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Abstract. The notion of complex bipolar neutrosophic subbisemirings (CBNSBSs) is constructed and analyzed. We
examine the significant characteristics and homomorphic features of CBNSBSs. We propose the CBNSBS level sets
— . - _ e _ . - . +
for bisemirings. Suppose that k is a subset of . Then R = (C]{( 0% , Ci . el% 'C]lF< el ,CHT: et , CIII: .
e .t
ek Ctr -3 ) is a CBNSBS of & if and only if C("1/%2) is a subbisemiring (SBS) of & for all fiy, i, € [~1,0] x [0, 1].
It is demonstrated that all CBNSBSs have homomorphic images, and all CBNSBSs have homomorphic pre-images.

Examples are provided to show how our findings are used.

1. INTRODUCTION

Fuzzy set (FS) theory was initially developed by Zadeh [20], and it is the best at dealing with
ambiguity and uncertainty. If an element in an FShas a single value inside the interval, itis regarded
as a member. The degree of non-membership does not always equal one minus the degree of
membership, though, as resistance can occur in real-world circumstances. An increasing number
of hybrid fuzzy models are being created as FS theory develops swiftly. The uncertainties have
contributed to the development of a number of uncertain theories, such as FS [20], intuitionistic FS
(IFS) [3], Pythagorean FS (PFS) [19] and spherical FS (SFS) [2]. MG sets, or sets with grades between
0 and 1, make up an FS. Although the representation made by Atanassov [3] that non-membership
grades (NMG) can only have a value of 1, IFS is categorized as MG. The total of MGs and NMGs
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may occasionally exceed 1 throughout a decision-making process. Yager [19] used PFS logic to
develop the generalized MG and NMG logic, which has a value not exceeding 1 and is determined
by the square of the MGs and NMGs. As the neutral state is neither positive nor negative, these
theories are unable to express it. Cuong [4] talked to colleagues about the picture FS. FS used three
grading points: positive, neutral, and negative. The sum of these grades could not be greater than
1. It also outperforms PFS and IFS in several situations. It addresses the truth, indeterminacy,
and falsity of FS and IFS and is an autonomous generalization of three models. In Lee [7], the
idea of bipolar fuzzy sets was presented. The membership degree range in conventional fuzzy
sets is [0, 1]. FSs that have their membership degree range expanded from the interval [0, 1] to the
interval [—1, 1] are called bipolar fuzzy sets. In a bipolar fuzzy set, elements with a membership
degree of 0 are not relevant to the corresponding property; elements with a membership degree
of (0,1] indicate that the property is somewhat satisfied; elements with a membership degree of
[-1,0] indicate that the implicit counter property is somewhat satisfied.

To handle conflicting and unclear data, Smarandache [18] developed the neutrosophic set (NS).
The degree to which an idea is true, ambiguous, or false is established using this logic. Ramot et
al. [16] introduce the concept of the complex fuzzy set (CFS). The membership functions of CFS’s
transactions can have a very broad range of values. While the unit circle of a fuzzy membership
function remains fixed, the unit circle of the complex plane is expanded to [0,1]. Rather than
extending exclusively to [0, 1], the membership function ux(x) of the CFS X extends to the unit
circle in the complex plane. Hence, ux(x) is a complex-valued function that, for any element x in
the discourse universe, provides a grade of membership of the type nx(x) - e™x(*), where i = V-1.
The two real-valued variables, nx(x) and 7x(x), where nx(x) € [0,1], define the value of ux(x).
Golan [5] established the concept of semiring logic and its applications. Hussian et al. [6] discussed
the concept and use of bisemirings. Fuzzy semirings were studied by Ahsan etal. [1]. Sen et al. [17]
introduced the concept of bisemirings. Palanikumar et al. (2019) introduced an intuitionistic
fuzzy normal subbisemiring of bisemirings [10]. Palanikumar et al. [14] introduced the concept
of bisemirings by using bipolar-valued neutrosophic normal sets. The novel aggregating operator
was discussed by Palanikumar et al. [8,9,11-13,15].

We will examine particular elements of the SBS and CBNSBS ideas and draw some inferences.
The following five sections make up the article. We introduce semirings and SBSs in Section 1.
Information on semirings and SBS preparations is provided in Section 2. The properties of CBNSBS
are listed in Section 3. For CBNSBS evaluation, numerical examples are advised. The conclusion

and subsequent direction are indicated in Section 4.

2. PRELIMINARIES

Definition 2.1. [17] An algebraic structure (S,¥,6,0) is a bisemiring if (S,,0) and (S,6,0) are
semirings, i.e., (S,¥), (S,0), and (S,0) are semigroups and

(1) z16(z0Wz3) = (21 922) W (21 ©23),
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(2) (z2Wz3)621 = (220621) W (230 21),
(3) Z1®(Zz 923) = (Zl 622)9(21 @Zg),
(4) (z0023) 021 = (220021) 6 (23021),¥21,22,23 € C.

Definition 2.2. A bipolar fuzzy set C in a universe U is an object having the form
C= {<x,AE(x),AE(x)> | x € (L{},

where AJCr : U — [0,1] and AgiU— [-1,0].

Here AE (x) represents the degree of satisfaction of the element x to the property of AE (x) representing

the degree of satisfaction of x to some implicit counter property of C. For simplicity, the symbol <AE,AE>

is used for the bipolar fuzzy set C = {<x,AE (x),AE (x)> | x € (L(}

Definition 2.3. For two bipolar fuzzy subsets C = (C*,C~) and A = (A+, A7), the product of C and A
is denoted by C o A and is defined as

sup {C+(s) /\/\*(t)} if Ac # 0
(C* 0 A*)(x) = { 0ea
0if Ay =0

ooy | eV o) a0

“1if Ay =0
Definition 2.4. [18] An NS C in the universe U is = {x,AE (x),AE (x),AE (x) | x € U}, where
AE (x), AE (x) A‘E (x) represents the TD, ID, and FD of v respectively. Consider the mapping AE U -
[0,1],A1C U - [0,1],A’6 : U —[0,1],and 0 < AE (x) +AE (x) +A’6 (x) <3.

Definition 2.5. [18] Let C1 = (xL , xL , x5 ), Co = (L, xL ,xE ), and Cs = (XL, xL , xK ) be three
Ci""C""C P Cs”"Cs""Cs
neutrosophic numbers over U. Then

(1) C20Cs = (maxixl, % ) minfih , 1%}, minfi, % 1),

2) C2yCs = <min{XT XL} max{xL , xL |, max{xf , xF }>,
0. 0. ¢ 0.’ ¢,
T T 1 1 F F
3) C>Cre XCTz > XCT3 and XCIz < XC? and XC% < )(CSF,
4) G2 = Ca o xg, = xq, and x, = xp and xp, = x¢ -

Definition 2.6. [18] For any NS C = {x, A% (x), Al (x),AE (x)} of U. Then (t, B)-cut is defined as

C C
{xelU| AE (x) > T,AE (x) > T,AE(X) < B}

3. COMPLEX BIPOLAR NEUTROSOPHIC SUBBISEMIRINGS

Here © denotes a bisemiring unless otherwise stated, C stands for the real part and d stands for

the imaginary part and w = 2m.
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Definition 3.1. For any complex bipolar neatrosophic set (CBNS) k in a aniversal set U,

k _ CT*( ) la):lT CI( ) - lw:l CF( ) uuﬂ CT( ) iw:IT+%) CI*( ) -
zwj CF+( ) zwj | x € U} where CT( ) zwj CI( ) zwﬂ C]1F<( ) ia)j ~ (%)

U — [-1,0] x[0,1] and CT( x)-e iod CI( )-e i0d CF( %) -e'v? M) : U — [-1,0] x [0, 1] represents

the truth degree, indeterminacy degree, and false degree, respectively.

For simplicity, the symbols CL, Cl , CL of the CBNS[k— (¢, CT () - ol CI (%) -e iwd ()’

CF ( ) za)ﬂ CT+( ) ia)ﬂ CI‘*’( ) za)j CF‘*’( ) iwﬂﬂpf(}l) | % e u}
Definition 3.2. Let k = {% CTf( ) - ok CI (%) - e CF (%) - ¢ CT+( ) -
zw:l CI*( ) ia):l CP*( ) ia):l } and @ {%, Cg<%) . ia):l C[ ( ) . ia):l CF ( )

. . (%) . Fl'(%)
ij CT+( n)-e B , Cg(%) -ele@ , Cg (%) 9% } be two CBNSs of U. Then we define the

intersection and union operation as

(i)]kﬂ@z{(%,max CTi(}() CT ( ) i g ()} max{CF( ) iw:l CI ( ) iwd! ()},
nmw§w>Wﬂ me~w(ﬁmm%<> Uw>lm<m
min(CL () ¢4, CL () ”I“Hnwﬂ6ﬁ<> Y CE () M%eLg

() ()

}mm (CL () - e CI() wip ),

)

}max(CT" () - ek RNEARE wls ),
},min{CHF:( ) zcu:l CF+( ) ia):l )|%GU}

) kUu® = {%mm CT (%) -e iwdy CT( ) e zwi
max{Cﬂi (}() la)j CF (%) lw:l ~)

max{Cﬂ(}t) i, Cﬁ(%) Z“’j©(

Definition 3.3. For any CBNS k = {% CTf( x)-e Zwﬂ Cl (%) -e iwj Cp () -e iwd, CT+ (%) -
e Cﬁ( ) s, CF+( %) -e s, }ofa universal set U. Then (hy,hy)-cut is deﬁned as {% el |

. I‘% —
C 00 2 B 004" <, O G0k 2 10 O 00 2 € 00
gh = i, Gy (%) e ol = hz}'

l{

Definition 3.4. The Cartesian product of kand ® is deﬁned as

() Jd) D) o
1ox® = {CLg (000 5™ O g (60)) -4, CE g ,0) 4™ T (00)-
wdl () (%) (1)

L oo (%:9))- s 111?;@(%’ d)- o™ 0 € S}, where k and © are CBNSs of
U,
w4l () 5 .
ko ((209)) - “hoo ZmaX{CnT( (3) - 6% CT (9) - % }
L ol _ oo ien@ s
]k><®((%,a)) kx® — .
Wit (9) ) - . o
11<><©((% d))-e “hos :mln{c]lli (%)-e l j CF (d)-e iwdy }
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. + (%,
HT(;@)((%,&))-e“"jixé ) {CT*( ) zw:l CT+( ) 1wj (a)}
It () . I*(&)
:I ((%3)) C[+(K).ezmjﬂ( +Cl+(a)'€m,j©
(o)) - = 2 G
T((69)) +9)
Lo, ¢ be™ —max(CL (o) -4, O (9) 6% )

Definition 3.5. For any CBNS k of S is said to be a Q-complex bipolar neutrosophic SBS (CBNSBS) of &
if
CT (x919)) - e (919) < max{CT" (x) - ek 9, CT(9) - o3t @)
Ci ((329)) -e o ((x929) <max{Cq (x)-e dody ( CT 9)-e wd] ()
Cuz_((%%a)) ¢ ((x929)) < max{CHT(_(%) e ( CT (9) - e“% ()

CI ( zwj +CI ( )El( j]k (9)

Cﬂ;((%@la)) iwdl (x919)) < ;
OR
Cﬂ;((%@ a)) zw:{ T (#929)) < Cﬂ(‘(,) m)j ;LCI € )ezwﬂi( )
OR
. fw CI ()¢ Wj[ +Cl (9)-e lm;l]{i )
Cl ((%939)) - 6o (0939)) < !

CE ((919)) - €% (497 > min(CE () - €% ), Cf(9) ¢4 )
C ((029)) -4 (22 > min(CE () -4 09, CF(9) -4 )
Cy (5939)) - €% (697 = min(CE () -5 ), CE(9) - % ()

C]l]:r((%@la)) . eimﬁH{*((%@l&)) > mll’l{[:]ljj(}() . zijJr CT+ ((9) lw:IT+(3)}
C£+ ((%Q?za)) . ez‘wﬂ{j((%@z&)) > mln{Cﬂ’]jr (%) . jT+ CT+ (a) j£+ (a)}

C]lT<+ ((}(038)) . eiwﬁi*’((}twa)) > min{cﬂ]:-(%) . 1ij+ CT+ (a) le-ﬁ- (8)}

Cﬂ:r( zwj CI+( ) m;j (3)

Cﬂ: (x919)) -e iwdf ((%018))2
OR

Cﬂ:r( ) zuj C1+( ) md (9)

CL ((%929)) -e iwd] " (x920))
OR

Cﬂj( ) le Cl+( ) leT ()

Cﬂ((%@ a)) iwdl ((;{%3)) >
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CE ((0919)) -4 (9 < mmax{CE (30) -4 9, CE* (9) -4 @)
CHF;((%Q? a)) zwj ((%%a))SmaX{CﬂF:(}() 1w:IF CF+(8 za)jF+(5)}
CE (3939)) - 6% (539) < max(CE" () - e ), CEY(9) - ek @)

forall x,0 € G.

Example 3.1. Consider the bisemiring S = {11, n2, 13, N4} with the Cayley tables:

Orimim || Na||Q2\m |2 |03 | Na||V3 M1 |M2]|73]| N4
mim M |M | M| | M ym 3| N4 |mim|imi|m
Mmoo | min | ((m|m N2 N4 | N4 (M2 M |N2|713 |74
MM | M | 3|3 || N3 |13 (N4 |N3 | N4 |73 |Na]|MNa|T4]|T14
Na | M| M2 |3 | N4 || Na | Na |4 | N4 |4 ||T4 |4 ]|Ma|T4]|T4

b=m b= b =13 b = n4

( i_’jﬂi )(b) _0-961'277(—0.75) —0.85€i2n(_0'70) _0‘7561'27'((—0.60) _0_861'271(0—.65)
( I :II )(b) —1¢2m(-0.85) _0‘9561'271(—0.8) —O.85€i2n(_0'7) _0‘961'271(—0.75)
(CF :IF )(b) _0.8€i2n(—0.65) _0.981'271(—0.75) —1¢i2m(-0.85) _0'9561'271(—0.8)

b=m b=m b=r1s3 b =14
( Ci* , ﬂi* ) ) 0.8€i2n(0'7) 0‘761'271(0.6) 0.5¢2m (0.4) O.6€i2n(0'5)
(CH’ :Iﬂ: ) (b) 1¢12m(0.9) 0'961'277(0.8) 0.6€i2n(0'5) 0.761'271(0.6)

( fl::’ :I]ll-": ) (b) 0.7£27(06) | 0.8¢12m(0.7) | 14i27(0.9) | ().9,i2(0.8)
Hence, k is a CBNSBS of C.

Theorem 3.1. The intersection of every CBNSBS is a CBNSBS of C.

Proof. Let {0; | i € I} be the family of CBNSBSs of S and k = /\ai. Let %,0 € . Then
iel
CL ((%219)) - % (919 — sup CT"((x9,9)) - el (719
iel
< sup max{CT (x) -¢% ), CT"(9) - % (@)
i€l

= max {sup CZ:( ) €Zwj sup CZ:( ) oy (8)}

iel i€l

:max{Cf( )-e iwdf ( CT ( )-e iwdl (8)}.

Similarly,
CT_((%O d))-e iwd (x929)) < max{CﬂT(_(%) . iy (%)'Cn{_ ) -e iwdl” ) and
CT ((3039)) -e“* (%39 < max{CT" () - e ¢, CI"(9) - ek @),

Now,
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Cﬂ;((}ﬁ?lg)) iwdl ((x919)) _ sup C(Ij;((xola)) iwdl ((x910))

i€l

CI‘( ) za):l +C£—’() iwdl ()

<su
ieF 2
sup CL (%) -e“% ") 4 sup CL (9) - % @)
iel el
- 2
CI ( ) zw;il +C[ ( ) lel (d)
2 .
Similarly,
l(:l .mj_(&)
C (x020)) -k (o) < OB DB @R T g
zwﬂ " jwdl (2)
CL ((x030)) - (o) < Gl 2 TGO
Now,
Ci((%@ d))-e iwdl ((%@19)):inf Cgi—((%@ 9))-e iwd” ((x919))
>1nIf min({ [:F (%) -e iwd ( Cfi,( )-e s (a)}
ic
_mm{lnf CF( ) el(u:l ll’lf CF ( ) za):l (8)}
iel
:mm{C]i( ) lw:IF CP ( ) la):IF (a)}
Similarly,

Ci((%%&)) iwdh ((%929)) > min CF (%) -e iwdh CP (9)-e iwdt (&)}and

C]lli_((%Q??)a)) . za):l T (%939)) > min C]}l—"( ( ) m):l CP ( ) la):l (6)}

Let {0; | i € I} be the family of CBNSBSs of © and k = /\al. Let x,0 € ©. Then
i€l

CHTJ ((x910)) -eiwjut+((%<713)) — i.nf Cg((%@la)) ,ez‘wjf((%ola))

>11’1[f 1’1’111’1 CT ( ) zij C(];r ) zwdT (3)}
i€

— min {lnlf C?:— (}t) . eiwﬂg ll’lf CT ( ) leT (8)}
ie
= min{CHT:r( ) zcu:IT CT*( ) zcu:IT (8)}
Similarly,
Cﬂjj((%@ d))-e ijT ((29)) > min{CﬂT (%) Za’ﬂT CTJr (9)-e z'a):IT+ (9)} and

C]]T:r (%@38)) -ew ]k ((%(73(9)) > mll’l{Cﬂz+ (%) z(ujT CT+ (a) ijT (9)}
Now,
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CH((%@ J))-e 1ij ((x919)) :i.nf C(Ig((%@ 9))-e iwdl " (%919))

CL () - 9% 0 4 O (3) - e ©)

S
> i :
I+ iwdl ( I (g za)ﬂI (9)
inf Cy, (20) -e +inf C}; (9) ¢
B 2
CI+( %) -e iwd ( +CI+( )- za):II+(8)
> )

Similarly,

I+ %)- lf)j I+ . z(j ((7)
Ci Goe C ) and

Cﬂ:((%@ a)) la):I ((%028)) >
zm:l’ ((x939)) CI+ (%)-em +Cﬁ(+( ).e’“’ﬂﬂ( (9)

Cy (x959) e > G ;

Now,

CF ((x919)) - ol (x19)) _ sup C{:f((wla)) ok (x19))
i€l

< sup max{Cg:r( ) za):{FJr Cg( ) mJ:IF+ (8)}

i€l

= max {Sup Cg:’( ) ezwj)” sup C ( ) 1w:IF+(8)}

iel iel
= max(Cf ()¢ 9, C (9) -4 ),
Similarly,
CE ((3929)) -4 (92 < max(CE” () - % ), CE(9) -4 @)} and
CF+((%Q? 9))-e zij ((x939)) Smax{CﬂFj(}() 1ij Cﬁ(& Zwﬂﬁ(a)}‘
Thus, k is a CBNSBS of ©.

Theorem 3.2. If k and () be the CBNSBSs of S1 and &, respectively, then k X ®is a CBNSBS of S1 X &,.
Proof. Let %1, #; € S and d1,0; € S;. Then (x1,d1) and (x;,0;) are in &1 X S;. Now,

nz;©[((%1,31)@1(%2,92))]' £Vl ((4.01)91(a2))

za)j U191U2,019102))

- Cﬂz;@((%lvl%bal@laz)) Ik><©((

= maX{CuT(_((%l%%z)) iwdl ((191%2)) CT ((81@182))-ei“’jg((alvl‘%))}
< maximax(CL (1) - (), CT () - elok (),

max{Cé{(& ) - @ (@) CT (92) - % (92}
= max{max{Cﬂz (%1) e iwh (1) CT (91) e iwd (1))

max{Cy (%2) ok () ,CE(92) e i (92)})

— max{Cu{;@((%Lal)) e :'Ikx©((/t1,31)), ]1];;@((%2/ 32)) .eia):li;(g((uz,az))}'



Int. J. Anal. Appl. (2025), 23:25

Also, Cﬁ;@[((%lral)@ﬂ%z, )] . 6@l ((1,91)92(2,92))]
< maX{Cﬂz;(@((%l/ 81)) . eiwzli;@((%l,al)), ]11;;@((%2/ 82)) lmﬁﬂ(X@((%z,Bz))} and
K@ ((301,01)93(%2,92))] . @ l((01,01)93(42,02))]

< maX{CHT;(@((%La])) . eiwﬂ£;©((%1,(91))/ T- ((%2’ 82)) _eiwjﬂT(;Q@((xz,&z))}.

kx®
Now,
ﬂx@[((%l,&)@l(%z,az))]. l“’jﬂ(x@[((“b&)%(%2,82))]
- £X©((%1®l%2, 81@182)) . gi“)jﬂ:x@((%101%2,91@182))
CL (a9r)) - o 9959 1 CL ((9,043,)) - sl (1192)
) 2
< 1 Ci (%1) . giwﬂﬂ:(%l) + Cﬁ;(%z) . eiwzlﬂ:(%z) Cg(al) _eiw:ll© (d1) + Cg(gz) .eicu:ll© (92) 1
2 +
2 5 2
1[CL (a) - 00 4 CL(31) -5 @) CL (30g) - 6% 2) 4 CL () - % )
T2 2 + >
5| Ch iwdl”
- E - ﬂ(x@)((%l’al)) ]kx©((%] ) ‘|’ C]kx@((}(zl 32)) € ﬂk@((”%az))].
Also,
. iwdl i .
ﬂ(x©[((%1,81)@2(}tz,92))] - e B0l ((1,91)92(2,:92))] < %[ ix@((%llal)) - e Foxe ((#1,01)) +
ﬁ:x@((%z, d2)) 0o (22 32))] and
e ((11,91)93(%2,02))] - (@ (1 d)7s000))] - o %[ e ((1,91)) - ()
Clox ((#2,92)) - el“’jka@((“zfaz))].

Tl ((1,01)91 (32, 92))] - £ ho((0,01)91 (22,02) )]
= Cixe((a91%2,0191,)) -
= min(C} ((a01)) o172 CE((91919,)) - s (11%2)))
> min{min{C}, (x1) - % ), Cf () - e (),

min{Cg (d1) oo (1) ,CE (92) it @)y

= min{min{clﬂj(%ﬂ-eiwj (1) CF( ) iwdE (91)}/

mjn{Ci_ (%2) .gi“’jf(xz , Clé (82) .e“"j@ (92)}}

iwd

e ((191%2,019102))

iw:li;(@((%l,al)) F-

= min{Cf;((@((%l,al))-e , ]kx©((%2,82))-eiwj£;©((“2"92))},
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Also, Ci;@[((%bal)@z(%z, )] . 6@l ((1,91)92(2,92))]
((%1,91)) .ez‘mﬂ{X@((xl,al))l HF(-X©((%2, 2)) _eim;x@((m, 5,))} and
<%1,071)Q73(%2,32))] w3 ol((41,01)9302.02))]

> min ((%1,81)) . ﬂjkx®((%1,z91))/ HF;(@((%Z/ %)) - lw:llkx©((}tz,¢92))}‘

Let x4, %2 e 61 and d1,ds € S;. Then (x1,01) and (%2, d>) are in &1 X S,. Now,

> min

{Ch
Tl
{C

Lt@[((%lr&l)@l(%baz))]' 03l (2171 (222))]

iwdTt

xe ((H191%2,019102))

; Pt
= rrlirl{[:]1T<+ ((19122)) .elwﬁff (Cava)) Cé* ((919192)) -elwﬂé ((810182))}
> min{min{[:]lT(+ (%1) - eiwjfr (0 ), CE (%2) .ei“’juT<+ (}tz)}lmin{Cé+ (91) .ei“’ﬁqu (1) Cg (92) .eiwﬂf (@2))

— min{min{CﬂTj (}(1) . gi(":‘£+ (1 ), Cgr (81) . eiwjﬂ{+ (o1 )}, min{ CTJr (%2) . eiw:l{r (;42), Cgr (82) . ez'a):i]lT:r (d2) )

= mln{Cﬂz;©((%1,al)) . I(A’j]l(x@((%],al)), £;©((%2’ 82)) lelkx©<(%2'a2))}'
Also, ]k><©[<(%1 91)V2(%2,02))] _eiw:{ﬂ{:@[((%1,(91)@2(%2,(92))]
.
> min]{ 117; ©((%1 1)) _ezwﬂix@((xl,aﬂ)/ HT<;©((%2/82)) zwﬂjkx@)((%z,az))}and
.o
T ((21,91)93(2,92))] - oo [((1,01)93(42,02))]
* ot
> min{ 117;><©((% 91)) jﬂ{x@((%l,al)), ]{1@((%2/82)) _eleuz)(@((%z,az))}‘
Now,
ol ((#1,01)91 (22, 92))] - (ool ((1.01)91 (x2,92))]
= (e ((a91%2,01919,)) - ¥ ((a9122019102))
Cﬂ:((}il@l}b)) .eiwﬂﬁ;@((%mmz)) + Cg(((%%&z)) ,kx@)((alvlaz))
N 2
1 Cﬁ:(%l) .eiwjfk* (1) + Cﬂ: (%2) ~ei“’jfk+(%2) Cg(al) ‘eiwjg (d1) + Cg(az) ‘eiw:]g (92) 7
> 5 > + >
1 Cﬂ:(%l) .eimﬂ{k*(%l) + Cg (1) -eiwjg(al) C1+( %) -e iwd () i Cg(az) 'eiwjg(az) -
I Ir iod o ((1.0)) | pI* iwdl’ ((22,02))
= 5|lixe (a1, 01)) - e AT 4 L o (22, 02) ) - e o0 ]
Also,
Lot -
ﬂ:@[((%l,al)@z(%z, ))] - Vx| ((0,01)92(22,92))] > %[ fk;@((}q,&)) . 0 ((101)) n
.ot
Ckx@((%zl 2)) 'elwﬂ{“@((%z’az))] and
bol((61,01)9302,02))] - sl CaMIBCaa s CE ((1,00) - a0

kx®
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L o((2,82)) e Zwﬂkx@(wz,az))}

Now,

Cg@[((%l,al)ﬁ(%z, d2))]- o (291 (a0

g
= 111T<+x©((%1c71%2, 919192)) - €@ ((a7172.019102))

= maX{CHP‘(+((%1Q71%2)) lﬂ’:IH(X@((Kl@l%Z))’ Cg((alolaz)) ]k><®((al(7182))}
< max{max{CE (1) - v () CE () ot (xa)y
max{cg (al) . ei(udg(al)’ Cg(az) . eiwjg(az)}}

= max{max{[:]i+ (x1) - eiwﬂupf (nl)’ Cg (1) _eiw:{g (31)}’

max{Cf(xz) ok (x2) C F* (3,) 'emg(az)}}

+ iw +
= max{CHF(X©((%1,81)) s ((31.01)) Ckx@((%2132))'€ Foo ((292))y.

Also, ﬂ<x©[((%1'81)@2(%2/ )] .ei‘”jﬂ@[((%1491)”2("2"92))]

. R
< max{C]kX©((%1, 31)) . elwﬂix@((%hal)), {(;@((%2, 82)) . ela}:l{()(@((%Z’ (92))} and

s
rool((t1,91)93(2,02))] - ¢ hol((21.21)9(2.02))]

iw Tt + iw T+
< maX{CHF;@((%lral)) e :Ikx@)((%l’al)), ]11T<><©((%2’ 32)) e jkx@((%2r32))}'
Thus, k X @) is a CBNSBS of .

Corollary 3.1. If ky, ks, ..., k, be the finite collection of CBNSBSs of &1, Sy, ..., S,, respectively. Then

ki X ko X ... Xk, isa CBNSBS of 1 X Sy X ... X Sp,.
Definition 3.6. Let k C &. The strongest CBN relation on © is

CI((5,9)) ceiwdl (%9) = min CT‘( %) -e iodl ( CT (9)-e jewdl” 9))

m)l Cl_(K) m)j +C1 ( ) Iw:{ﬁ< ((9)
CI ((%,9)) - @3 ((60)) — ZK >

CE ((%,9)) - eiw ((69) = max{CE (%) -e il CF (9) - ¢4 )

CT" ((%,9)) - e ((«9) = max{ (CT" () - iwd] " ( %), CT"(9) - ol (@)

il ((x,9)) _ Ci (e wd 00 Cr ()% (9)

CI+((%,3))-3 o / — Kk :
CF+((% a)) 1w:|F+((;<a)):min{C]11:(+( ) la):IF+ CF+() lw:IF+(¢9)}

Theorem 3.3. Let k be a CBNSBS of S and o be the strongest complex bipolar neutrosophic relation of S.

Then k is a CBNSBS of © X S if and only if 0 isa CBNSBS of G X &.
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Proof. Suppose that k is a CBNSBS of © X & and o be the strongest complex bipolar neutrosophic
relation of &. For any x = (1, %2),d = (d1,02) € S X S. Now,

CT ((919)) - ¥ (19))
= CT((((31,#2))91((31,82))] - % [(((Ge12))@1((01.02))]
= CT (319101, 12919,) - P03l (#19101,%29192)
= maX{Cﬂz ((#19101)) - e iwdl ((419101)) CT ((%2@182))_eiwj{(_((%z%&z))}
< max{max{CﬂT;(%l) iwd (a) CT( 1) -e w3y @)y,
max{[:ﬂTg(%z)-ei“’j Ca) CT"(9,) - e wdi, (%2)))
= max{max{C;. (x1)-e i (xa) ,CT (3 2) e (o)}
max(C} (91) - @) CT( ) s 02}
= max(C; <<%1mz>>- ot 000, B (@, ) -8 ()
= max(CF ()% (9, CF () -e% )
Also, G ((920)) - (2) < max(CI ()% ¢, CT(9) -4 )} and
CF (959)) % (39 < max(CF () ¢4 9, CT(9) -4 @),

Now,
Cl (4919) - e (x19)
= CU (1, #2)) 91 (91, 92))] - e [((Gas))1((1,02)))]
= CL (519101, #2919,) ) - €@ ((19191209102)

CL ((x19101)) - €% (Ca%190) 1 CL((3659193)) - €% ((#29102))

_ “k
2

- 1 Cﬂ(%l) el @ () 4 Cﬂ(‘(al) i@ (1) ) Cﬂ;(%z) oA () 4 Cﬂ;(az) . gl (32)
<3 5 ,
_ 1 Cﬂx%l) el @F Ca) 4 Cﬂx%z) el (%2) .\ Cﬂ(’(al) w3 (1) 4 Cﬂ;(az) . gl (22)

2 2 5
B CE (%1, %2)) - e iwd) (Gax2) 4 CI((94,02)) e iwdl ((91,02))
B 2

CI ( ) la):ll +CI ( ) za):ll ( )

5 .

Also, I (x99)) - vt ((<0:2)) < Clrdd Ty et @ g

CE (#039)) - el ((x5)) < Lo LI wh +Cf‘< e @)
Similarly, C ((x919)) - e (%19)) > min{CE” ( el 09, G (9) - et (9)),
CE ((x29)) 0% (x929)) > min| (CE (x ) iwd ( CP 3)-e ¥ (9} and
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Cl ((#939)) - e@F (%939 > min{CL (%) -ei% 9, CE(9) - efwds ().
For any x = (%1, %2),d = (d1,02) € G x S. Now,

C
= C
= CI'
= min{CL ((Gav1d1)) e 0l (Caiar) ), CI ((329195)) 'eiwjﬂt+((%zolaz))}
> min{min{C{( (1) _ez‘wjﬂTf ) C]lT:( ) _ezwﬂﬂT(+ (91)},
min{CT" (x2) - @4 02), CT" (9,) - ¢4 @)y
= min{min{CﬂT:(%l) .ei“’ﬁqu (a) CHT<+(%2) .eifUﬂqu (e2)y
. + + . +
1'1'111'1{[_.:]{;r ((91) .elm:IHT( (31), CT (a ) 'el“’j]l{ (82)}}
= min{CT" ((31, %2)) - e 03T (x1,22)) G ((01,2)) -e (@10))
= min{C?( %)-e s ( CT+( ) - l“’jTJr(a)}.
Also, CI7 ((x929)) - @& (929) > min(CT" (x) - ¢ 09, CT7(3) - ei® ()} and
C? ((x039)) - eiwﬂ?((%%a)) > min{C? () ,eiwﬂg+ (0, C(Y;Jf () _ez‘wﬂf @),

Now,

(%919)) - el ((x19))
(%1, #2))91((91,02))] - € i3 [((((t1,%2))91((91,02)))]

4
lwi? (%19101,%29192)

T+
o
T+
o

19101, %29107) -

(
[
(
{

C(I;r (%Q?]&) . eia)j{f(;&?la)
= C{; [((((%1/ %2)>Q71 (81,82))] ijl [((((#1,22))91((91,02)))]
= Cl (519101, #29192)) - e iwdl” ((19101,49102))

' .t
B Cﬂ:((}tl@lal)) .el“’ji ((19101)) + Cﬂ:((%ZolaZ)) ~€lw:‘11k ((%2@132))

2
lCﬁ( ) Z“H (1) + Cﬂj(al) -giwﬂ,{j(zﬁ) Cﬂ:(kz) ‘eiwjﬂj (%2) + Cﬂ: (82) . gic"jﬁj (92)]
- +
2 5 :
1 [ Cﬂ: (%1) -eiwﬂ{,j(m) + Cﬂ:(%z) .ez’wﬂﬁj (%2) Cﬂ:(al) -ei“’ﬂﬁj @ Cﬂ:(az) _eiwj{:(gz)]
"2 +
2 5 :
_ Ci(Ca, %)) - &% S () 4 O ((9y,d,)) - et (9102))
) 2
C{;' ( ) za)jI C1+ ( ) eiwﬂ?— ()
= . |
A].SO CI+((%®2a)) . iwﬂlj((%oza)) > C(I;r( )ezwj{7 ;Cfr( )- za)j(lj (9) and
Cl (930)) - e (2] > CL (e <“>2+C£+( 2)cdh’ o

Similarly, C§ ((x19)) -e lwﬂP ((x919)) < maX{C§+(%) ,ez‘wf(%)-, C§+ (9) .eiwﬂg*(a)},
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F*((350,9)) - ei@% (x929)) < maxd CF (x) - giwdh (x F (9 eo% () and

o ((x920)) X <max{l, (%)-e (9) - }
C?((%Q?a&)) eiwd ((x39)) < max{cg+(%> i ( CP* J) - za)ﬂf(a)}‘
Therefore, ¢ is a CBNSBS of G x G.

Conversely, suppose that ¢ is a CBNSBS of S x G. Let x = ((x#1,%2)),d = ((d1,d2)) € X C.
Now,

max(CT ((519131)) - % (1990 CT" (30919,)) - 6% (G122
= CI (319191, %29192) o3l (19191,%29192)

= CT [((1,22))91((1,92))] - 6% () (@12))]

= CT" (x019) - ¢ (x%19)

<max{CT (3¢ -e@% 9, CT(9) - elo% ()

= max{CT (1, %2))} - % (Cax2Dl CT7((9y,9,)) - e (91.02))

= max{max{CL (3, .eiw{(m),CT- %o i3 (%z)}/maX{CT‘ o ,ez’w{(al)lcr P _eiw{(az)}}.
k k k Kk

If CHT(‘((Klqgla})) e (Gaoidn) S CHTS_((%Z%‘;Z)) .eiwﬁf((}tz@jaz)), then CI (1) - % ) >
CI"(%2) - €% 2 and CT (d1) - e @) > (T 7(dp) - % . We get CT ((19101)) -
Aod (1)) < maX{CIf(%l) Py (a) CT*(al) . i3k (al)} for all x1,0; € S,and
max_{C]lT;((%lQ?z&l)) . ei“’jT (319201)) ,CI” ((%2@28_2)) : ei“’jn{_((%zozaz)_)} < maxfmax{C] (1) -
eiw:lﬂT( (%1), Cﬂ]:(}tz) 'eia’j]l{ (%2) }, max{ CH]; ( )'eiw:{ (81)’ C]lj: (32) 'eia’j]l{ (82)}}

It CI((19291)) - g (Cavd)) 5 CI ((#29205)) - % ((29292))  then CT ((x19201)) -
eiw:‘ﬂ—i ((#19201)) < maX{Ci_ (%1) ia):lT (x1) CT_ (al) .eiw:li ((9])}‘

maxﬁ{C{{((%Nﬁﬂ) : ei“’jT (319301)) ,CI” ((%203%2)) - el ((%2”332)3} < max{fmax{C] (x1) -
% ¢, CT" (32) - e C2)), max(CT(91) - % @), CT(3y) - e @),

If Cii((}q@g&ﬂ) . eiwﬂﬂt ((a©301)) > CT7 (%2@382)) . eiwjﬂt ((“2(73‘92)), then Cii((%ﬂ?g&ﬂ) .
ei(u:lﬂ];_((%1@3(91)) SmaX{CHT(_(%) iwdl (%1) CT (1) -e iwdl (81)}.

Now,

(&8 - “(am102)
_[ ﬁ(((}tl@lal)) la)j ((%1(7131))_|_Cﬁ( ((%2@152)) m,j #29192 ]

Cé (%10181’ %2@182) . eiw:l{; (%1@131,%2@1(92)

= C4 (1, %2))91((91,32))] - e [(Garedn((@22)]
CIG ((%@13)). iwd, ((x919))
b (

CL (x)- e 4 CL (9) e @
2
CL (1, 30) - €% (Gasa)) 4 CE (31, 35)) - (@12)
2

IA
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1 Cﬂ:(}q) 0% (a) 4 Cﬂ:(%z) i (x2) . Cﬂ;@l) e @H Q) 4 Cﬁ:(az) @3 (92)

2 2 2

If Cﬁ;((%lvlal)) . eiwﬂﬂ((%1@13l)) > Cﬁ;((}tz(?l&z)) . eia)ﬂﬂ:((%zvlaz)), then Cﬂ(’ (%1) . eiwﬂﬂ(%l) >
Cﬂ;(xz) .eiwﬂﬂ: (%2) and CI’ <81> _eiwﬂﬂ:(al) > CI*( ) eia,ﬂr (22)

CL by 4 0p @y @

We get CL ((,919;)) - ¢ (Ca®00) < :

s il (% (5.3 01)
Similarly, CL ((#19201)) -e iy ((19201)) < Cy Ga)e 1;[3 @) 4
Cﬂ:((%1@331)) iwd ((avsd1)) < CL (a)-e S Ga) +CL (3y)¢ il (al).

2
Similarly, to prove that

min{CE ((#19191)) - % (Ca%19) CF ((5,919,)) - ¢ (Ce%2)) > minfmin{CE (1) -
ei“’jf("l),CﬂF;(}cz) e (a2 2)} min{ C{( (d1) -eic"jﬂi(al),cﬂf(az) -ei“’{(aﬁ}}.

If CF*((xmal)).eiwﬂi’«%lwl)) < CE((29102)) - e iwﬂF’<<%2”132>>, then CE () - % ) <
CF (%2) - e iwdl (x2) and Ci_(81)~ei“’jr(a1) < CF () -e iwdt

We get C{( ((%1@191))' iwdl” ((119101)) > min CF ( ) iwdl” (x1) CF ( ) iwd (31)}.
min{Ci((%Nzal)) ia)ﬂF (%19201)) CF ( %2@28 )) iwdf ( Azozaz))}

> min{min{CE () - e@% 1), CE (x2) - €% 2}, min{CE (91) - e 1), CE"(9,) - el ).

It CE((u9y0y)) - e (a1 < CF ((xzozaz)y 0h (0a%292) - then  CE ((#19201)) -
eiwﬂi’((xlozal))zmn{cﬂi (1) e iwd (1) CF( ) -e iwd (al)}'

min{CE ((%19301)) - ¢l ((as0n) CF ((#2930,)) - €@k ((29d2))y > min{min{C}" (1) -
oy () CF( %) e iwdl (% )},mm Cﬁi( )'ei“’ji_(al),[:f(_(az)«ei“’ﬂf(‘%)}}.

I CE ((19301)) - pod (awsdr)) < CF_((%z%é’z)) - et (29302))  then CE ((av304)) -
P ((aw301)) Zmin{cﬂp;(%l)'eim (%1) CF( oo (al)}‘

Let x = ((%1,%2)),& = ((81,82)) € S X S. Now,
min{Cﬁ?((%ﬁ?lal)) . plwd T ((#19191)) CT ((%2@182)) . eiw:l{f((%z@u?z))}
= CI" Gu0191, #2919) o (a9191,091)
= CI' (31, #2))91((91,02))] - iwd] " [((1,22))91((91,02))]
= C§+<%Qla> . eiw:lg (%@13)
> min{CT" (%) -e@¥ ), 0T (9) - 0% @)

_ min{ng+((%1/ %2))} . eiij (#1,%2))} CTJr ((81,82)) ((31 32))}

= min{min{CuT:<%1) ,ez‘wﬂﬂi (%1), CuT< (%) .ez'wﬂ{f (“2)},min{CﬂT: (1) .eiwﬂHTf (91), CE (92) ,ez'wﬂﬂTj (az)}}_

If CI"((%19101)) - € g ((a191) < CI" ((29102)) - e i ((2192))  then CL () gl 6a)

CHT:(}Q) _ez’wjﬂTj(Kz and CHT( (1) - e za):IT () < CHT:( ) -el“’jan(‘)Z), We get Cﬂl:r((%lvlal))'
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ei“’jf(("l”lal)) > min{CHT:( )-ei“’jf(”l) CT+(81) el wdl (91 )} forall #1,0; € S, and
min{CHT:((le?zBl)) - ok (Gao2an) CT ((#29207)) - e | %20282))} > min{min{CﬂT:(m) .
eimjf(%l),cf(kz)_eiw{(m)},mm CH]; (91) e iwdl" (97) CT+( )) e iwdl (az)}}.

If CHT:((KlQ?z&l)) . eiwjﬂ{+((%1®2‘91)) < C]IT( ((#29202)) - e iod] ((29292))  then CHT(+((%1Q?281))~
doH ((a2291)) 5 min{CﬂTf (%1) - podt (1) CllTj (1) - podl @)y,

min{CT" ((%19301)) - g0l (Cavaon), CI ((329302)) - oAl (eva))y 5 min{min{CT (3¢;) -
¢ 00, B () - @ 02 min(C (@) o @), 7 (92) - ¢4 )

i CT7((aadh)) - e (Camsa) C{j((%zvgaz)) ¢t (Co%2)) - then (17 ((35930,)) -
eiwﬂf((%l%al)) > min{CHT: (%1) oA (a), [:]1T<+ (91) .ei“’ji (91)},

Now,

%[Ci (a©19y)) - 6% (9990 1 O (6,01p)) - 6%
= C{;(%Nlab *29107) . pod (a9101,26919,)
:C{:[((%lr%Z)) ©1((d1,02))] - € iod" [((20,22))91((91,02))]
= CI' (2 a)) o ((x19)

CI*( ) m)j CI*() za)jﬁ(&)

((%29192))]

2
CL (341, %2)) - (Gas2) 4 OL (94, 35)) - e (Gr2)
- 2
) Cﬂ:(}q) . gkl ) N Cﬂ:(%z) i’ () Cﬂ:(al) g () + Cﬂ:(az) o3 (92)
2 2 2

If CH((%lQlal)) . eiw:lf((%l(?l&l)) < Cﬂj((%zvlaz)) . eiwjlﬂ:r((;(z(?laz)), then Cﬂ: (%1) . eiwjﬁj(}tl) <
. + Lot

CI ( ) iwd " (%2) and Cﬂ (al) ~€lw:l]1k (d1) < C1+( ) iwdy (82)

Cﬁ:r (K ) za)ﬂ Cl+( ) lijJr (91)

We get Cﬂ:((%l@lé’l)) oAt (Ga®i0n)

C1+ (% ) zmj (1 +CI+( )-em}jlk (d1)

Similarly, Cﬂ:((%lvzaﬂ) jwdy " (x1920)) > .
. I+ lwﬁ (1) [+ _elmj (31)
and Cﬂ((%l%al)) ,ezwﬁf((%mgal)) > Ci Ga)e ;C (1) _

Similarly, to prove that

maX{CHF:((%lolal)) zmj ((319101)) CF ((%2@182)) _eiwjf((%zolaz))}

< max{max{ Cﬁ-“( (%1) .eiwji‘*' »1) , C]IF:( 2) _eia)jﬂF(+ (;42)} max| CF+ (al) . eicu:lﬂi+ (31), CHF: (82) . eia):lﬂF(*' ((92)}}
If CE(( %1@181)) A (aman) CF+((%2Q7132)) wh ((212) | then C. (1) L )
CF ( ) m)j (%z) and Cﬁ::(a ) zwj (1) > CF+( ) A ]k (82)'

We get CF ((%1@191)) iwﬁp+((%1®131)) < maX{C]i ( 1) . z'cu:lui+ (%1), C]If: (81) . eicu:lui+ (31)}'

maX{C{j((%l@Zal)) za):IF (#19201)) CF ((%202&)2)) .eiwzlf((;cz@z&z))}



Int. J. Anal. Appl. (2025), 23:25 17

< max{max(CE" (1) - 6% ), CE () - 6% )}, max(CE" (9y) - % @), CE(3y) - ¢ )).
I CE ((3a0001)) - e (a%29) > CE((509,)) - @ (C2%222) then CE™((31929;)) -
eim{((mwl)) < max{Cf (x1) - eimjf (1) Cf (1) eim{ (@),

max(CE ((a93dr)) - % (9720, CF (g03d)) - e (o2

< max{max{Cﬁi+ (%1) R Ga), C]IF:(}Q) elh (2)) max( CF+ (d1) ek @), CHF: (d2) e (@)},
I CE ((q@sdy)) - @@ (awsd) 5 CEf ((%20382)) : wdf((“z%azﬂ, then CE'((x19301)) -
o3 (:19301)) SmaX{C{:(% )-e podh (1) CF+( )-e zmj @)y,

Therefore, k is a CBNSBS of ©.

Theorem 3.4. Suppose that k is a subset of S. Then R = (C{(_ 0% Cﬁ: w3 CF_ R CHT: .
ek ,Cl"-e il ,CL" e ol x ) is a CBNSBS of © if and only if C"™) is an SBS of S for all Hiy, hy €
[-1,0] x [0,1].

Proof. Assume that C is a CBNSBS of S. For each fij,f, € [-1,0] x [0,1] and x1,x; €
C(ﬁl,hz) Now, pﬁ:(kl) -ei“’juz (%1> < hllcﬂzi(}iz) _eia)ﬂui (%2) < #; and Qﬂ;(kl) _eiwﬂﬁ( (%1) <
ﬁl,C (%2) 1a):|ﬂ< (%2) < #; and Cﬁ?(}q) ‘ezwjﬂi (%1) > Hh, Cﬁ?(%z) -eleﬂi (%2) > #p. Now,
CI((19122)) - 9% ((119122)) < max{CT (31) - €% (x1), Ch (x2)- ¢ (x2)} < iy and

iodl

. — I I~
Cﬂ;((%l%%z)) -elel (Cavia)) < Ch (%1)-¢ ]k(%l erC (32)-€"k (37) < @ — 7% and

CE ((19132)) - €@% ((191%2)) = min{CE (3¢1) - €% (1), CE (%2) - €% (362)} > fip. This im-
plies that %912, € C i fiz) . Similarly, #192x; € C(hlth) and #1935 € C<h1'h2). Hence, C(hl'hZ) is an
SBS of S, for all 71y, 1, € [-1,0] x [0, 1].
For each fi;,fi; € [0,1] and 9, %, € Ch)  Now, CHT:(xl) ~ei“’jﬂ{+(%1) > hq, C]IT(+(%2) .
¢4 () > M and CL ()@ ) = 1,CL () - 6% (30) > iy and L™ () -
)

ei‘”ﬂnF<+(x1) < ﬁz,CF+( )-eiij+(%2) < h.  Now, CHT<+((%1Q71%2))‘ iwjf((%l@l%Z)
1) -

\%

mm{CT ( m)ﬂT ( ) CT ( ) iwjf (%2)} > #; and Cﬂj (%191%2» ij ((%1@1%2)) >
I+ lwﬂ I+ za):l .

A B =y and O (o) - & (Gaoa)) <

maX{CF+( )-eiwjﬂi (%1), CF (x2) - e IlF< (%2)} < Hp. This implies that %91, € L"), Similarly,

1 Vax5 € CM2) and x93 € C52) . Hence, C"172) is an SBS of S for all i1, iy € [-1,0] x [0, 1].

Conversely, assume that Ch2) is an SBS of G and fiy,fiy € [-1,0] x [0,1]. Suppose if there
exist %1, % € G such that CT_((%Nl%z)) R (g 91u0)) > max{CﬂT(_(}tl) % (), CI (%) -

T iw C[* 5 _l'w:lr C[* . iwdl 5 5
¢ 4 (%2)}, C]k ((%1@1%2)) 4 ((%1@1%2)) S Zk (%1)-e "k (%1); 1 (2)-¢Kk (%) and Cﬁ:( ((%101%2)).

eiw:lﬂp(_((%1©1%2)) < mm{CHF( (%1) elod (x1), CHF(‘(%Z) 0% (#2)}. For #iy,fip € [-1,0] x [0,1] such
that C] ((191%2)) - €% ((a912)) > fir 2 max(C] (3aa) - €% (1), CT (2) - €% (32)} andl

. ol CF ()¢ (1) + LI (2)¢ (32)
C]k ((%1@1%2)) ((%]@1%2)) > Hhy > 5 and

Cl]]:( ((%1@1%2)) lwﬂ ((%1@1%2» < ﬁz < min{CHF; (%1) 'eiwjlf; (%1), CE(%Q) -eiwj}iﬁ (%2)}. Thus,
uq, %y € M) but 3,914, ¢ CM/2) . This contradicts, C"1/2) is an SBS of G.
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Therefore,  CI ((Gu91%2)) - é“% ((191%2)) < max{ (Cy () - ¢ (31),CT (32) -

. — . _ I~ le - iodl
), CL(Gaoma) - 0ok (Gaope)) < St tlaplilee el g

CE ((:191%2)) L (0101%2)) > min{Cl (1) Cdh (), CE (x2) Cdh (340)). Similarly,
O, and Q3 cases.
Hence, = (CHT(_ -ei“’jﬂT;, Cﬁ: -ei“’jlll:, CHF(_ -ei‘“ﬂﬂi_) is a CBNSBS of &.

Let us assume that C "/2) is an SBS of S and #iy, i, € [-1,0] x [0, 1]. Suppose if there exist x1, %3 €
& such that CT' ((>191%2)) % (a91%2)) > min| {CT" (a) - el (1), CT" (x2) K (),

CIJr( )elmjllk (7 )+C1+( )Elujﬁ( (%2)

CL ((u91%2)) - A (Guon)) > X and G’ ((191202)) -
e ((191%2)) < max{Cf(xl) R (n1), CF+(%2) ( ) For iy, i € [-1,0] x [0, 1] such
that CHT:((%lQ?l%z)) 'eiwjf((%l@l%Z)) > fip < min{ CT (%1) - € (%1) CT (% )‘ff’iwjF (%2)} and

CL (oeq)- lk(m>+C’*< D6 (2)
and

Ck (Gaoi)) - L
K (Ca9132)) - ((191%2)) > i1 <
. + . . +
CE (u@12)) - €% ((2191%2)) < o2 zmax{cf(m) 9 (1), CE (2) - 9% (302)).
Thus, #1, %2 € C™52) but %1915 ¢ C"52), This contradicts,C "1/2) is an SBS of .
. + . +
Therefore, CHT:((%NMQ)) . ek ((191%2)) > rnin{CT+ (%1) - el (%1) CHT:(XZ) :

. . + It lmj It zu:{
el(ujﬂ{+ X }, C It %101%2 . el(ujfk 119110 > CIk (#1)-e"k (%l)"'C]k (#2)e" Kk (2) and
k 2

CHF(+((%1Q71%2)) le x ((191%2)) < max{CHF:(x) ol x (1), CP (x2) - iwﬂi (#2)}. Similarly, ©,
and 95 cases. Hence, C = (CHY;+ -ei“’jﬂT<+, Cﬂ: -ei“’ji , Cf . i“)ﬂi ) is a CBNSBS of &.

Definition 3.7. Let (S, 01,0y, 03) and (S, @1, @2, @3) be any two bisemirings. The mapping F : S —
&, and k be any CBNSBS in &1, o be any CBNSBS in F(S1) = S,. If Cy - €% = [CHT(_ % Cﬂ(_ .
eV CHF(_ N CRT: iy [:I+ s, ClD+ ¢“% isa CBNS in Sy, then C, is a CBNS in
S, defined by

inf CH{_(%) ek () if xefF 1o

0 otherwise

CT ( ) m)jT (a) —

inf CL () - 6% () if x € F19

0 otherwise

CI ( ) iwdl (a) {

CE(3)-d (9) = {SHPCF( %)% (%) if xeF 19

-1 otherwise

sup CT' (%) -¢“*% () if xeF 1

0 otherwise

CL'(9)- ¢4 (9) =

supCI( x)-e ol v (1) if xeF 19

0 otherwise

CL (@) -e“4 (9) =
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. + iwdET . —
CE (@) e (9) = | Ok G0 060 if w719

1 otherwise

forall x € S and d € S, it represents the image of Ry under F.

Similarly ifCo'eiwj‘y _ [CT_-eiw:'uT; CI‘ iwdl CF‘ za;:IF] CG el CT+ za)jT CH iwdl" CF+.
7 o 7 o 7 o

’Mﬁ is a CBNS in &, then CBNS Cx = Fo(C, in &y ie., the CBNS defined by C]k(%)‘

e C(F n)) - 0w (T ) Cp = F o, in S [ie., the CBNS defined by Cp (%) () =

Co(F () - Z“’ﬂlk () it represents the preimage of C, under F.

Theorem 3.5. The homomorphic image of every CBNSBS is a CBNSBS.

Proof. The mapping ¥ : &3 — & be any homomorphism. Now, ¥ ((x0:1d)) =
F(n)21F (9),F ((x029)) = F(%)@2F (d) and F((x039)) = F (x)@3F (d) for all x,9 € S;.
Let 0 = F(k), k is any CBNSBS of &;. Let F(x),F(d) € . Let n € uF YF(x)) and

9 € F~1(F(9)) besuch that (T (x) - e« ) = ot L0 @4 () and CT"(9) - e @) —

inf CT( ) zij (%)
HeF1(F ()
Now,

Co (T G277 (9))) - et (G oD

= inf C]ng (%) g ()
(' )eF 1 (F (%) 217 (9))
= inf CT () - e“h ()

() eF 1 (F ((xm))
:Cﬂz_((}tgla)) iwd ((xm9))
<max{Cy (x)-e iwdy CT (9) - ek ()
_ max{CngT(%) .eza):lg /CZ ( )_eiw:lgf?'(a)}.
Thus, C?((y—’(x)@ﬂf(a))).eiwﬂ?((ﬂa)@f(a))) <max{CT F(x)-e iwdl” F 0, CTF ( eia)ﬂ??"(a)}'
Similarly, CI (7 ()27 (9))) - o4 (709700 < maxCE <x>- wl 700, 0T () -

zwﬂ “F( }and
Cg (( ( )®3T(3))) _eimg_((‘;’f(x)@g?‘(a))) < max{Cg_T(}t) ,eiwﬂg_?'(%)’ Cg‘?(a) iwdT_‘F(a)}.

Letx € 7' (F (%)) andd € ¥~ (7 (9)) besuch that CL (3¢) -¢% (0 = M_%f(‘gf, ” CL (%) el ()
and CI (9) elwds (9) — inf CI ( plwd F (%)

1eF 1(F(9)
Now,

Co (7 (:)217(9))) -t (7 Co27 00

= inf Cﬁ(’(%’) i@ ()
(" )eFHF (x)21F (9))
= inf Cﬂ(_ () et )

(" )eF 1 (F ((xm))
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— CI’((%D a)) zmj ((x019))
CI (%) -e iwdl +CI (9)-e iwdl (9)

2

CET( )-e iwdl F(x« _|_CI F(9) - . plwds F(9)

5 .

Thus,
CL((F ()21 F (9))) - e (FG)2i7 () < CLF (e 2+C£y F(9)-¢“% 7(0)
Similarly,
CF (F(x)2aF (9))) - e (Fer () < CFeoet TG 71t 70 g
Ch (7 (x ) F())) - elot (FGear (@) ¢ LT 4L 70 o T

Let ¥ (x),F(d) € S,. Let x € ?'_1(7(%)) and d € F1(F(d)) be such that CI (x)-e i (1) =

sup CHF;(%) % () and CP (8)~ei“’ﬂf(‘9) = sup CF( )-e iwh (%) Now,
neF~H(F (%)) *eF 1 (F(3))

Co (FGaan7 (9))) - (727D

_ sup CF( ) zw:IF( «)
(x)eFHF (x)21F(9))

_ sup CF( ) zwﬂp( )
(x")eF 1 (F (xm9))

— Cﬁ:((%Dl&)) zmj "~ ((x019))
Zmin{c]lli’( za):l CF ) zij (&)}

:min{C?T(%) iwd F CF F(9)-e iwdl” 5‘7(8)}.

Thus, C5 ((F(%)217(9))) - e (TCI2T0D) > min{CH F (x) - eo% 7, CE F(9) - ewd 7).
Similarly,
Cs (F (0227 (9))) - et (FCI2T ) > min{CEF (3¢) - e 709, CE 7 (9) - e 7)) and
Ch (F(0)@3F (9))) - el (FCI2T ) > min(CE F (%) -l T ,CE F () - el 7).

The mapping ¥ : &3 — &, be any homomorphism. Now, F((x0:1d)) =
F(#)21F (9), F ((#020)) = F(#)22F (d) and F ((x0O3d)) = F (%)@3F (d) for all »,d € &.
Let 0 = ¥ (k), k is any CBNSBS of S;. Let F (%), F(J) € S;. Let x € F1(F(»)) and 9 €

F-L(F(9)) be such that CT" () -¢h ) = sup (T () - ) and CT'(9) -e*h @) =
XeF 1 (F (x)

sup  Cp () ¢“% ). Now,
xeF 1 (F(9))

CT*(( @17_—( ))) zwﬂT (F (n)21F(9)))

_ sup CT*( ’) 1ij( )
(" )eFHF (x)217F (9))
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_ sup CT*( ’) la):IT( «)
(«")eF 1 (F ((xm19))

= O (xm19)) - ek (219)
Zmin{C]l]:r( ) Za)jT CT+( ) Za):lT (3)}

= min(CT' 7 (%) -« 709, CT'F(9) - el 7).

Thus, C£+((T(K)®1T(3))) ,eimﬂf((T(x)@lT(a))) > min{[:??f(x) iwdT " F CT+ ( ) iwdT" 7—”(9)}'
Similarly, CT"(F (%) @2F (9))) e (FC02:70) > min {cr (%) e T %), CTF(9) -
zw:l 7" }and

CI" ((F () @3F (9))) - i (70257 0) > min{CT F (%) - e 76, CT F(9) - et 7)),

Let x € F1(F(x)) and & € F~(F(d)) be such that (L' (x) ek 00 = gup Cl (%) -
XeF1(F (%))
@l (%) and CL'(a)- e 0 = sup Cﬂ:(%),eiwﬂg*ﬂx)_
xeF 1 (F(9))
Now,

CL (F (@i (9))) et (Te0aT@)

— sup CI*( ’) zwjl( )
(" )eFHF (x)21 7 (9))
= sup Cﬂ: (%/) 'ei“’jf ()

(" )eFH(F ((xm9))
_ CI*( %D a)) 1a)ﬂ ((mla))

CI*( ) m)ﬂ CI*() zmjﬁ(a)

2
B Cl' 7 () il F ) ) . piwd F(9)
= 5 .
l() ICU 1+
Thus, C1' ((F(x)157(3))) - (07 @) 5 WIEd TGOt 70 gy,
Cé—F(( ( )®2¢( ))) la):ll (77(%)@27_.(9))) > C{:’T( ) 1():1 ‘7'- +C1+ ( ) l()jl F(9) and
CL (F () 05T (9))) - v (FooiF @) 5 LTyt 7B Fiayert 70,
Let F (%), F () € 62 Let x € F7YF(x)) and d € F~1(F(J)) be such that CL" (x) A
_mf CF*(%) 11< %) and CF*( ) ezwﬂf(a) _ _inf CF ( ) iwdl T (x %)

HEFH(F (%) xeF~1(F(9)
Now,

CE (F (@i () - ¢4 (760or @)

- inf CE () - e )
(1" )eF 1 F (x)@1F (9))

= inf r (%) ei“’jﬂi+ ()

(2" )eF 1 (F ((xm19))
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= C (xm19)) - el (o)
SmaX{Cﬁ::< ) za)ﬂF CF*( ) 1a)ﬂF (9)}

— max(CE'F (%) - % 70, CE 7 (9) - e 719,

Thus, CE* (F (%) 21F(9))) - é@¥ (FC02T @) < max{CE F(x) - éwd T, CF F(9) - i 7)),
Similarly, CF+((T(%)®2T(3))) . eiwﬂ5+((7’(%)®25”(«9))) < maX{C?‘f(}t) . eiwj§+T(%),CIU:+¢(3) )
eiods (0 )} and

CE ((F (x)@5F (9))) - e (T 02T ) < max{CE F () - % 7@, CE'F(9) - el 7). Thus,
o is a CBNSBS of &;.

Theorem 3.6. The homomorphic preimage of every CBNSBS is a CBNSBS.

Proof. @~ The mapping ¥ : & — &, be a homomorphism. Now, F((x0id)) =
F(n)21F (0),F (xmd)) = F(x)2:F(d) and F((xO3d)) = F(x)@3F(d) for all
%9 € . Leto = F(k), o is a CBNSBS of Sy Let %,d € . Now, CT’( (x09)) -
A 009) = CF (((xia) -6 7000 = CF (7 G,y (9) - (o7 <
max{CT F(x) - e«® 70O CTF(9) - ewds F(9)) —max{CT( x)-e i ,C (d)-e w4 ()} Thus,
CTi((%D 8)) ezij (x019)) < max CT( ) iwd] ( CT ( ) ezwﬂ (3)}'

Now, Cl ((xmd)) - e (o) — Céf(T((%E'l&)))' ok (Ged) = CL((F (0)217(9))) -

el (xm9)) < Lo F0e Wl T CEF @) e 79 Cf (e % 10 (@ 2)¢“ (a)‘

2 2

A - . md . iwdl )

Thus, G ((x09)) - ek ((219) ¢ G b0 ;C’ ()% 7
Now, CF ((xm0)) e (@) = CF(F((x09))) - ewd (F(wd) = CEF (F(x)21F (9))) -
ez‘wﬂF*((G’(x)@lT(a))) >  min{CEF(x) - éo¥ 709, CEF () - ek FOy = min{C]f(%) ‘

ot (x CF (9) - e @),
Thus, CE ((xm9)) - <% (219 > min{CE () - e ), CE () - &% (),

The mapping # : S — &, be a homomorphism. Now, F((x0i9)) =
F(n)@21F (9),F (x020)) = F(#)@2F (d) and F((x0O39)) = F (%)@3F (d) for all »#,9 € &.
Let 0 = F(k), ois a CBNSBS of ;. Let x,0 € G1. Now, CHT:((%DM)) el ()
CI (7 (xma))) -t T (@) = CF' (F ()@ (9))) - e (72T 2 min(CT'F () -

F (%)

eia);lT CT+ F(9) iij ?(8)} = min|{ CT (%) _eicuﬂﬂT(+ (%)’ C{: (8) ‘eia;jﬂT(‘*' (a)}‘ Thus, CHT(+((%E|19)) ‘
ewodl (x019)) 5 min CHT:( )-e il ( CT+( )- ez‘wﬂf(a)}_
NOW, Cﬂ:((xula)) . ia):ﬂ ((%D13 _ C{;r( ((%Dla))) . ia):{fr((%ula)) _ C?((T(x)@ljﬂ-‘(a))) ‘
ol (x9)) > CH T Qe T4 L (9) 0 TO) _ Gl e wh! P (9)e wh @)
= 2 5 .
1+ i zuj I+ iwd +(9)
Thus, G (x0)) - 9% (¢019) 5 G (< 2+C (@) 7

Now, CHF<+((%|313)).3 wdh ! ((xm9)) =CE'(F ((%Dla»).eiwﬂ§+(?((mla)))
= CE' ((F(x)21F(9))) -e il (F(x)217(9))) SmaX{C§+T(%)-eiij %), CE'F(9) - 1wﬂF+(r’(8)}
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:max{Cﬁ( )-e i CF*() m)ﬂF (a)}.
Thus, C{:((KD a)) iwdl (("Dla))gmax{[)f( ) uuﬂ}T+ CF*( ) zwﬂﬁ(a)}'

Theorem 3.7. If ¥ : S — S is a homomorphism, then (K, 1,)) is an SBS of CBNSBS o of G,.

Proof. The mapping ¥ : S — &; be a homomorphism. Now, ¥ ((x0i9)) =
F(n)21F (9), F ((x029)) = F(%)@2F (d) and F((x039)) = F (x)@3F (d) for all x,0d € &;.
Let 0 = F(k), k is a CBNSBS of ;. By Theorem 3.5, 0 is a CBNSBS of S;. Let Kk, s,

be any SBS of k. Suppose that x,d € Kk, 4,)- Then x0;0, %D28 and %Dg,a € K ny)- Now,
CE’(T(%))_eiad? (F(n) — CT*( x) - iwﬂT_(%) < hLCT (F()) -e iwdl ( CT () - ezwﬂ " (9) <
< #h1. Now,

M. Thus, CT (FG)@ 7 (9))) - e (7007 @) < CT'<0<ula>> o] (@)
Cé‘(¢(%)) . pw3h (F(%) — Cﬂ( (%) -e jwdl < hLCI (F(9)) - ewods (F(9) — Cllk_(a) ‘eiwﬂ{l:(a) <
f1. Thus, CL((F(2)21F(9))) - % (F0@17 () < Cl ((xm0)) -e iwh (299) < 1. Now,
C?(T(%)) ewdb (F(x) — Cﬁ-‘( (%) -e iwdf > 1y, CP (F(9)) - g3 (F(9) — CHF(‘(a).eiijf(a) >
fio. Thus, C5 ((F(0)217(9))) - et (TC0217 @) > CF ((x09)) - e (219 > iy for all
F (%), F (d) € S,. Similarly other operations, (]k(h],hz)) is an SBS of CBNSBS ¢ of S;.

The mapping ¥ : & — &, be a homomorphism. Now, F((xmid)) =
F(n)21F (9),F (xm0)) = F(#)@F (d) and F((x039)) = F (%)@3F (d) for all »,0 € E;.
Let 0 = #(k), k is a CBNSBS of S;. By Theorem 3.5, ¢ is a CBNSBS of &,. Let K s, 1)
be any SBS of k. Suppose that x,d € Kk, 4,)- Then x0;0, %D28 and %Dg,a € K ny)- Now,
CT@:(K)),eiwf(ﬂx)) _ CT+( >‘eiwﬂu{+(u) > hlzCT+( F(9)) - e iwdT ™ ( _ CHT:( ) RG] >
fiy. Thus, CI" ((F (%) F g jTJr((T( )17 (9))) > CT %010 ji (@) > 5 Now,
1 » Lo (F(1)@17 (9) ((x019)) - /

oot
Co (F (o) - e 70 = Cf ) - )-e
#i;. Thus, CH 1)1 F (9 la):|1+((r]:( )21 F (9 > CI e za):l ((m:!la)) > fi;. Now,
1 (F )27 (9))) - ((x019)) - € /
CE (7 (60)) ek (7000 = O )% shLCﬁ< F(9)) ook 7 = CE(9) 6% @) <
fy. Thus, CE"((F(%)21F(9))) -ezwﬂﬁ (FC027 @) < CF((xm9)) - % N(09) <y for all
F (%), F (9) € S,. Similarly other operations, ¥ (kz, 5,)) is an SBS of CBNSBS o of ;.

L eiod (F(9) — Cﬁ( ENCIIS

%) la):ll > hl/ CI*( (

x
vm

Theorem 3.8. If ¥ : S — ©; is any homomorphism, then K, 1,) is an SBS of CBNSBS k of &;.

Proof. The mapping ¥ : S — &, be any homomorphism. We have ¥ ((x0id)) =
T(%)@lf( ) T((%Dza)) = 7:( )@27:( ) and 7‘”((%[@8)) = 77( )@3?(8) for all »#,0 € &.
Let 0 = ¥ (k), 0 is a CBNSBS of &,. By Theorem 3.6, k is a CBNSBS of &;. Let F (k(z, 5,)) be an
SBS of 0. Suppose that (%), 7‘”( ) € F (K, i,))- Now, F((#x019)), F ((x029)) and F ((x039)) €
F (K ) Now, CT () - ¢ = CI"(F (%)) - % (709 <1y, CT (9 ) A 0 = CT(F(9))
elod (F0) < p. Thus CT ((x019)) -e eoh (@9)) < max| {Cr ()¢ e ( CT () - e Oy <y
Now, G} (3) % ¥ = C1 (7)) ¢4 709 <y, L (9) -4 @) = CF (7°(9)) - % 70 <

fiy.
_ - jwdl 1&&1_(3)
Thus, CL ((x3;9)) - e (x019)) < Chboe ! ;Cl O X <.
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Now, i, ()¢ 9 = CF7 (7 (x)) % 700 2 1z, G (9) €% 9 = 7 (77(9)) - €% (7)) 2
fiy.

Thus, Cf ((x213) 245 (4090 = CF (7 )@r7 (@) (70270

> min{Ci (%) e A 00, CHFJ (d) @ Dy > 1, for all %,9 € Sy.

Similarly other operations, k, 4,) is an SBS of CBNSBS k of &;.

The mapping # : S — & be any homomorphism.  We have ¥ ((x0;d)) =
F(#)21F (9), F (#020)) = F(#)22F (d) and F ((x0O3d)) = F (%)@3F (d) for all »,d € &.
Let 0 = ¥ (k), 0 be a CBNSBS of ;. By Theorem 3.6, k is a CBNSBS of &;. Let ¥ (K, 5,))
be an SBS of 0. Suppose that (%), F(d) € F (K, u)). Now, F((x019)),F ((»x02d)) and
F((x039)) € F (K ny) )

Now, CHT(( ).elwﬂ+ CT+( (% )).eiwﬂﬁ(?(%)) > iy, Cﬂ{*(a).eiwﬂf(a)
ol (F(2)) > iy

Thus, CT+((}¢D18))- 0l ((®19) > min {CI" () - e iwd ( CT+( )k D) > B Now,
Cic () e 00 = CL(F () - 700 2 mCi@)e A = O (F () -4 7D 2 .
e G0k C”(a)- i @

Cs (F(9) -

Thus, Cﬂ((%l:l 8)) 0l (19) > > 1. Now, Cf(x) A .
08" () - ¢4 700 <1, CF'(9)- 64479 CF (7(9) - 70 <

Thus, CHF:((%EH&)) . m)jF ((x019)) CF+(( ( )@1?(3))) . eia)j§+((?'(x)®17:(a))) < max{c]llj' (%) .
et 00, CE () - 4 ) < iy for all 2,0 € &y.

Similarly other operations, k, 1,) is an SBS of CBNSBS k of &;.

4. CONCLUSION AND FUTURE DIRECTION

This study introduces a new class of CBNSBSs. The complex bipolar neutrosophic subbisemir-
ing, which takes an innovative approach to the notion of three grades, expresses three grades in
terms of a complex number. A two-dimensional parameter with three grades is called a complex
form of three grades. It was classified as a bipolar neutrosophic SBS carrying. CBNSBS and
CBNNSBS level sets were established. Our goal is to apply the set to the bisemiring. Additionally,
a study of the characteristics of different conversions is done. We are trying to use cubic soft sets
and soft sets to handle novel fuzzy structures. Consequently, we need to consider utilizing soft set
CBNSBS and CBNNSBS in the future.
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