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Abstract. This paper is aimed to prove common equilibrium marketing fixed-point theorem for two and three mappings
in Banach space by the use of measure of non-compactness on Meir Keeler condensing supply operators. We attempt to
show the existence of common equilibrium marketing fixed-point theorem for two and three commuting supply maps

in this paper.

1. INTRODUCTION AND PRELIMINARIES

There is a wide range use of Compactness in fixed point theory, many authors like G. Darbo in
1955 (see [14]) studied fixed point theory by using non compactness and non compact operators
,Schauder used compactness in fixed point theory. The non compact operators are studied mainly
to develop a new class of operators which converts the boundedness to compactness in sets via

Meir Keeler condensing operators.
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Definition 1.1: Let M be the subset of metric space N and then Kuratowski’s measure of

non compactness is defined as
O(M) = inf {y >0: M= U;?:IV]' for some V; withdiam(V;) <y, 1<j<n< oo}.

Here diam (V;) = sup{d(a,b) : a,b € V}} (see [15]).
Definition 1.2: Let M be a non-void bounded subset of Mg,where Mg denotes the non-void class
of subsets of Banach space B, then the map a : Mg — [0, ) is said to be Hausdorff measure of

non compactness of M C Mp such that
a(M) = inf {6 > 0:M has a finite 6 —netin B} (see [11]).

Definition 1.3: Let M be a non-void bounded subset of My, where My denotes the class of
non-void subsets of complete metric space N then the function a : My — [0, o) is a Hausdorff

measure of non compactness of M € My such that
a(M) = inf {(S >0:McU! B'(a;,b;),a; € N,b; <6 i=1,2, 3,....,71} (see [11]).

Theorem 1.4: Schauder’s fixed point theorem: Let © be a non-empty bounded subsets of Banach
space B then for every continuous function A : ® — © has atleast one fixed point (see [11]). We
abbreviate Schauder’s fixed point theorem as S. f. t throughout this paper.

Definition 1.5: Let v is the class of all non void bounded subsets of Banach space B then the
function m»* : vg — R is the measure of non compactness in the Banach space B if following
axioms holds

1. The class Ker m* = {F € vg : m*(F) = 0} is non void and Ker m* C vg, where v is the class of
non void relatively compact subsets of B.

.Fy CF = m*(F) <m*(Fy)

. m*(F) = m*(F)

. m*(F) = m*(conov(F))

.m{AF1 4+ (1= A)(F2)} < Am*(Fy) + (1 = A)m*(F2),¥A € [0,1]

. If {F,} is the sequence of closed sets from vg s.t F,,41 C F, forn =1,2,3,....and lim m*(F,) =0,

n—oo

N O1 = W DN

then the intersection Fo, = N~ F,; is non void (see [11]).

Definition 1.6: Let © be a non void closed,bounded and convex subset of Banach space B. A map
P:© — O is called a m* contractive map if for some constant k € (0,1) s.t m*(P(F)) < km*(F), for
non void subset F of @.

Theorem 1.7: Darbo’s fixed point theorem: Let ©® be a non-void,closed and bounded subsets of
Banach space B, let T : ® — © be a continuous map and if T is m+ contraction then T has atleast
one fixed point (see [4]).

Definition 1.8: Meir Keeler Contraction: A self map T from metric space N into N is a Meir Keeler

contraction if for given p > 0, there exists 0 > 0 such that

p<d(ab)<p+oc=d(T,Ty) <p, forall a,beM.
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Definition 1.9:Meir Keeler Condensing Operator: Let ® be a non-empty subset of Banach space
B. Then the operator T : ©® — O is said to be a Meir Keeler condensing operator if for given p > 0,
there exists 0 > 0 s.t

psm(F)<p+o=m(T(F))<p

where m" is arbitrary measure of non compactness on F and F is the bounded subset of ®. For
more details about Meier Keeler condensing operator and measure of non compactness we may
refer to ([1-3,5,6,8-10,13,16]) and references therein.

The primary goal of this manuscript is to show the existence of equilibrium marketing
fixed-point theorem by using measure of non compactness for two and three commuting Meir

Keeler condensing operators in Banach space.

2. COMMON FIXED POINT THEOREM VIA TWO CONTINUOUS LINEAR OPERATORS ON BANAcH Srack B

Theorem 2.1 : Let B be the Banach space and © be a non void closed,bounded and convex subset of the
Banach space B.Let | and K be two self operators on © are continuous and K is Meir Keeler condensing
operator such that K(J(F)) € J(F), F € ©.We have m*(J(F)) < &{max{m*(F), m*(K(F)}}, where m* defined
on vp is a measure of non compactness and & from Ry to Ry is a increasing function, such that &(x) < x,
forx >0,

lim £"(x) =0,

n—00

then | and K have a common equilibrium marketing fixed-point.

Proof. Let F be a non void subset of ® and m* the measure of non compactness defined on vp.
Now we consider a sequence of subsets {©,} of Bas © = 0, ®, = conv](©®,_1),n > 1.

Then K(®,) c ®, and ®, C ©,_1 (2.1)

Clearly K(®1) € Conv(KJ(©p)) € Conv(J(©p)) = ©1 and ©1 C ©p. Therefore K(©;) € ®; and so
equation (2.1) is true for n=1. Let it be true for n > 1 then ®,11 = Conv(J(®,)) € Conv(J(@y-1)) =
®,, as O, C O,_1, thus ©,,1 € ©, and

K(©y41) = K(Conv(J(©,))) € Conv(KJ(®,)) € Conv](®y) = Op41,

hence K(©,+1) € ©,+1 and this implies that @y > @; D O,...

If m*(®,) = 0 for some n > 0 then ®, is relatively compact and since J(©,) € Conv](©,) = @,41 C
®,, thus by S. £. t ] has fixed point.

Now, suppose m*(©,) # 0,n > 0. Define p, = m*(®,) and o, = d(p,) > 0.
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Now by definition of ®, and p, < pn + oy,

Pny1 = M (Opq1)
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Therefore, p,+1 < p, implies that {p,} is the non-increasing sequence of positive real numbers
and for some r > 0 such that p, — r as n — co. We will show the case for r = 0, let us assume
that r # 0 then for some ng such that n > ng implies r < p, < r+ o(r). Hence by definition of
Meir Keeler condensing operator we have p,+1 < r, which is not true, so r = 0. Hence, we have
lim m*(®,) — 0.

nT?l:refore, 0,41 € ©, and condition 6 of measure of non compactness implies that @, = U’ 0,
is non void closed and convex set with ©, C ©. Also the operator | keeps O invariant and lies
in Kerm*, thus [ has a fixed point in ® by S.f.t .

Now, Consider G; = {t € © : J(t) = t}.

Then by continuity of |, clearly Gj is closed and given K is Meir Keeler operator , we have
K(Gj) € Gj. So K(t) is the fixed point of | for any t € Gy and

m'(Gy) = m'(J(Gy))
< &(max{m*(Gy), m* (Q(Gy))})
= &(m'(Gj))
< m(Gy).

Therefore, Gy is compact and as m*(Gj) = 0 then K has fixed point by S.f.t and by continuity of K,
the set Gk = {t € ©® : K(t) = t} is closed . Also by S. {. t, J(t) is the fixed point of K as K(Gj) C Gy,
for all t € Gk. Since J,K : G; N Gx — Gj N Gk are continuous self maps and G;NGg € G; C O is
compact subset so, | & K have a common equilibrium marketing fixed-pointin® by S.f. t. O

Corrolary 2.2 : Let © be a non empty closed,bounded and convex subset of the Banach space B. Suppose
J and K be commutative continuous self operators on © and K is Meir Keller condensing operator such that

K(J(F)) € J(F), F € ©. We have

m’(J(F)) < &(max{m*(F), m*(K(F))}),
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where m* is any measure of non compactness defined on v, & is increasing functions from Ry to R, such
that &(x) < x, for x > 0 and F is non empty subset of ©,

lim &"(x) =0,

n—oo

then maps | and K have a common equilibrium marketing fixed-point fixed point.
Proof. We omit the details as the proof is straightforward. m]

Remark: In next theorem we use three continuous Commuting Meir Keeler operators on Banach space
and prove common equilibrium marketing fixed-point theorem for them.

Theorem 2.3: Let B be a Banach space and © be a non void bounded, closed and convex subset of B .
Suppose |, K & L be three continuous linear operators from © into © and K, L are Meir Keeler condensing
operator such that
1. J,K & L are mutually commutative
2. K & L are Meir Keeler condensing operators and K(J(F)) € J(F), L(J(F)) € J(F)

3. For any subset F C ®, We have

m" (L(F)) < E(m"K(F) = &(m” (K(conv] (F))))}),

where m* is arbitrary measure of non compactness defined on vg and & is a increasing functions from Ry to
Ry such that £(x) < x, for x >0,
lim £"(x) =0,

n—00

then there exists a common equilibrium marketing fixed-point of |, Kand L .

Proof. Let m* is a measure of non compactness defined on vz and F be a non empty subset of B.
Now we consider a sequence of subsets {®,} of B as © = O, ®, = conv]®,_1,n > 1. such that
©, CO,_1 and K(©,) C O, (2.2)

Clearly ©; € ©g and K(®;) € Conv(KJ(®p)) € Conv(J(®p)) = ©;. Therefore K(®;) C ®; and
thus equation (2.2) is true for n = 1. Let it be true for n > 1 then (®,11) = Conov(J](®,)) C
Conv(J(®y-1)) = Oy, as ©, C O,_1, thus O, 1 € O, and

K(®y+1) = K(Conov(J(©,))) € Conv(KJ(©,)) € Conv](®,) = O,41,

hence K(©,+1) € ©,41 and this implies that @y > ®; D O,...

If m*(©,) = 0 for some n > 0 then ©, is relatively compact and thus by S. {. t ] has fixed point as
](®n) c COTlU](@n) = @n+1 cCO,.

Now, we assume that m*(©,) # 0,n > 0. Define p, = £&(m'K(®,)) and o, = d(p,) > 0.

Now by definition of ®, and p, < p, + 0, then given inequality implies &(m*K(®,)) —
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E(m*(K(conv](©y)))) = 0, for all n > 0. Thus, we have

Pn+1 = E(W*K(G)n))
= &(m" (K(conv](©n))))
< &(m'(K(On)))
= Pn

forall n > 0. Therefore, p,+1 < p, implies that {p,} is the non increasing sequence of positive
real numbers and for some r > 0 such that p, — r as n — co. We will show the case for r = 0,
let us assume that r # 0 then for some ng, n > ny implies r < p, < r + d(r). Thus by Meir Keeler
condensing operator definition we get p,+1 < r, which is not true as per our supposition , so
r = 0. Hence, we have lim &{ m'K(©,)} - 0= Jlim m'K(®,) — 0. Also m*L(©,) < E(m*K(®y)) —
E(m*K(conv]©y)) = pn — Prt1- SO',}E{}O m'L(®,) = 0.
Now if we fix @, = m*(L(®,)) then by definition of measure of non compactness, m*(@/,) =
m*(L(®,)) = m*(L(®,)). Hence, 7}1_{{)10 m'(®,) = 1}1_{1{;10 m'L(®,) — 0. Since {®,} is a nested
sequence ,50 @], € @, ¥n € N. Thus m*(0f,) < m*(0;,),¥Yn € N and @}, = N2, 0}, is non empty.
Therefore, m*(®.,) =0 as n — oo, so O, is closed, compact and convex as L is Meir Keeler
condensing operator.
Also K(®,) € (0,) and J(©,) C (®,), so we obtain

K(©;) = K(L(®,) CK(L(®,)) C L(K(®,) CL(©,) = 0,

J(0;,) = J(L(©n) € J(L(O4)) € L(J(On) S L(On) = O,

and similarly

L(®;) =L(L(©,) CL(L(®,)) CL(L(®,) CL(©,) = 0,
Hence the set @, is invariant under the operators J, K, L belongs to Kerm*,soby S.f.t ], K, L have fixed
pointin ®. Now, Suppose G, = {t € O : J(t) = t}. Thenobviously G is closed because of continuity
of L and by assumption K&L are Meir Keeler condensing operator,so K(G) € G, L(GL) € Gr. So
K(t) is the fixed point of L for any t € Gy, and

m'(GL) = m'(L(GL))

< &(mK(Gr)) = &(m’ (K(conv](GL)))})
< &(mK(Gr))

< m'K(Gp)

< m*(Gpr).

Therefore Gy, is compact as m*(Gr) = 0. Thus K has fixed point and thus K and L have common
equilibrium marketing fixed-point and set G = {t € ® : L(t) = K(t) = t} is convex and closed
subset of ® and J(G) C G. Hence a fixed point of ] exists in G and so a common fixed point exists
in®of [, Kand L. m|



Int. J. Anal. Appl. (2025), 23:120 7

Authors contributions: All authors contributed equally to the writing of this paper. All authors
read and approved the final manuscript.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.

REFERENCES

[1] R.P. Agarwal, Certain Fractional g-Integrals and q -Derivatives, Math. Proc. Cambridge Phil. Soc. 66 (1969), 365-370.
https://doi.org/10.1017/S0305004100045060.
[2] R.P. Agarwal, M. Meehan, D. O’'Regan, Fixed Point Theory and Applications, Cambridge University Press, 2004.
https://doi.org/10.1017/CBO9780511543005.
[3] A. Aghajani, M. Mursaleen, A. Shole Haghighi, Fixed Point Theorems for Meir-Keeler Condensing Operators via
Measure of Noncompactness, Acta Math. Sci. 35 (2015), 552-566. https://doi.org/10.1016/S0252-9602(15)30003-5.
[4] A.Aghajani,R. Allahyari, M. Mursaleen, A Generalization of Darbo’s Theorem with Application to the Solvability of
Systems of Integral Equations, J. Comput. Appl. Math. 260 (2014), 68-77. https://doi.org/10.1016/j.cam.2013.09.039.
[5] A. Aghajani, J. Banas, S. Sabzali, Some Generalization of Darbo’s Fixed Point Theorem and Applications, Bull.
Math. Soc. Simon Sterin 20 (2013), 345-358.
[6] R.R. Akhmerov, M.I. Kamenskii, A.S. Potapov, A.E. Rodkina, B.N. Sadovskii, Measures of Noncompactness and
Condensing Operators, Birkhduser Basel, 1992. https://doi.org/10.1007/978-3-0348-5727-7.
[7] A. Alotaibi, M. Mursaleen, S.A. Mohiuddine, Application of Measures of Noncompactness to Infinite System of
Linear Equations in Sequence Spaces, Bull. Iran. Math. Soc. 41 (2015), 519-527.
[8] A.V. Baboli, M.B. Ghaemi, A Common Fixed Point Theorem via Measure of Noncompactness, Int. J. Nonlinear
Anal. Appl. 12 (2021), 293-296.
[9] S. Banach, Sur les Opérations dans les Ensembles Abstraits et Leur Application aux Equations Intégrales, Fund.
Math. 3 (1922), 133-181. https://doi.org/10.4064/fm-3-1-133-181.
[10] J. Banas, On Measures of Noncompactness in Banach Spaces, Comment. Math. Univ. Carol. 21 (1980), 131-143.
https://eudml.org/doc/17021.
[11] J. Banas, K. Goebel, Measure of Non Compactness in Banach Spaces, Lecture Notes in Pure and Applied Mathe-
matics, Vol. 60, Marcel Dekker, New York, 1980.
[12] J. Banas, M. Lecko, Fixed Points of the Product of Operators in Banach Algebra, Panamar. Math. J. 12 (2002),
101-109.
[13] J. Banas, M. Mursaleen, Sequence Spaces and Measures of Noncompactness with Applications to Differential and
Integral Equations, Springer, 2014. https://doi.org/10.1007/978-81-322-1886-9.
[14] G. Darbo, Punti Uniti in Trasformazioni a Codominio Non Compatto, Rend. Semin. Mat. Univ. Padova 24 (1955),
84-92. http://www.numdam.org/item?id=RSMUP_1955__24_ 84 0.
[15] K. Kuratowski, Sur les Espaces Complets, Fund. Math. 15 (1930), 301-309. https://eudml.org/doc/212357.
[16] M. Mursaleen, S.A. Mohiuddine, Applications of Measures of Noncompactness to the Infinite System of Differential
Equations in I, Spaces, Nonlinear Anal.: Theory Methods Appl. 75 (2012), 2111-2115. https://doi.org/10.1016/j.na.
2011.10.011.


https://doi.org/10.1017/S0305004100045060
https://doi.org/10.1017/CBO9780511543005
https://doi.org/10.1016/S0252-9602(15)30003-5
https://doi.org/10.1016/j.cam.2013.09.039
https://doi.org/10.1007/978-3-0348-5727-7
https://doi.org/10.4064/fm-3-1-133-181
https://eudml.org/doc/17021
https://doi.org/10.1007/978-81-322-1886-9
http://www.numdam.org/item?id=RSMUP_1955__24__84_0
https://eudml.org/doc/212357
https://doi.org/10.1016/j.na.2011.10.011
https://doi.org/10.1016/j.na.2011.10.011

	1. Introduction and preliminaries
	2. Common fixed point theorem via two continuous linear operators on Banach Space B 
	Authors contributions:
	 Conflicts of Interest:

	References

