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Abstract. This paper presents theoretical proof of the existence of a unique solution to a constrained problem of the

Riemann-Liouville fractional differential equation with time delay functions by utilizing the Schauder fixed point

theorem. Moreover, we analyzed the continuous dependence of the solution on the initial conditions and other

parameters. Further, we investigate the Hyers-Ulam stability of the problem. We introduce some examples and special

cases to illustrate our results.

1. Introduction

Fractional analysis is an area of calculus that is concerned with non traditional orders. It is

a relatively new field of study that has gained significant attention from researchers because of

its wide-ranging applications in different sectors of science and engineering (see [1, 24, 30, 31]).

Fractional calculus applications continue to grow, and it is expected that they will perform an

increasingly essential role in the development of new technologies in the future. This has resulted

in the development of new mathematical tools and techniques that have been used to solve complex

problems in physics, engineering, finance, and other fields.

Studying fractional calculus has yielded the maturation of numerous analytical strategies for

solving fractional models, including Riemann, Caputo, and Grunwald-Letnikov’s approaches

[13, 25, 26]. Fractional differential and integral equations have attracted a lot of research interest

due to their significance in various domains. Srivastava et al. [29] analyzed a class of nonlin-

ear boundary value problems of an arbitrary fractional-order differential equation with integral
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boundary conditions and infinite-point. Kucche and Sutarin [22] established the existence and sta-

bility results for nonlinear fractional delay differential equations, they also proved the Ulam–Hyers

stability of the problem. In [10], the authors discussed the solvability of an implicit hybrid de-

lay nonlinear functional integral equation, they proved the existence of integrable solutions by

using technique of measure of noncompactnes, moreover, they examined the uniqueness and the

continuous dependence of the solution under suitable assumptions. In [4] El-Sayed et al. stud-

ied a constrained problem of the quadratic functional integro-differential equation of arbitrary

(fractional) orders, the authors proved the existence and the uniquiness of the solution under suit-

able assumptions, they also investigated the stability of the problem due to Hyers-Ulam stability

and the continuous dependence of the unique solution on some parameters. For further studies,

(see [1]- [3], [5]- [9], [11, 12, 14, 16, 19, 20], [26]- [28], [30, 31]).

In this study, we are concerned with the constrained problem of the Riemann-Liouville fractional

differential equation,
RDαx(t) = f (t, x(ϕ1(t)), t ∈ (0, 1] (1.1)

with each one of the nonlocal and weighted delay integral constraints.

I1−αx(t)|t=0 = x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds, τ ∈ [0, 1]. (1.2)

or

t1−αx(t)|t=0 =
1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds), τ ∈ [0, 1]. (1.3)

where RDα denoted the fractional derivative of Riemann-Liouville of order α ∈ (0, 1].

In Section 1, we introduce theoretical introduction about the importance of fractional calculus

models and some related works, we also analyze the transform of (1.1)-(1.2) or (1.1) and (1.3)

into the equivalent integral fractional model (1.4). Moving on to the 2nd section, we establish

the existence and uniqueness of the solution by utilizing the fixed point of Schauder’s theorem

and Kolmogorov’s compactness criterion. Section 3 presents the continuous dependence part of

the study, we prove the continuous dependence of the unique solution on initial conditions and

other parameters. In the 4th section, we study the stability of the problem due to the Ulam–Hyers

stability. In Section 5, we close the manuscript by some examples and special cases.

Now, we have the following lemma.

Lemma 1.1. The solution of the constrained problem (1.1)-(1.2) or (1.1) and (1.3) can be expressed by the
fractional order delay integral equation

x(t) =
tα−1

Γ(α)
[x0 +

∫ 1−τ

0
g(s, x(ϕ2(s))ds] + Iα f (t, x(ϕ1(t))). (1.4)

Proof. Let x ∈ L1(I) be a solution of the constrained problem (1.1)-(1.2) or (1.1) and (1.3), then

we have
d
dt

I1−α x(t) = f (t, x(ϕ1(t))).
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By integration, we get

I1−α x(t) − I1−α x(t)|t=0 =

∫ t

0
f (s, x(ϕ1(s)))ds,

I1−α x(t) = I1−α x(t)|t=0 +

∫ t

0
f (s, x(ϕ1(s)))ds

and from (1.2), we get

I1−α x(t) = x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds +

∫ t

0
f (s, x(ϕ1(s)))ds.

Operating by Iα, then

I x(t) =
tα

Γ(1 + α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds) + Iα+1 f (t, x(ϕ1(t))).

By differentiation, we get

x(t) =
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds) + Iα f (t, x(ϕ1(t))).

Conversely, from (1.4), we have

I1−α x(t) = x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds + I f (t, x(ϕ1(t)))

and

d
dt

I1−α x(t) =
d
dt

(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds) +

d
dt

I f (t, x(ϕ1(t))),

then

Dα x(t) = f (t, x(ϕ1(t)))

and

I1−αx(t)|t=0 = x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds.

Also for the problem (1.1) and (1.3), we have

d
dt

I1−α x(t) = f (t, x(ϕ1(t)))

Integrating , we get

I1−α x(t) − C =

∫ t

0
f (s, x(ϕ1(s)))ds,

I1−α x(t) = C + I f (t, x(ϕ1(t))).

Operating by Iα on both sides, we get

I x(t) =
Ctα

Γ(α+ 1)
+ Iα+1 f (t, x(ϕ1(t))).

Differentiate, then

x(t) =
Ctα−1

Γ(α)
+ Iα f (t, x(ϕ1(t))), (1.5)
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t1−α x(t) =
C

Γ(α)
+ t1−α Iα f (t, x(ϕ1(t))),

then

t1−α x(t)|t=0 =
C

Γ(α)
,

Thus
1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds) =

C
Γ(α)

.

Substituting in (2.3), we obtain

x(t) =
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds) + Iα f (t, x(ϕ1(t))).

Conversely, let x ∈ L1(I) be a solution of (1.4), then we have

t1−α x(t) =
1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds) + t1−α Iα f (t, x(ϕ1(t))),

t1−α x(t)|t=0 =
1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds)

and
d
dt

I1−α x(t) = f (t, x(ϕ1(t))).

2. Existence of solution

Here we study the existence of at least one (and exactly one) integrable solution of the fractional

integral equation (1.4). under the following assumptions

(i) f , g:I = [0, 1] ×R→ R are measurable in t ∈ I ∀ x ∈ R and continuous in x ∈ R ∀ t ∈ I and

there exist two integrable functions m1, m2 and two constants a, b > 0, such that

| f (t, x)| ≤ m1(t) + a|x|, (2.1)

|g(t, x)| ≤ m2(t) + b|x| ∀ t ∈ I, x ∈ R,

where

‖m1‖ =

∫ 1

0
|m1|(t)dt, and ‖m2‖ =

∫ 1

0
|m2(t)|dt. t ∈ I.

(ii) ϕi :I → I; i = 1, 2 is absolutely continuous in t ∈ I and there exist constant γ > 0 such

that ϕ′i (t) ≥ γ.

Now for the existence of at least one integrable solution of the fractional integral equation (1.4),

we have the following theorem

Theorem 2.1. Let the assumptions (i) − (ii) be satisfied. If

a + b
γ

< 1, (2.2)

then the fractional integral equation (1.4) has at least one integrable solution x ∈ L1[0, 1].
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Proof. Define the set Br by

Br = {x ∈ L1 : ‖x‖ ≤ r} ⊂ L1.

and the operator F by

Fx(t) =
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds) +

∫ t

0

(t− s)α−1

Γ(α)
f (s, x(ϕ1(s))ds,

where

r =
|x0|+ ‖m1‖+ ‖m2‖

1− a+b
γ

.

Now, let x ∈ Br, then

|Fx(t)| = |
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds) +

∫ t

0

(t− s)α−1

Γ(α)
f (s, x(ϕ1(s))ds|

≤
tα−1

Γ(α)
|x0|+

tα−1

Γ(α)

∫ 1−τ

0
|g(s, x(ϕ2(s)))|ds +

∫ t

0

(t− s)α−1

Γ(α)
| f (s, x(ϕ1(s)))|ds.

Then ∫ 1

0
|Fx(t)|dt

≤

∫ 1

0
[

tα−1

Γ(α)
|x0|+

tα−1

Γ(α)

∫ 1−τ

0
|g(s, x(ϕ2(s)))|ds +

∫ t

0

(t− s)α−1

Γ(α)
| f (s, x(ϕ1(s)))|ds]dt

≤

∫ 1

0

tα−1

Γ(α)
|x0|dt +

∫ 1

0

tα−1

Γ(α)

∫ 1−τ

0
|g(s, x(ϕ2(s)))|dsdt +

∫ 1

0

∫ t

0

(t− s)α−1

Γ(α)
| f (s, x(ϕ1(s)))|dsdt

≤
1

Γ(α+ 1)
|x0|+

∫ 1

0

tα−1

Γ(α)

∫ 1−τ

0
|g(s, x(ϕ2(s)))|dsdt +

∫ 1

0
| f (s, x(ϕ1(s)))|

∫ 1

s

(t− s)α−1

Γ(α)
dtds

≤
1

Γ(α+ 1)
|x0|+

1
Γ(α+ 1)

∫ 1−τ

0
|g(s, x(ϕ2(s)))|ds +

1
Γ(α+ 1)

∫ 1

0
| f (s, x(ϕ1(s)))|ds

≤
1

Γ(α+ 1)
|x0|+

1
Γ(α+ 1)

[

∫ 1−τ

0
|m2 (s)|ds + b

∫ 1−τ

0
|x(ϕ2(s))|ds] +

1
Γ(α+ 1)

[

∫ 1

0
|m1 (s)|ds

+a
∫ 1

0
|x(ϕ1(s))|ds]

≤
1

Γ(α+ 1)
|x0|+

1
Γ(α+ 1)

[

∫ 1

0
|m2 (s)|ds +

b
γ

∫ 1

0
|x(η)|dη] +

1
Γ(α+ 1)

[

∫ 1

0
|m1 (s)|ds +

a
γ

∫ 1

0
|x(θ)|dθ]

≤
1

Γ(α+ 1)
|x0|+

1
Γ(α+ 1)

(‖m2‖+
b
γ
‖x‖1) +

1
Γ(α+ 1)

(‖m1‖+
a
γ
‖x‖1)

≤ |x0|+ ‖m1‖+ ‖m2‖+
r(a + b)

γ
= r.

then

‖Fx‖1 ≤ r.
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Then F : Br → Br, moreover the operator F is uniformly bounded. Now, let x ∈ Br, then

‖(Fx)h − Fx‖1 =

∫ 1

0
|(Fx)h (t) − (Fx)(t)|dt

=

∫ 1

0
|
1
h

∫ t+h

t
(Fx)(s)ds− (Fx)(t)|dt

=

∫ 1

0

1
h

∫ t+h

t
|(Fx)(s) − (Fx)(t)|dsdt

Now, Fx ∈ L1[0, 1] implies

‖(Fx)h − Fx‖1 → 0.

This means that Fx(t)h → (Fx) uniformly in L1(I). Thus {Fx} is relatively compact [21]. Hence F is

compact operator.

Now, let {xn} ⊂ Br, and xn → x, then

Fxn(t) =
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, xn(ϕ2(s)))ds) +

∫ t

0

(t− s)α−1

Γ(α)
f (s, xn(ϕ1(s))ds

and

lim
n→∞

Fxn(t) = lim
n→∞

tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, xn(ϕ2(s)))ds)

+ lim
n→∞

∫ t

0

(t− s)α−1

Γ(α)
f (s, xn(ϕ1(s)))ds.

Applying Lebesgue dominated convergence Theorem [21], then from our assumptions, we get

lim
n→∞

Fxn(t) =
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, lim

n→∞
xn(ϕ2(s)))ds

+

∫ t

0

(t− s)α−1

Γ(α)
f (s, lim

n→∞
xn(ϕ1(s)))ds

=
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x(ϕ2(s)))ds) +

∫ t

0

(t− s)α−1

Γ(α)
f (s, x(ϕ1(s))ds = Fx(t).

Then Fxn(t)→ Fx(t). Which means that the operator F is continuous.

Since all conditions of Schauder fixed point Theorem [21] are satisfied, then the operator F has at

least one fixed point x ∈ L1[0, 1]. Consequently there exists at least one solution x ∈ L1[0, 1] of the

problems (1.1)-(1.2) or (1.1) and (1.3).

2.1. Uniqueness of the solution. Consider the following assumptions.

(i)∗ f , g: I × R → R are measurable in t ∈ I ∀x ∈ R and satisfy the lipschits conditions with

a, b > 0,

| f (t, x) − f (t, x̄)| ≤ a |x− x̄|

|g(t, x) − g(t, x̄)| ≤ b |x− x̄|, ∀ t ∈ I, x ∈ R.
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(ii)∗

f (t, 0) ∈ L1[0, 1] and ‖m1‖ = supt

∫ t

0
| f (t, 0)|dt,

g(t, 0) ∈ L1[0, 1] and ‖m2‖ = supt

∫ t

0
|g(t, 0)|dt.

Theorem 2.2. Let the assumption (i)∗, (ii)∗ and (ii) be satisfied. If

(a + b)
γ

< 1,

then the fractional integral equation (1.4) has a unique solution x ∈ L1[0, 1].

Proof. Let x1, x2 be two solution of fractional integral equation (1.4)

|x2(t) − x1(t)| = |
tα−1

Γ(α)
[x0 +

∫ 1−τ

0
g(s, x2(ϕ2(s)))ds] +

∫ t

0

(t− s)α−1

Γ(α)
f (s, x2(ϕ1(s)))ds

−
tα−1

Γ(α)
[x0 +

∫ 1−τ

0
g(s, x1(ϕ2(s)))ds] −

∫ t

0

(t− s)α−1

Γ(α)
f (s, x1(ϕ1(s)))ds|

≤
tα−1

Γ(α)

∫ 1−τ

0
|g(s, x2(ϕ2(s)) − g(s, x1(ϕ2(s))|ds

+

∫ t

0

(t− s)α−1

Γ(α)
| f (s, x2(ϕ1(s))) − f (s, x1(ϕ1(s)))

∣∣∣∣∣∣ds

≤
tα−1

Γ(α)

∫ τ−1

0
b|x2(ϕ2(s)) − x1(ϕ2(s))|ds +

∫ t

0

(t− s)α−1

Γ(α)
a|x2(ϕ1(s)) − x1(ϕ1(s))|ds,

then ∫ 1

0
|x2(t) − x1(t)|dt

≤

∫ 1

0
(

tα−1

Γ(α)

∫ τ−1

0
b|x2(ϕ2(s)) − x1(ϕ2(s))|ds +

∫ t

0

(t− s)α−1

Γ(α)
a|x2(ϕ1(s)) − x1(ϕ1(s))|ds)dt,

≤

∫ 1

0
(

tα−1

Γ(α)

∫ τ−1

0
b|x2(ϕ2(s)) − x1(ϕ2(s))|ds +

∫ t

0

(t− s)α−1

Γ(α)
a|x2(ϕ1(s)) − x1(ϕ1(s))|ds)dt,

≤

∫ 1

0
(

tα−1

Γ(α)
dt

∫ τ−1

0
b|x2(ϕ2(s)) − x1(ϕ2(s))|ds +

∫ 1

0

∫ 1

s

(t− s)α−1

Γ(α)
a|x2(ϕ1(s)) − x1(ϕ1(s))|dtds,

≤
1

Γ(α+ 1)

∫ τ−1

0
b|x2(ϕ2(s)) − x1(ϕ2(s))|ds +

∫ 1

0

1
Γ(α+ 1)

a|x2(ϕ1(s)) − x1(ϕ1(s))|ds,

≤
1

Γ(α+ 1)
b
∫ 1−τ

0
|x2(ϕ2(s)) − x1(ϕ2(s))|ds +

1
Γ(α+ 1)

a
∫ 1

0
|x2(ϕ1(s)) − x1(ϕ1(s))|ds

≤
1

Γ(α+ 1)
b
γ

∫ 1

0
|x2(η) − x1(η)|dη+

1
Γ(α+ 1)

a
γ

∫ 1

0
|x2(θ) − x1(θ)|dθ

≤
1

Γ(α+ 1)
(

b
γ
‖x2 − x1‖1 +

a
γ
‖x2 − x1‖1)
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≤
1

Γ(α+ 1)
‖x2 − x1‖1(

b
γ
+

a
γ
)

≤
a + b
γ
‖x2 − x1‖1.

Then

‖x2 − x1‖1(1−
a + b
γ

) ≤ 0,

‖x2 − x1‖1 ≤ 0.

Which implies that x1 = x2, then the solution of the fractional integral equation (1.4) is unique

integrable solution. Consequently the solution x ∈ L1[0, 1] of the problems (1.1)-(1.2) or (1.1) and

(1.3) is unique.

3. Continuous dependence

Theorem 3.1. Let the assumptions of Theorem 2.2 be satisfied then the unique solution x ∈ L1(I) depends
continuously on x0, f , g in the sense that ∀ ε > 0 ∃ δ(ε) such that

max{|x0 − x∗0|, | f (t, x) − f ∗(t, x)|, |g(t, x) − g∗(t, x)|} < δ,

implies

‖x− x∗‖1 < ε,

where x∗ be the solution of

x∗(t) =
tα−1

Γ(α)
[x∗0 +

∫ 1−τ

0
g∗(s, x∗(ϕ2(s)))ds] +

∫ t

0

(t− s)α−1

Γ(α)
f ∗(s, x∗(ϕ1(s)))ds.

Proof.

|x(t) − x∗(t)|

= |
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(s, x((ϕ2(s)))ds) +

∫ t

0

(t− s)α−1

Γ(α)
f (s, x(ϕ1(s)))ds

−
tα−1

Γ(α)
(x∗0 +

∫ 1−τ

0
g∗(s, x∗(ϕ2(s))ds) −

∫ t

0

(t− s)α−1

Γ(α)
f ∗(s, x∗(ϕ1(s))ds|

≤
tα−1

Γ(α)
|x0 − x∗0|+

tα−1

Γ(α)

∫ 1−τ

0
|g(s, x(ϕ2(s))) − g∗(s, x∗((ϕ2(s)))|ds

+

∫ t

0

(t− s)α−1

Γ(α)
| f (s, x(ϕ1(s))) − f ∗(s, x∗(ϕ1(s)))|ds

≤
tα−1

Γ(α)
|x0 − x∗0|+

tα−1

Γ(α)

∫ 1−τ

0
|g(s, x((ϕ2(s))) + g(s, x∗((ϕ2(s))) − g(s, x∗((ϕ2(s))) − g∗(s, x∗((ϕ2(s)))|ds

+

∫ t

0

(t− s)α−1

Γ(α)
| f (s, x(ϕ1(s))) + f (s, x∗(ϕ1(s))) − f (s, x∗(ϕ1(s))) − f ∗(s, x∗(ϕ1(s)))|ds

≤
tα−1

Γ(α)
|x0 − x∗0|+

tα−1

Γ(α)

∫ 1−τ

0
[|g(s, x((ϕ2(s))) − g(s, x∗(ϕ2(s)))|+ |g(s, x∗(ϕ2(s))) − g∗(s, x∗(ϕ2(s)))|ds



Int. J. Anal. Appl. (2025), 23:57 9

+

∫ t

0

(t− s)α−1

Γ(α)
[| f (s, x(ϕ1(s))) − f (s, x∗(ϕ1(s)))|+ | f (s, x∗(ϕ1(s))) − f ∗(s, x∗(ϕ1(s)))|]ds

≤
δ tα−1

Γ(α)
+

tα−1

Γ(α)

∫ 1−τ

0
[b|x(ϕ2s) − x∗(ϕ2(s))|+ δ]ds

+

∫ t

0

(t− s)α−1

Γ(α)
[a|x(ϕ1(s)) − x∗(ϕ1(s))|+ δ|]ds,

then ∫ 1

0
|x(t) − x∗(t)|dt

≤

∫ 1

0
(
δ1tα−1

Γ(α)
+

tα−1

Γ(α)

∫ 1−τ

0
[b|x(ϕ2s) − x∗(ϕ2(s))|+ δ]ds

+

∫ t

0

(t− s)α−1

Γ(α)
[a|x(ϕ1(s)) − x∗(ϕ1(s))|+ δ|]ds)dt,

≤
δ

Γ(α+ 1)
+

1
Γ(α+ 1)

∫ 1−τ

0
[b|x(ϕ2s) − x∗(ϕ2(s))|+ δ]ds

+

∫ 1

0

∫ t

0

(t− s)α−1

Γ(α)
(a|x(ϕ1(s)) − x∗(ϕ1(s))|+ δ3|)dtds,

≤
δ

Γ(α+ 1)
+

1
Γ(α+ 1)

∫ 1−τ

0
[b|x(ϕ2s) − x∗(ϕ2(s))|+ δ]ds

+

∫ 1

0

∫ 1

s

(t− s)α−1

Γ(α)
(a|x(ϕ1(s)) − x∗(ϕ1(s))|+ δ|)dtds,

≤
δ

Γ(α+ 1)
+

1
Γ(α+ 1)

[b
∫ 1

0
|x(ϕ2(s)) − x∗((ϕ2(s)))|ds + δ]

+
1

Γ(α+ 1)
(a

∫ 1

0
|x(ϕ1(s)) − x∗(ϕ1(s))|ds + δ)

≤
δ

Γ(α+ 1)
+

1
Γ(α+ 1)

[
b
γ

∫ 1

0
|x(η) − x∗(η)|dη+ δ]

+
1

Γ(α+ 1)
[
a
γ

∫ 1

0
|x(θ) − x∗(θ)|dθ+ δ].

Now

‖x− x∗‖1 ≤
δ

Γ(α+ 1)
+

1
Γ(α+ 1)

(
b
γ
‖x− x∗‖1 + δ)

+
1

Γ(α+ 1)
(

a
γ
‖x− x∗‖1 + δ)

≤
1

Γ(α+ 1)
[3δ+

b
γ
‖x− x∗‖1 +

a
γ
‖x− x∗‖1]

≤ 3δ+
a + b
γ
‖x− x∗‖1.
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Thus

‖x− x∗‖1 ≤
3δ

1− a+b
γ

= ε.

�

4. Hyers-Ulam stability [17]

Now, from the equivalence between the problems (1.1)-(1.2) or (1.1) and (1.3) and the integral

equation (1.4) we can study the Hyers-Ulam stability of problem (1.1)-(1.2) or (1.1) and (1.3) as

follows:

Definition 4.1.
Let the solution x ∈ L1(I) of (1.1)-(1.2) or (1.1) and (1.3) be exist, then constrained problem (1.1)-(1.2) or
(1.1) and (1.3) is Hyers-Ulam stable if ∀ ε > 0 ∃ δ(ε) such that for any δ−approximate solution xs satisfies,

|
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(θ, xs(ϕ2(θ)))dθ) +

∫ t

0

(t− θ)α−1

Γ(α)
f (θ, xs(ϕ1(θ)))dθ− xs(t)| < δ, (4.1)

then ‖x− xs‖1 < ε.

Theorem 4.1. Let the assumptions of Theorem 2.2 be satisfied, then constrained problem (1.1)-(1.2) or (1.1)
and (1.3) is Hyers-Ulam stable.

Proof. From (4.1), we have

−δ <
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(θ, xs(ϕ2(θ)))dθ) +

∫ t

0

(t− θ)α−1

Γ(α)
f (θ, xs(ϕ1(θ)))dθ− xs(t) < δ.

Now

|x(t) − xs(t)|

= |
tα−1

Γ(α)
(x0 +

∫ 1−τ

0
g(θ, x(ϕ2(θ)))dθ) +

∫ t

0

(t− θ)α−1

Γ(α)
f (θ, x(ϕ1(θ)))dθ− xs(t)|

≤ δ+ |
tα−1

Γ(α)

∫ 1−τ

0
g(θ, x(ϕ2(θ)))dθ+

∫ t

0

(t− θ)α−1

Γ(α)
f (θ, x(ϕ1(θ)))dθ

−
tα−1

Γ(α)

∫ 1−τ

0
g(θ, xs(ϕ2(θ)))dθ−

∫ t

0

(t− θ)α−1

Γ(α)
f (θ, xs(ϕ1(t)))dθ|

≤ δ+
tα−1

Γ(α)

∫ 1−τ

0
|g(θ, x(ϕ2(θ))) − g(θ, xs(ϕ2(θ)))|dθ

+

∫ t

0

(t− θ)α−1

Γ(α)
| f (θ, x(ϕ1(θ))) − f (θ, xs(ϕ1(θ)))|dθ

≤ δ+
tα−1

Γ(α)

∫ 1

0
b |x(ϕ2(θ)) − xs(ϕ2(θ))|dθ+

∫ t

0

(t− θ)α−1

Γ(α)
a|x(ϕ1(θ)) − xs(ϕ1(θ))|dθ,
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thus ∫ 1

0
|x(t) − xs(t)|dt

≤

∫ 1

0
(δ +

tα−1

Γ(α)

∫ 1

0
b |x(ϕ2(θ)) − xs(ϕ2(θ))|dθ

+

∫ t

0

(t− θ)α−1

Γ(α)
(a|x(ϕ1(θ)) − xs(ϕ1(θ))|)dθ)dt

≤

∫ 1

0
δ dt +

∫ 1

0

tα−1

Γ(α)
dt

∫ 1

0
b |x(ϕ2(θ)) − xs(ϕ2(θ))|dθ

+

∫ 1

0

∫ 1

θ

(t− θ)α−1

Γ(α)
dt(a|x(ϕ1(θ)) − xs(ϕ1(θ))|dθ)

≤ δ+
1

Γ(α+ 1)

∫ 1

0
b |x(ϕ2(θ)) − xs(ϕ2(θ))|dθ+

∫ 1

0

1
Γ(α+ 1)

a|x(ϕ1(θ)) − xs(ϕ1(θ))|dθ

≤ δ+
1

Γ(α+ 1)
b
∫ 1−τ

0
|x(ϕ2(θ)) − xs(ϕ2(θ))|dθ+

1
Γ(α+ 1)

a
∫ 1

0
|x(ϕ1(θ)) − xs(ϕ1(θ))|dθ

≤ δ+
1

Γ(α+ 1)
b
∫ 1−τ

0
|x(ϕ2(θ)) − xs(ϕ2(θ))|dθ+

1
Γ(α+ 1)

a
∫ 1

0
|x(ϕ1(θ)) − xs(ϕ2(θ))|dθ

≤ δ+
1

Γ(α+ 1)
b
γ

∫ 1

0
|x(η) − xs(η)|dη+

1
Γ(α+ 1)

a
γ

∫ 1

0
|x(η) − xs(η)|dη

≤ δ+
1

Γ(α+ 1)
(

b
γ
‖x− xs‖1) +

1
Γ(α+ 1)

(
a
γ
‖x− xs‖1)

≤ δ+ ‖x− xs‖1(
a + b
γ

).

Thus

‖x− xs‖1 ≤
δ

1− a+b
γ

= ε.

5. Examples

Example 1.

Consider the following fractional order differential equation

RD
1
2 x(t) =

e−tsint
1 + 10t

+
1
12

x(t2), a.e. t ∈ (0, 1] (5.1)

subject to the nonlocal and weighted integral constraints

I
1
2 x(t)|t=0 =

1
9

+

∫ 1−τ

0
(

sins
7

+
1
9

x(s2))ds. (5.2)

or

t
1
2 x(t)|t=0 =

1
Γ( 1

2 )
(

1
9
+

∫ 1−τ

0
(

sins
7

+
1
9

x(s2))ds). (5.3)
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This problem can be expressed by the fractional order integral equation

x(t) =
t
−1
2

Γ( 1
2 )
(

1
9
+

∫ 1−τ

0
(

sins
7

+
1
9

x(s2))ds) + I
1
2 (

e−tsint
1 + 10t

+
1

12
x(t2)). (5.4)

Set

f (t, x(ϕ1(t)) =
e−t sin t
1 + 10t

+
1
12

x(t2),

then

| f (t, x)| ≤
1

1 + 10t
+

1
12
|x|.

Also

h(t, x(ϕ2(t)) =
sins

7
+

1
9

x(s2),

then

|h(t, x)| ≤
1
7
+

1
9
|x|,

where

m1(t) =
1

1 + 10t
and ‖m1‖ =

∫ 1

0

1
1 + 10t

ds =
ln(11)

10
,

m2(t) =
1
7

and ‖m2‖ =

∫ 1

0

1
7

ds =
1
7

.

Now, we have α = 1
2 , x0 = 1

9 , a = 1
12 , b = 1

9 , γ = 1, and r = 0.61294069396.

then
a + b
γ

= 0.19444444444444 < 1.

Now all the conditions of Theorem 2.1 are satisfied, then the problem (5.1)-(5.2) or (5.1) and (5.3)

has at least one solution x ∈ L1[0, 1]. Moreover,

| f (t, x) − f (t, x̄)| ≤
1
12
|x− x̄|, (5.5)

|h(t, x) − h(t, x̄)| ≤
1
9
|x− x̄|, ∀ t ∈ I, x ∈ R.

Then the solution of problem (5.1)-(5.2) or (5.1) and (5.3) is unique.

Example 2.

Consider the following fractional order differential equation

RD
1
4 x(t) =

e−tsint
4− t

+
1
8
(

x( 1
2 t)e−x2( 1

2 t)

1 + sin2 x( 1
2 t)

), a.e. t ∈ (0, 1] (5.6)

subject to the nonlocal and weighted integral constraints

I
3
4 x(t)|t=0 =

1
4

+

∫ 1−τ

0
(

sins
2− s

+
1
6
(

x2( 1
2 s) sin2 x( 1

2 s)

1 + x2( 1
2 s)

))ds. (5.7)
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or

t
3
4 x(t)|t=0 =

1
Γ( 1

4 )
(

1
4
+

∫ 1

0
(

sins
2− s

+
1
6
(

x2( 1
2 s) sin2 x( 1

2 s)

1 + x2( 1
2 s)

)ds). (5.8)

This problem can be expressed by the fractional order integral equation

x(t) =
t
−3
4

Γ( 1
4 )
(

1
4
+

∫ 1−τ

0
(

sins
2− s

+
1
6
(

x2( 1
2 s) sin2 x( 1

2 s)

1 + x2( 1
2 s)

))ds) + I
1
4 (

e−tsint
4− t

+
1
8
(

x( 1
2 t)e−x2( 1

2 t)

1 + sin2 x( 1
2 t)

)). (5.9)

Set

f (t, x(ϕ1(t)) =
e−tsint
4− t

+
1
8
(

x( 1
2 t)e−x2( 1

2 t)

1 + sin2 x( 1
2 t)

),

then

| f (t, x)| ≤
1

4− t
+

1
8
|x|.

Also

h(t, x(ϕ2(t)) =
sint
2− t

+
1
6
(

x2( 1
2 t) sin2 x( 1

2 t)

1 + x2( 1
2 t)

),

then

|h(t, x)| ≤
1

2− t
+

1
6
|x|,

where

m1(t) =
1

4− t
and ‖m1‖ =

∫ 1

0

1
4− s

ds = ln(4) − ln(3),

m2(t) =
1

2− t
and ‖m2‖ =

∫ 1

0

1
2− s

ds = ln(2).

Now, we have α = 1
4 , x0 = 1

4 , a = 1
8 , b = 1

6 , γ = 1
2 , and r = 2.953990207228.

then
a + b
γ

= 0.588333333333 < 1.

Now all the conditions of Theorem 2.1 are satisfied, then the problem (5.6)-(5.7) or (5.6) and (5.8)

has at least one solution x ∈ L1[0, 1]. Moreover,

| f (t, x) − f (t, x̄)| ≤
1
8
|x− x̄|, (5.10)

|h(t, x) − h(t, x̄)| ≤
1
6
|x− x̄|, ∀ t ∈ I, x ∈ R.

Then the solution of problem (5.6)-(5.7) or (5.6) and (5.8) is unique.
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6. Special cases

Corollary 6.1. Let the assumption of Theorem 2.2 be satisfied. If

(1) τ = 0, then the problem

RDαx(t) = f (t, x(ϕ1(t)), t ∈ (0, 1]

I1−αx(t)|t=0 = x0 +

∫ 1

0
g(s, x(ϕ2(s)))ds

or

t1−αx(t)|t=0 =
1

Γ(α)
(x0 +

∫ 1

0
g(s, x(ϕ2(s)))ds)

has a unique solution.
(2) If τ = 1, then the problem

RDαx(t) = f (t, x(ϕ1(t)), t ∈ (0, 1]

I1−αx(t)|t=0 = x0

or
t1−αx(t)|t=0 =

1
Γ(α)

x0

has unique solution.

7. conclusion

Fractional order derivatives, which expand the concept of classical derivatives to non-integer

orders, can pose various theoretical and practical issues. Establishing the existence and uniqueness

of solutions to fractional differential equations includes numerous theoretical frameworks and

approaches. Stability analysis is an extensive and varied field with deep theoretical roots and

numerous applications in engineering, economics, biology, physics, and other disciplines. Hyers-

Ulam stability evaluates the problem’s resilience to interruptions while another concept in stability

theory is Continuous dependency which examines how even minor parameter changes affect the

problem’s unique solution. In this manuscript, we are concerned with the study of the solvability

of a delay differential equation of a fractional integral equation under two constraints. We analyzed

the Hyers-Ulam stability and the continuous dependence of the solution on the initial conditions

and other parameters. Finally, we provided some special cases and examples.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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