y(1 —1)C,(t) of regular
consumers who also decide to stop using drugs through self-control, or by the rate k3T(t)
of drug users who have successfully completed their detoxification. It is decreased when
certain cured individuals become susceptible again at a rate of eR(t) and by the natural

mortality rate u.
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We obtain the mathematical model of drug consumption with awareness for the population of

Burkina Faso represented by the following system of nonlinear ordinary differential equations:

B = A= (MColt) +A2Cr(1) + AsT(1)) = S(1) (RALEGOIT ) _ (44 p)5(1) + eR()
dA( ) — ps( ) (t)( b1CU +b2C,( )+b3T(t))_ yA(t)
ait)

i =U&””ﬁmMﬂ”ﬁﬂﬂ+AUﬁ%+MNM0+AﬂMﬂ+AJU»—w+MEU)

i~ = aE(t) + ki T(t) = (4 + 61+ 01 + 02)Co(t)
2l = 01Co(8) + kaT(£) = (y + p + 62)Cr(1)
T = ynCol(t) = (ky + ko + ks + 4 63)T(2)
T = 0,0, (1) +7(1 = mCr(t) + ksT(F) — (¢ + w)R(E)

(2.1)

With the initial conditions S(0), A(0),E(0),C,(0),C,(0), T(0), and R(0) all being positive, and
N =S+ A+ E+C, + C, + T + R representing the total population.

To study the model, we begin by rewriting it in terms of proportions for simplicity. Thus, we

perform the following variable changes as in [12]:

N N  N° NT N N N
with
0<s<1,0£a<1,05e<1;,0<¢, 1,0, <;,0<tr<1;,0<r<1
For

We obtain the normalized system below:

BU A= (Arco() + Aacr (£) + Astr()) = s(£) (Brco(£) + bac,(£) + bstr(t)) — (1 + p)s(t) + er(t)
L = ps(t) = a(t) (brco(t) + bcr () + batr(t)) — pa(t)

= (b16o(t) + bacr(t) 4 batr(t)) (s(t) + &a(t)) + (Arco(t) + Aacy(t) + Astr(t)) — (a + pe(t)
dc" = ae(t) + kitr(t) — (u+ 61+ 61 + 62)c,(t)
d“ = O1co(t) + katr(t) = (y + pr + 2)er (1)
dff( L = yne,(t) = (ky + ko + ks + 1 + 63)tr (1)
% = 0206 () + (1 = n)er () + katr(t) — (e + u)r(t)

(2.2)
3. MATHEMATICAL ANALYSIS

3.1. Positivity, Boundedness, Existence, and Uniqueness of the Solution of the Model.

Theorem 3.1. Ifthe initial value (s(0),a(0),e(0),¢,(0),c,(0), tr(0),7(0)) € R, then there exists a unique,
nonnegative solution to (2.2) for all t > 0.
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Proof. The system (2.2) is described by a system of nonlinear autonomous first-order differential

equations. It can be rewritten in the following matrix form:
X'(t) = F(X(t))

Where
X(t)=(s(t) a(t) e(t) colt) c(t) tr(t) r(t))t

And F is a function of class C* on IR” with values in R” defined by:

A= (Aco(t) + Aocr(£) + Astr(t)) —s(t) (brco(t) + bacy(£) + batr(t)) — (4 p)s(t) + er(t)
ps(t) — &a(t) (bico(t) + bacy(t) + batr(t)) — pa(t)
(brco(£) + bacr(£) + batr(t)) (s(t) + Ea(t)) + (Arco(t) + Aacr(£) 4 Astr(t)) — (a + p)e(t)
F(X(t) = ae(t) + kitr(t) = (u+ 061+ 61 + 02)c,(t)
0160 (t) + kotr(t) — (¥ + p + 02)cr(t)
yner(t) = (ki + ko + ks 4+ 83)tr(t)
O2¢o(t) + v (1 —=n)cy(t) + katr(t) — (e + p)r(t)

Since F is of class C!, it is therefore locally Lipschitz continuous on R”. This leads to the existence
and uniqueness of the maximal solution to the Cauchy problem associated with the differential
equation of the system (2.2) relative to the condition (fo; X(0)) € R, x R”.
Furthermore, since F is of class C*, we conclude that this solution is also of class C*.

Now, from the first equation of the system (2.2), It follows that [9]:

did—&t) = A= (Aco(t) + Aacr(t) + Astr(t)) — s(t) (bico(t) + bacy (t) + bstr(t)) — (1 + p)s(t) + er(t)
> —s(t) (byco(t) + bac,(t) + batr(t)) — (u + p)s(t)
Then 0
at + f(t)s(t) 2 0 (3.1)
Where

f(t) = w+ p+bico(t) + bacy(t) + batr(t)
By multiplying both sides of the inequality (3.1) by exp ( fot f(a) da), we obtain:

exp( fo t F(a) da)dil(:) + () exp ( fo t F(a) da)s(t) >0 (3.2)

%(exp ( fo @) da)s(t)) > 0 (3.3)

By integrating the inequality (3.3) from 0 to ¢, we obtain:

s(t) > s(0) exp (— Ltf(a)da)

then

So, the solution s(t) is positive.
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To demonstrate the positivity of a(t), e(t), ¢,(t), c/(t), tr(t) and r(t) we will proceed by contra-
diction as in [9]:
Suppose that at least one of the variables a(t), e(t), ¢,(t), ¢,(t), tr(t) and r(t) is not positive. Then

we are in one of the six (6) following cases:

U
—

0; aé? < 0;e(t) > 0;c,(t) > 0;¢,(t) > 0 tr(t) >

1. There exists a first time #; such that a(t;)
0;7(t) > 0forallt € [0,t].

2. There exists a first time t; such that e(t;) = 0; egZ) < 0;a(t) > 0;¢,(t) > 0;cr(t) > 0; tr(t) >
0;7(t) > 0 forallt € [0, t]

3. There exists a first time t3 such that ¢,(t3) = 0; % <0;a(t) > 0;e(t) > 0;¢,(t) > 0; tr(t) >
0;7(t) >0 forall t € [0, t3]

4. There exists a first time t4 such that ¢,(t4) = 0; % <0;a(t) > 0;e(t) > 0;¢,(t) > 0; tr(t) >
0;7(t) > 0forall t € [0, t4]

5. There exists a first time t5 such that tr(t5) = 0; dt;(ttS) <0;a(t) > 0;e(t) > 0;¢o(t) > 0;¢0(t) >
0;7(t) > 0forallt € [0, ts]

6. There exists a first time t¢ such that r(ts) = 0; drgé) < 0;a(t) > 0;e(t) > 0;¢o(t) > 0;cr(t) >
0;tr(t) > 0 forall f € [0, ]

2

In the first case, We have:

which is absurd
In the second case, We have:
de(ty)
dt
which is absurd
In the third case, We have:

= (blco(tz) -+ bzcr(tz) + b3t1’(t2)) (S(tz) + Ea(tz)) + (Alco(tz) + /\zcr(tz) + /\3t1’(t2)) >0

de,(t

Cod(t3) = Oée(tg) + k1t1’<t3) >0
which is absurd
In the fourth case, We have:

T = 91C0(t4) —+ kzt?’(t4) >0
which is absurd
In the fifth case, We have:

dtr(t
d(tS) = yne,(ts) > 0

which is absurd
In the sixth case, We have:
di‘(t(,)
dt

= Gzco(t6> + )/(1 - U)Cr(t6) + k3t1’<t6) >0

which is absurd
Thusa(t) >0;e(t) >0;¢,(t) >0;¢(t)>0;tr(t) >0and r(t) > 0 forall t > 0.
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Hence, the solutions s(t) ; a(t) ; e(t) ; c,(t) ; c/(t) ; tr(t) and r(¢) of the system (2.2) are all positive
forallt >0 O

Theorem 3.2. All feasible solutions of the system (2.2) are bounded and lie within the following region:
Q= {(s(t),a(t),e(t),colt), c(t), tr(t),r(t)) e RE |0<s+a+e+co+c +tr+r<1)

Proof. Suppose that the initial value (s(0),a(0),e(0),¢,(0),c,(0), tr(0),7(0)) € R, . Let the function
¢ be defined as in [12] as:

P(t) =s(t) +a(t) +e(t) +co(t) +cr(t) +tr(t) +r(t)
. By summing the seven equations of the system (2.2), we obtain:

W — A — u(t) = (81¢0 + ¢, + S3tr)
¢(0) =s(0) +a(0) +e(0) + ¢,(0) +¢,(0) + tr(0) +r(0) =1

(3.4)

Integrating equation (3.4) over (0,t) for all 0 < ¢t < T, one can get the following

A= (8160 (F) + Sacr(£) + 03tr(1))
u

P(t)exp (ut) -1 = (exp (ut) —1)

Which implies that

A = (8160 (F) + Oac, (t) + O3tr(t))
7

P(t) = exp (—ut) + (1-exp (—ut))

Therefore
A= (6 t Oocy(t Ostr(t A—=(6 t Opc,(t Ostr(t
o) = (1 A ) )y A B+ ) i)
H H
Whent — coand A = p + 016, (t) + 02¢+(t) + 03tr(t) we have: 0 < n(t) < 1. Thus, all possible solu-

tions of the system (2.2) are within the region (). This implies that () is a positively invariant region

of the system (2.2). Therefore, within the region (), we say that the system (2.2) is mathematically
and epidemiologically well-posed. m]

3.2. Equilibrium without drugs and the basic reproduction number.

3.2.1. Drug-free equilibrium.

Proposition 3.1. The system (2.2) has a unique drug-free equilibrium point:
A pA
Htp ulp+p)

Proof. At the drug-free equilibrium point, we have:

ds _da_de _dco _der _dbr _dr o _ . _ . _,_ g
at dr dat ar ar dat a - & T eTeTh=

Xo = (

;0;0;0;0;0)
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Then, the system (2.2) becomes:

A=(u+p)so+erg =0

PSo — pdo =0
—(e+ p)ro =0
So,
_ _A
S = g
aq = L2
0 = ulu+p)
ro =0

O

3.2.2. The basic reproduction number. In our epidemiological model of drug consumption, Ry is
the average number of total individuals that each occasional or regular drug user, or individual
undergoing treatment, will lead to consume drugs. In other words, Ry is the average number of
new drug users resulting from the involvement of an occasional or regular user, or individual in
treatment, among susceptible individuals.

To obtain the basic reproduction number for the system (2.2), we will use the Jacobian determinant
method as described by B. Seidu and al. [13] described in the following aLgorithm [14]:

Algorithm 3.1.

Step 1: Identify the infected compartments of the model.

Step 2: Find the Jacobian  of the infected subsystem of the model.

Step 3: Evaluate the Jacobian of the infected subsystem at the disease-free equilibrium, &g (i.e.J (€9))
Step 4: Find the determinant,|J (&)

Step 5: Express the determinant as |J (o)l = £(E —1), &£€R

Step 6: Find Ry using Ro = £

where B is the part that contains the transmission factors such as probability of infection, contact
rate or infectivity/susceptibility factors, and D is the part containing only transmission and other
non-transmission terms.

The infected compartments are ¢; co; ¢, and tr ; thus, the infected subsystem is given by:

e = (bico + bacr + bstr) (s +a&) + (Aico + Aocy + Astr) — (a + p)e
%" =ae+kitr— (u+ 061+ 61+ 62)c,

& = Oico +hatr = (y + p + 52)cr

dr = yne, — (ky + ko + ks + p + S3)tr

(3.5)

The Jacobian of the right-hand side of the infected subsystem (3.5) evaluated at the drug-free

equilibrium is given by:
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u+pé u+pé pu+pé
—(a+p) Wbl + A sz + A2 Wb3+/\3
o —(u+61+61+06 0 k
](Xo) _ (H 1 1 2) 1
0 91 —()/ + 1% + 62) k2
0 0 n —(k1+k2—|-k3-|—‘u—|-(53)

By setting gz = a4+, quu = p+61+01+02, 955 = Y+ u+02, ge6 = k1 + ko +kz + p+ 63,
p = u+p&and m = u+ p the matrix | becomes:

g% Ebi+ A Bt Ay EBbyvas

- 0 k
i ( Xo) _ a 44 1
0 01 —({s55 ko
0 0 yn —qe6

The determinant of the matrix | evaluated at Xy gives:
1
[J(Xo)l = - (9339449559660 — 4334470y k2 — G331ty Nk1 01 — aqaaqecPbi — agssqec A1
—aq55ﬁb261 — 0((]667'()\291 + (Xﬁ)ﬂ]blkz — OK‘B)/T]bp,@l + 0(71)/1]k2A1 — 0(7'[)/7]/\361)

This can be written as follows:

[J(Xo)| = — (933944955966 — 933G44YNk2 — 33y nk161)

« (a (q55q66(ﬁb1 + 7'()\1) + q6661 (‘Bbz + 7'(/\2) — )/17](2 (‘Bbl + 7'(/\1) + )/1791 (ﬁbg, + 7'(/\3)) B 1)
4337 (Ga4g55G66 — Gaa YNk — ynk161)

Here we have
€ = — (933944955966 — 33944 k2 — 33y 1k161)
and the basic reproduction number Ry is obtained as follows:

_ (955966 (Bb1 + A1) + Ges 01 (Bb2 + A2) — ynka(Bb1 + A1) + yn6: (B3 + TA3))

R
0 93370 (94aq55G66 — Gaaynka — ynk,01)

3.3. Endemicequilibrium. Consideringthatqs; = a+p;qu = u+01+01+02;q5 = y +pu+062;
Je6 = k1 + ko +ks + u+ 03 ; and letting g77 = ¢ + u the system (2.2) at endemic equilibrium becomes:

A= (Mch + Aacs + Astr*) = s*(bich + bacs + bstr*) — (u+ p)s* + er* =0

ps* —&a* (bic, + bacy + bstr*) —ua* =0

(b1 + bocy + batr*) (s* + &a*) + (A1c; + Aacy + Astr*) —gaze® =0

ae* + kitr —quc;, =0 (3.6)
01c, + katr* —gssc; = 0

ync; —qestr” =0

Oac; + v(1—n)c; + kstr* —gzr* =0
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Wheres*;a" ;e*; ¢, ; c; ; tr*; 1" represents the points of endemic equilibrium. By solving the system
(3.6), we obtain:

tr' = mc:;
de6
-k
¢ = q55466 27/17C:;
96661
o 1556602 — k2021 + 46601y (1 — 1) + kaynOs .
J6647761 "
p 144955766 qaskayn —k101yn -
Jo6O0100 "

i pO1q66 [afur + Tuzqas(1—Ro)|
aruy (Eurcy + p61ge6 + £61pq66)”
. _ lapur + muzgas(1 - Ro)] (Euacy 4 161466)
aruy (Eurcy + 161ge6 + E01pG66)

with ¢} being the positive solution of the equation —A(c})? + Bc, + C = 0 ; where

u1 =b1(qs5966 — kayn) + b2619e6 + b3yn01
uy =A1(q55966 — k2yn) + A2014q66 + A3yn01
Uz =(a455q66 — Jaakoyn — k1 61yn
Uy =qs596602 — k202yn + qes 01y (1 — 1) + kayno1
A =am&uiungry + apiuqry + méutusgasqr (1 — Ro)
B =)amé&0113qeeq77 — pamOutiagesqsr — anc01puiiages — papOruiqesqrr
— unburusqasdesqzr (1 — Ro) — apE(u + p) 0113 qeeq77 — & (1 + p) O1u1u3q33966G77(1 — Ro)
+ anézu%m
C =AanOugegzr (1 + £p) — pap(p + p) O qeeqrr — pri(p + p)Ojusgaaqeedrr (1 - Ro)
+ panéO1uiusqes + an5261pu1u4q66.
Thus, for Ry > 1, there exists a unique endemic equilibrium Xy = (s*;a*;¢e*; c;; ¢;; tr; r*).
3.4. Stability of Equilibria.
3.4.1. Local and global stability of the drug-free equilibrium.

Theorem 3.3. The drug-free equilibrium point Xo of the system (2.2) is locally asymptotically stable if
Ro < 1 and the following conditions are satisfied:

0102 > 03
(0102 —03) 03 > (0104 — 05) 01

[(0102 — 03) 03 — (0104 — 05) 01] (0104 — 05) > [(0102 — 03) 05 — (0106 — 07) 01] (0102 —03)  (3.7)
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a1 [(0102 — 03) 05 — (0106 — 07) 01] > a3 [(0102 — 03) 03 — (0104 — 05) 01]
aza, > q% (0102 — 03) 07
Where:
a1 = [(0102 — 03) 03 — (0104 — 05) 01] (0104 — 05) — [(0102 — 03) 05 — (0106 — 07) 01] (0102 — 03)
a, = [(0102 = 03) 03 — (0104 — 05) 01] (0106 — 07) — (0102 — 03) 07
a3 = m [(0102 — 03) 05 — (0106 — 07) 01] — a2 [(0102 — 03) 03 — (0104 — 05) 01]
And 01, 07, 03, 04, 05, 0¢ and o7 are defined in 3.9 and 3.10.

Proof. Considering that qz33 = a+p; qas = p+61+01+02; g55 = y+u+062; ge6 = k1 +

kz+k3+y+63;q75:y(l—n);qw:€+yandlettingq14:/\1+%;q15:/\24—%;
bsA . biEpA . bEph . béph . biAM(utép) L bAutép)

M6 = A3+ 55 5 24 = ;fp ; 25—%, 26 = :’,fp ; 34—%-”\1,!135—%-#/\2

and g3 = % + A3 then the Jacobian matrix of the right-hand side of the system (2.2)

evaluated at the drug-free equilibrium point X gives:

—-qu 0 0 —qu —-q15 —qi6 €
p -4 0 —gau —q5 —q6 O
0 0 —g33 4ga¢ q35 436 0
J(Xo)=| 0 0 a —qu O kq 0
0 0 0 91 —{55 kz 0
o 0 0 0 yn —g6 O
0 0 0 0 g ks —qm

The eigenvalues of the characteristic equation of J(Xp) are the solutions of the equation 3.8

X+ 01X + 02x° + o3x* + 04X> + 05)x* + 06x + 07 (3.8)
Where:

01 =q77 + q66 + 455 + qa4 + 433 + 1 + qu1;

02 == nyka — aqzs + pq11 + pqss + pqaa + pgss + pgee + Hq77 + 911933 + g11944 + 911955 + q11966 + 911977 + 933744
+ 433955 + 433966 1 433977 + G44q55 + Gaades + 44977 + 55966 1 455977 + Ge6q77

03 = =1y pk2 = 1yk101 — nykaqun = nykaqss — nykaqas = nykaqzr — auqss — aqi1434 — aqaqss — aq3aqes — Aq3aq77
— 3501 + pq11433 + pq11944 + pq114955 + pq11qee + Hq11977 + 1933944 + 1933955 + H433G66 + HG33G77 + 14455
+ Uqaafe6 + Hqaaq77 + Hq55q66 + Hq55977 + He6q77 + 11433444 + 411933955 + 411433966 + 911433477 + 411944955
+ q11944966 + g11944977 + q11955966 + 911455977 + 11966977 + 433944955 + 433944966 + 33944477 + 43355466
+ 433955977 + 433966977 + 44955966 1 944455977 + G44966977 + 955966977

0y =anykaqss — anyqse01 — myuki 01 = nyukaquy — ny pkaqas — 0y pkafas — Ny pkaqzz = nykiqu 61 = nyki43301 3.9)
= nyk197701 — k211933 — Nykaq119a4 — Mykaq11977 — 1vk2933944 — MYk2q33977 — MYk2qaaq77 — apq11q34
— aiqaaqss — lq3afes — AUG3aq77 — apiqas01 — aqi1q3aqss — aqi193ades — A11934977 — 41193501 — 434955966

— 0434955977 — Aq34966977 — *q3596601 — 43547761 + 1911933944 + 411933955 + Hq11933966 T 14911933977
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+ Uqg11944955 + pq11944966 + Hq11944977 + Uq11955966 + Hq11955977 + HG11966977 + Hq33944455 + 143394466
+ Uq33q44977 + 1433955966 + Hq33455977 + 1433966977 + Hq44q55q66 + 1944955977 + Hq4aqe6q77 + 1G55966977
+ 911933944955 + 911933944966 + 911933944977 + 911933955966 + 11933955977 + 119339664977 + 911944955966
+ 411944955977 + 911944966977 + 411955966977 + 433944955966 + 433944955977 + 433444966977

+ 433955966477

o5 =anyukyqss — anypqse61 + anykaqiiqsa + anykaqsaqzz — anyqi1qse01 — anyqaeqz761 — nyukig1161 — ny pkigss61
= nyukig7761 — nyukaqi1qs3 — nypkaqi19aa — nypkaq11977 — My pkaqsaqas — nypkaqssqzz — ny pkaqaagzz
— k191193361 — k11197701 — nykiqssqz701 — nykaqi1933qas — nykaqi19s3qzz — nvkaq119a4977 — 1yk2q33qaaq77
— auq1193aq55 — apq1193ades — Ag11934977 — g1143561 — ag3aq55q66 — AG3a055q77 — ALG34G66477
— 3546601 — alq3sq7761 — aq11934955q66 — 911934955077 — A911934966477 — 491193596601 — 1193597701
— aq3aq55q66477 — 493596697761 + 111933944955 + 11193394466 T H11933944G77 + HG11933955066 + 11193355977
+ 1411933966977 + 1911944955966 + 1911944955977 + 111944966977 + HG11955G66977 + 13394495566 + 133944955077
+ 1433944966977 + 1933955966977 + 1944955966977 + q11433944955966 + 911933944955977 + q11933944966977
+ q11933955966977 + 4119449559664977 + 433444955966977

06 =anykaqi1934 + anyukaqssqzy — any uq1193601 — any uqseq7701 + anykaqi1934977 — anyqi1q3697761 — 1y 1tk191193301
(3.10)

— 1y uki91197761 — nypkiqssqz761 — ny pkaqi1q334as — nyukaqi1q33qzz — Ny pkaqi1qaadzz — ny ukaqssqaaqzr

= nyk1q11933q7761 — nykaq11933q44977 — pq11934955966 — ALG11934955977 — Ag11934966977 — CUG11935G66 01

— auq19s5q7761 — apgsaqssqeeqrr — aiqssdeeqz761 — aqi193a955q66977 — 9114356697761 + 1141143394495566

+ Hq11933944955977 + Hq11933944966977 + H11933G55966977 + Hq11944955966977 + 1G33G44955966977 + G11933G44955966977
07 =q77pq11 (anykaqss — anyqae01 — 1yk13301 — 1yk2q33944 — Aq34955066 — AG3596601 + 133944955766

we have 01 > 0 ; Thus, the equilibrium point without drugs of the system (2.2) is locally asymp-
totically stable if and only if the Routh-Hurwitz criterion is satisfied, that is, the conditions 3.7 are
satisfied [15]. O

Theorem 3.4. Drug-free equilibrium Xy of the system (2.2) is globally asymptotically stable if Ry < 1.
Proof. As in [10], we introduce the following Lyapunov function:

S a
(V=s—so—soln(%)+a—ao—aoln(%)+e+co+c,+tr+r

Then the derivative of V gives:

(V=é+a+e'+c'a+c;+t‘r+r'—%°s_“a_°a

s
:/\—y(s—f—a—ke—l—co—i—cr—l—tr—i—r)—(51co+62cy—|—63tr)—?0[/\—(/\1CO+A2cr+A3tr)

[ps — &a (bico + bacy + bstr) — pa]

—s (bico + bacy + batr) — (i + p)s + er] — il_o
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For Ry <1,and A = (u + p)so, we have:

iV — _5_% _ 50 _ 405 AN 50 __#
V =uso(2 - S)+pso(2 S aSO)—i—yaO(l ﬂo) e — ur ars+co(so+éao)(b1 So+5a0)
U u CoS0 615 CrSo 025
+Cr(So+5ﬂ0)(b2 so+£a0)+tr<30+£a0)(b3 So+5ﬂo)+ . (/\1 SO)-i— . ()\2 So)
+h’ﬂ(/\3_@)
S S0

Since the arithmetic mean is greater than or equal to the geometric mean, then ¥ < 0and V = 0

onlyifs=sy;a=ap;e=¢ey;co=c9;¢c, =c’

; tr = trg and r = ry.
Hence drug-free equilibrium Xj is globally asymptotically stable according to LaSalle’s invari-

ance principle [15]. m]
3.4.2. Global stability of endemic equilibrium.

Theorem 3.5. If Ry > 1, then the endemic equilibrium point Xy of the system (2.2) is globally asymptotically
stable.

Proof. Regarding the global stability of X, let us consider the following Lyapunov function:
s a e c c
V=s-s-sIn—+a-a"-a'ln—+e-e—-e'ln—+c,—c;,—c;In— +c,—c;—c;In—
s a e c :
. oy L7 R ¢
+tr—tr—trin—4+r—-r-rin—
tr* r

Then the derivative of V gives:

- S A AN S U < A A
V=$5+a+é+co+c6+tr+i——5——d——é——Co— —C— —tr——7
S a e Co Cr tr r

For Ry > 1,and A = u(s* +a* +e* + ¢, +c; + tr' + 1) + 6c; + 02¢; + O3tr*, we have:

*

i s _s as a s e s o s
G = *(2————) *(1— ) *(2————) *(2——__) fp_Co S

0
fp_Cr_ s * _tr_i) *( _i_i) [p_C _5
—l—ycr(Z - S)—l—ytr (2 i +ur(2 i + 61¢, (2 -

r 0 s

* t i b b bst i
+62c:(2—C—I—S—)+63tr*(2——r—s—)+s*( 160 e+ 3r)(l—ﬁ)
¢ s tr: s N es*

b b bat * * * *
+£a*( 1o D2 75 r)(1 -2 ”)+ Z (Mco + Aoy + Astr) (1 - S)+ae*(1 - C"e)
N ea* S es* Col*
. C;Co . r*co . trec, . rcy . cotr
0 1-= 0 1- 1- 1- 1- kitr|1-
+ 160( crc;)+ ZC"( rc; )—H/ncr( trc; )—H/( U)C’( rc;)+ 1 ( cotr*)
*t x—t *

—{—kztr*(l— Cr r)+k3tr*(1— 4 r)+5r*(1 _2 r)'

crtre rtr* sr*

Since the arithmetic mean is greater than or equal to the geometric mean, then V < 0and V = 0

* *

onlyifs=s";a=a";e=¢e¢c,=c,;c,=c;tr=tr;r=r.
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Hence endemic equilibrium X is globally asymptotically stable according to LaSalle’s invariance
principle ( [16], [17]). O

4. SENSITIVITY ANALYSIS AND NUMERICAL SIMULATION

A sensitivity analysis of the model (2.2) is conducted to determine the relative importance of the
model parameters on the propagation of drug consumption. This analysis is crucial for identifying
parameters that have a significant impact on Ry and should be targeted by intervention strategies.
The parameter with a higher sensitivity index is more influential than one with a lower sensitivity
index. The sign of the sensitivity indices of Ry concerning the parameters indicates the positive or
negative impact of these parameters. Here, we calculate the sensitivity index for each parameter
included in the expression of Ry except for the parameters u, 61,62, 63 which cannot be targeted in
intervention strategies. The standard equation for the sensitivity index of a parameter ® of Ry is

given by as in ( [16], [18], [19]):
O® IR
Ro __ 0
= — X —
Yo = Ry " 90
Given the complexity of the expression for Ry, we utilized numerical differentiation. Thus, the
numerical values of the sensitivity indices are provided in the table 4.

The values of the parameters are given in the table below 3.

Parameter Value Reference

A 0.03 Assumed
A 0.08 Assumed
A3 0.002 Assumed
u 0.009 [11]
by 0.03 [11]
by 0.02 [11]
b3 0.001 [11]
P 0.03 Assumed
& 0.05 Assumed
a 0.07 Assumed
01 0.01636 [6]
02 0.059 [11]
03 0.01636 [6]
€ 0.008 [11]
01 0.05 Assumed
0, 0.02 [11]
ky 0.2 [7]
ko 0.15 [7]
ks 0.1 [7]

0.008 Assumed
i 0.9999  Assumed

TasLE 3. Table of values of the model parameters
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Sensitivity Index  Value

Ro
X/\1
Ro

0.317222
0.559462
0.000224
0.085406
0.037656
0.000030
0.113924
0.089412
-0.216949
0.008167
0.006920
-0.013123
-0.028859
0.054709
-0.077102
0.017585

TasLE 4. Sensitivity Indices of the Parameters of the Second Model

Figure 2 shows the graphical representation of the sensitivity indices.

Paramétres

o

-1.0
-0.5

0.0
0.5

indices de sensibilité

FIGURE 2. Sensitivity analysis of the model parameters

1.0 —
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Figure 2 clearly illustrates the impact of each parameter on Ry. We observe that Ry is most
positively sensitive to changes in the parameters A1, A; and a. An increase in the value of any
of these parameters will result in a proportional increase in R (similarly, a decrease in the value
of any of these parameters will lead to an equivalent decrease in Ry). The parameter 0, has an
inversely proportional relationship with Ry. An increase in the value of 0> will result in a decrease
in Ry and while a decrease in the value of 0, will lead to an increase in Ry. However, reducing the
rate of exposed individuals becoming occasional consumers a does not contribute positively. It is
therefore preferable to focus efforts on reducing the birth rate of individuals born to occasional or
regular consumer parents (A1 and A) and on increasing the success rate of detoxification through
self-control for occasional consumers 6;. Since R is more sensitive to variations in A and A, than
to 0y, it is wise to concentrate on A1 and A, the birth rates from consumer parents, to control drug

abuse within the population.

4.1. Numerical Simulation. In this section, we perform some numerical simulations to illustrate
the theoretical results obtained in the previous sections. To do this, we used MATLAB software
with the fourth-order Runge-Kutta method. We present the impact of awareness based on the birth
rates from drug-using parents on the total population aged 11 to 65 years in Burkina Faso in 2020,
which was estimated to be N = 13407908 inhabitants (INSD2023). We assume the following initial
conditions: S = 10458168; A = 938554; E = 1340791;C, = 429053;C, = 134079;T = 93855;R =
13408.

7 }105 Evolution des consommateurs occasionnels 45 10° Evolution temporelle des consommateurs réguliers

6.5 ar

351
£ 8f £
@ ©

£ £ sl
< =
555 5

& Bas

3 3
g g
a 571 o

ol

4.5 15k

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Temps [année] Temps [année]
(a) Evolution of Occasional Drug Users (8) Evolution of Regular Drug Users

Ficure 3. Temporal Evolution of Consumers for A; = 0.03,A; = 0.08and A3 = 0.002

Figure 3 above presents the temporal evolution of occasional consumers 3a and regular con-
sumers 3b. Here, we have varied the success and failure rates of the awareness campaign. We
observe a decrease in consumption when the success rate is high and the failure rate is low, as also
indicated by the values of Ro: for p = 0.5, £ = 0.6, Rp = 1.0494 ; for p = 0.7, £ = 0.2, Ry = 0.8844
and for p = 0.8, £ = 0.1, Ry = 0.8428
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Ficure 4. Temporal Evolution of Consumers for A1 = 0.01, A, = 0.03 et A3 = 0.001

Figure 4 above presents the temporal evolution of occasional consumers 4a and regular con-

sumers 4b. Here, we have reduced the birth rates of individuals from drug-consuming parents

and varied the success and failure rates of the awareness campaign. We observe a significant

decrease in consumption, as also indicated by the values of Ry: for p = 0.5, £ = 0.6, Ry = 0.5392 ;

for p

Population humaine

=0.7,£=02,Ry = 03743 and for p = 0.8, £ = 0.1, Ry = 0.3326
7 5105 Evolution des consommateurs occasionnels 455 10° Evolution temporelle des consommateurs réguliers
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Ficure 5. Temporal Evolution of Consumers for A; = 0.001, A, = 0.002 et A3 =
0.0008

Figure 5 above presents the temporal evolution of occasional consumers 5a and regular con-

sumers 5b. Here, we have further reduced the birth rates of individuals from drug-consuming

parents and varied the success and failure rates of the awareness campaign. We observe a very
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significant decrease in consumption, as also indicated by the values of Ry: for p = 0.5, £ = 0.6,
Ro = 0.2747 ; for p = 0.7, £ = 0.2, Rp = 0.1097 and for p = 0.8, £ = 0.1, Ry = 0.0681.
Thus, these numerical simulations demonstrate that awareness has no significant effect on drug

dynamics if the children are in a favorable environment.

5. CoNcLUSION

In this article, we proposed a deterministic model of drug consumption dynamics with aware-
ness. This allowed us to understand the dynamics of consumption and evaluate the impacts of
awareness campaigns on the population. The analytical results show that the model is mathemat-
ically significant and defined within the positive region (). We established the conditions for the
existence of equilibrium states of the model and found that at the drug-free equilibrium point,
the model is stable if Ry < 1 and at the endemic equilibrium point, the model is stable if Ry > 1.
The sensitivity analysis and numerical simulation have allowed us to understand that the most
influential parameters are those related to biological and genetic dispositions. This indicates that
the environment in which an individual evolves plays a crucial role in the propagation of drug use.
Awareness efforts have minimal impact on drug dynamics if an individual evolves in a favorable
environment. Hence, there is a pressing need to educate parents about the harmful effects of their
consumption on their children.

In the future, we plan to use a stochastic model of drug consumption dynamics in Burkina Faso

for a better understanding of the epidemic.
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REFERENCES

[1] O. Gansaore, Profil Epidémiologique et Clinique des Patients Admis dans 1'Unité d’Addictologie du Centre
Hospitalier Universitaire Yalgado Ouédraogo du 01 Octobre 2018 au 31 Décembre 2020, Thesis, Université Joseph
Ki-Zerbo, Ouagadougou, 2021.

[2] M. Traoré, Etude du Profil et de la Prise en Charge des Cas d’Abus de Drogues dans la Ville de Bobo-Dioulasso
(Burkina Faso), Thesis, Université Joseph Ki-Zerbo, Ouagadougou, 2012.

[3] E Somé, Evaluation Quantitative et Qualitative de I'Usage des Drogues en Milieu Etudiant a I'Université de
Ouagadougou, Thesis, Université Joseph Ki-Zerbo, Ouagadoudou, 1991.

[4] E. White, C. Comiskey, Heroin Epidemics, Treatment and ODE Modelling, Math. Biosci. 208 (2007), 312-324.
https://doi.org/10.1016/j.mbs.2006.10.008.

[5] G.Mulone, B. Straughan, A Note on Heroin Epidemics, Math. Biosci. 218 (2009), 138-141. https://doi.org/10.1016/;.
mbs.2009.01.006.

[6] E. Sanchez, R.-]. Villanueva, F-J. Santonja, M. Rubio, Predicting Cocaine Consumption in Spain: A Mathematical
Modelling Approach, Drugs Educ. Prev. Policy 18 (2011), 108-115. https://doi.org/10.3109/09687630903443299.

[7] LM. Wangari, L. Stone, Analysis of a Heroin Epidemic Model with Saturated Treatment Function, J. Appl. Math.
2017 (2017), 1953036. https://doi.org/10.1155/2017/1953036.


https://doi.org/10.1016/j.mbs.2006.10.008
https://doi.org/10.1016/j.mbs.2009.01.006
https://doi.org/10.1016/j.mbs.2009.01.006
https://doi.org/10.3109/09687630903443299
https://doi.org/10.1155/2017/1953036

Int. J. Anal. Appl. (2025), 23:12 21

[8] M. Chapwanya, ].M.S. Lubuma, H. Lutermann, A. Matusse, F. Nyabadza, Y. Terefe, A Mathematical Model for the
Cannabis Epidemic in a South African Province with a Non-Linear Incidence Rate, J. Stat. Manag. Syst. 24 (2021),
1627-1647. https://doi.org/10.1080/09720510.2020.1843274.

[9] D. Kada, A. Kouidere, O. Balatif, M. Rachik, Mathematical Modeling of the Gaming Disorder Model with Me-
dia Coverage: Optimal Control Approach, Math. Model. Comput. 10 (2023), 245-260. https://doi.org/10.23939/
mmc2023.01.245.

[10] ILM. Elbaz, M.M. El-Awady, Modeling the Soft Drug Epidemic: Extinction, Persistence and Sensitivity Analysis,
Results Control Optim. 10 (2023), 100193. https://doi.org/10.1016/j.rico.2022.100193.

[11] S. Saha, G. Samanta, Synthetic Drugs Transmission: Stability Analysis and Optimal Control, Letters in Biomathe-
matics 6 (2019), 1-31. https://doi.org/10.30707/LiB6.2Saha.

[12] F. Agel, H. Alaa, N.E. Alaa, Mathematical Model of Covid-19 Transmissibility During the Vaccination Period,
Eurasian J. Math. Comput. Appl. 11 (2023), 4-28.

[13] B. Seidu, O.D. Makinde, ].K.K. Asamoah, Threshold Quantities and Lyapunov Functions for Ordinary Differential
Equations Epidemic Models with Mass Action and Standard Incidence Functions, Chaos Solitons Fractals 170
(2023), 113403. https://doi.org/10.1016/j.chaos.2023.113403.

[14] H. Tinde, A. Kiemtore, W.O. Sawadogo, P.O.F. Ouedraogo, I. Zangré, Estimation of Epidemiological Parameters
for COVID-19 Cases in Burkina Faso Using African Vulture Optimization Algorithm (AVOA), Int. ]. Anal. Appl.
22 (2024), 203. https://doi.org/10.28924/2291-8639-22-2024-203.

[15] O.Koutou, A.B. Diabaté, B. Sangaré, Mathematical Analysis of the Impact of the Media Coverage in Mitigating the
Outbreak of COVID-19, Math. Comput. Simul. 205 (2023), 600-618. https://doi.org/10.1016/j.matcom.2022.10.017.

[16] A. Kiemtore, W.O. Sawadogo, I. Zangré, P.O.F. Ouedraogo, I. Mouaouia, Estimation of Parameters for the Math-
ematical Model of the Spread of Hepatitis B in Burkina Faso Using Grey Wolf Optimizer, Int. J. Anal. Appl. 22
(2024), 48. https://doi.org/10.28924/2291-8639-22-2024-48.

[17] C. Bounkaicha, K. Allali, Y. Tabit, J. Danane, Global Dynamic of Spatio-Temporal Fractional Order SEIR Model,
Math. Model. Comput. 10 (2023), 299-310. https://doi.org/10.23939/mmc2023.02.299.

[18] J.K K. Asamoah, Z. Jin, G.-Q. Sun, Non-Seasonal and Seasonal Relapse Model for Q Fever Disease with Compre-
hensive Cost-Effectiveness Analysis, Results Phys. 22 (2021), 103889. https://doi.org/10.1016/j.rinp.2021.103889.

[19] J. Norton, An Introduction to Sensitivity Assessment of Simulation Models, Environ. Model. Softw. 69 (2015),
166-174. https://doi.org/10.1016/j.envsoft.2015.03.020.


https://doi.org/10.1080/09720510.2020.1843274
https://doi.org/10.23939/mmc2023.01.245
https://doi.org/10.23939/mmc2023.01.245
https://doi.org/10.1016/j.rico.2022.100193
https://doi.org/10.30707/LiB6.2Saha
https://doi.org/10.1016/j.chaos.2023.113403
https://doi.org/10.28924/2291-8639-22-2024-203
https://doi.org/10.1016/j.matcom.2022.10.017
https://doi.org/10.28924/2291-8639-22-2024-48
https://doi.org/10.23939/mmc2023.02.299
https://doi.org/10.1016/j.rinp.2021.103889
https://doi.org/10.1016/j.envsoft.2015.03.020

	1. Introduction
	2. Model Formulation
	3. Mathematical Analysis
	3.1. Positivity, Boundedness, Existence, and Uniqueness of the Solution of the Model
	3.2. Equilibrium without drugs and the basic reproduction number
	3.3. Endemic equilibrium
	3.4. Stability of Equilibria

	4. Sensitivity Analysis and Numerical Simulation
	4.1. Numerical Simulation

	5. Conclusion
	 Conflicts of Interest:

	References

