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Abstract. This paper contains some new theorems related to hyper BCK-ideals positive implicative hyper BCK-ideals of
types-1,2, 3,4 of hyper BCK-algebras (HBCKA) under an interval-valued intuitionistic fuzzy environment. Henceforth,

the connection between these ideas and their relevant characteristics is discussed.

1. INTRODUCTION

In 1966, Imai and Iséki [11] coined the notion of BCK-algebras (BCKAs) by extending the
concepts of set-theoretic difference and propositional calculus. Research works on BCKAs have
been progressing rapidly since their inception. Marty [13] invented hyperstructures theory, also
re-knocked as multi-algebras. Jun et al. [12] introduced the notion of hyper BCKAs (HBCKAs)
as an extension of BCKAs and discussed their characteristics. The notions of fuzzy positive
implicative hyper BCK-ideals (FPIHBCKISs) of types-1,2, 3,4 were proposed by Bakhshi et al. [5].
Meanwhile, the fuzzy set [20] was extended to the intuitionistic fuzzy set (IFS) by Atanassov [1,2]
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by employing both membership and non-membership degrees for each object. Atanassov [3]
defined new operations over IFSs. Later on, Atanassov and Gargov [4] presented the notion of
interval-valued IFSs (IVIFSs) using interval-valued membership and non-membership degrees.
Satyanarayana et al. [18] introduced the notions of IVIFS-hyper (weak, s-weak, strong) BCKIs of
BCKAs, and investigated the connections between those concepts. Borzooei has studied hyper
BCK-algebras extensively, which can be seen in [6-10]. After that, Ramesh et al. [14-17] applied
different algebras and IVIFS concepts. In [19], Satyanarayana et al. introduced the notions of
IVIFPIHCKISs of types-1,2,...,8 of HBCKAs. Additionally, we discover the connections between
IVIFS-hyper (weak, s-weak, strong) BCKIs of BCKAs, IVIF-(weak, strong, reflexive) HBCKIs and
IVIFPIHBCKISs of types-1,2,...,8 of HBCKAs and the associated properties are explored.

This paper establishes characterizations of IVIFHBCKIs and IVIFPIHBCKIs of types-1,2,3,4,
and a few of its related characteristics are demonstrated.

Let H be a set with a hyper operation that is non-empty and, o is a mapping from H X H into
P*(H) = P(H) \ {0}. Using any two subsets T and R of H, denoted by T o R the set, .1 cg @ © b-
We shall use jj o j instead of j; o {j2}, {j1} © j2, o1 {j1} o {j2}.

2. PRELIMINARIES

Definition 2.1. [12] In an HBCKA, a non-null set H is considered along with a hyper operation o and a
constant 0 obeying the axioms mentioned below:

(HK-1) (jiojs) o (ja© ja) < jiofo,

(HK-2) (j1oj2) o s = (j1°j3) © j2,

(HK-3) j1 o H < {j1},

(HK-4) j1 < jpand j, < j1 = j1 = jo, forall j1, 2, j3 € H.

We can define a relation ” < ” on H by letting j1 < joifandonlyifO € jy o joand foreveryT,R CH,T < R
is defined by Ya € T, b € R such that a < b. In such case, we call “ < ” the hyper order in H.

Note that the condition (HK-3) is equivalent to the condition:
(P1) j1oj2 < {j1}, forall j1,j2 € H.
In any HBCKA, the following hold:
P;) j100 < {j1},00j; < {j1} and 000 < {0},
P (TOR) Q=(ToQ)oR,ToR«Tand 00T « {0},

(

(P3)

(P4)

(P5) 0 < jy,
(Ps) j1 < ja,
(P7)

(Ps)

(Ps)

(

(

Py
Pip) j100= {jl},
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(P12) T< {0} = T = {0},
(P13)

(Pia) 1 €10 0

(P15) j1o0 < {j2} = j1 < ja,
(P16) 2 < ja=jrojz<ji0 2,

(P17) 1o 2 =10} = (j1oj3) o (jaoj3) =1{0tand j1 0 j3 < ja o j3,

(P1g) To{0} = {0} = T =0, for all jj, j», j3 € H and for all non-empty subsets T, R and Q of H.

Let M be a non-empty subset of an HBCKA H and 0 € M. Then M is called an HBCK-subalgebra
of Hif ji o jo €M, forall jy, jo € M, weak HBCKI of H if j; 0 jo C M and j, € Mimply j; € M, for all
j1,j2 € H,an HBCKI of H if j; 0 jo < M and j, € M imply j; € M, for all ji, j» € H, a SHBCKI of H
if (jiojo)NM # 0and j, € Mimply j; € M, forall ji, jo € H, M is said to be reflexive if j; o j; € M,
for all j; € H, S-reflexive if it satisfies (j1 o jo) "M # 0 implies j; o jo < M, for all ji, j» € H, closed
if j1 < jp and j, € Mimply j; € M, for all j; € H. Itis easy to see that every S-reflexive subset of H
is reflexive.

Let M be a non-empty subset of H and 0 € M. Then M is said to be a positive implicative hyper
BCK-ideal (PIHBCKI) of

(i) type-lif (j1ojp)ojsCMand jpojzCM= jio0j3CM,
(ii) type-2if (jioj2)ojz<land jooj3CM = j10j3CM,
(iii) type-3if (jioj2)ojz<Mand jpojzs <M= jioj3C M,
(iv) type-4if (jiojp)ojzCMand jrojz <= j1oj3C M,
(v) type-5if (jioja)ojsCMand jpojzsCM= jiojz <M,

(vi) type-6if (j1ojz)ojz<Mand pojz <M= jiojz <M,

(vii) type-7if (j1ojp)ojaCMand pojz<I= jiojz <M,

(viii) type-8if (j1oj2)ojz<Mand j,0j3C M= jiojz <M, forall jy,j, j3 € H.

Amapping T = (¢r,¢r) : L - D[0,1] x D[0,1] is called an IVIFSin Lif 0 < ¢~ (j1) + 5 (j1) <1
and 0 < ¢7(j1) + ¢7(j1) <1, forall ji € L (thatis, T* = (¢F,¢7) and T~ = (¢7, ¢7) are IFSs),
where the mappings Gr(j1) = [¢7(j1), ¢%(j1)] : L — D[0,1] and $r(jr) = [g(j1), ¥ (jr)] :
L — DI0,1] represent the degree of membership (namely {r(j1)) each component j; € L to T
respectively, where D[0, 1] is the set of all closed sub-intervals of [0, 1].

3. INTERVAL-VALUED INTUITIONISTIC FUZZY HYPER BCK-IDEALS OF HYPER BCK-ALGEBRAS

Definition 3.1. [18] An IVIFS T = (¢r, ) in H is called an interval-valued intuitionistic fuzzy hyper
BCK-ideal (IVIFHBCKI) of H if it fulfils:
(kD) j1 < jo = ¢r(j1) 2 @r(j2) and Pr(jr
(k2) §r(j1) 2 min{infrej,o {@r(r)}, dr(f2)
(k3) Pr(j1) < max{supye; o, (Pr (1)}, Pr(j2)}, for all ju, jo € H.

Definition 3.2. [18] An IVIFS T = (¢r,Pr) in H is called an IVIF-strong HBCKI (IVIFSHBCKI) of H
if it satisfies:

) <9r(j2),
}

4
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(i) infrejiop{dr(r)} = @1 ( 1) = min{sup,; . (P (H)}, dr(j2)},
(ii) sup,; o, (r(v)} < Pr(j1) < max{infsejiop, {Pr(s)}, Pr(j2)}, for all ju, jo € H.

Definition 3.3. [18] An IVIFS T = (¢r,{r) in H is known as an IVIF s-weak HBCKI (IVIFSWHBCKI)
of H if it satisfies:

(s1) ¢r(0) = dr(j1) and Pr(0) < ¥r(j1), for all j; € H,
(s2) for every ji,j2 € H, there exist a,b € jy o jo such that

¢r(j1) = min{pr(r), dr(j2)} and Pr(j1) < max{Pr(t), Pr(j2)}.

Definition 3.4. [18] AnIVIFS T = (qBT, Ur) in H is called an IVIF-weak HBCKI (IVIFWHBCKI) of H
if it satisfies:
(i) ¢r(0)

> ¢r(j1) > minfinfrej,oj, {Pr(r)}, dr(j2)},
(ii) $r(0) <

¢
dr(j1) < max{sup,; o, (@1 (1)}, Pr(j2)}, for all ju, jo € H.

Definition 3.5. [18] An IVIFS T = (¢r, ) in H is called an IVIF-HBCK-subalgebra (IVIFHBCKSA)
of H if it satisfies:

(i) infrejloj2{qBT(r)} = min{qBT(jl)' qBT<j2)}’
(ii) suptehojz{tﬁr(t)} < max{Yr(j1), Pr(j2)}, forall j1,j2 € H.

Definition 3.6. [18] An IVIFS T = (¢, ¥r) in H is said to satisfy “sup-inf” a property if any subset D
of H, there exist to, sy € D such that

¢r(to) = sup epldr(j)} and Pr(so) = infrep{ipr(f)}.

Theorem 3.1. Let T = (¢, ¥r) be an IVIFS in H, then the following statements hold:

(i) Tisan IVIFHBCKI of H ifand only if forall §1,f; € D[0,1], U(pr,$1) # 0O # L({r, f) are HBCKIs
of H,
(ii) if T is an IVIFSHBCKI of H, then for all §1,f1 € D[0,1], U(¢r,81) # O # L(Jr, f1) are SHBCKIs
of H,
(iii) if T is an IVIFS of H which satisfies the sup-inf property and for every s1,f € D[0,1], U(¢pr,$1) #
0 # L(,f1) are SHBCKIs of H, then T is an IVIFSHBCKI of H.

Proof. The proof is straightforward. m]

4. INTERVAL-VALUED INTUITIONISTIC FUZZY POSITIVE IMPLICATIVE HYPER BCK-IDEALS OF HYPER

BCK-ALGEBRAS

Definition 4.1. [14] Let T = (¢r, Pr) be an IVIFS of H, and ¢1(0) > dr(j) and ¥r(0) < ¥r(j), for all
j€H. Then T = (¢r, ¥r) is said to be an interval-valued intuitionistic fuzzy positive implicative hyper
BCK-ideal (IVIFPIHBCKI) of

(i) type-1if forall q € ji o s, <PT( )
o

min{inf, e(j,o/y)0js {Or(a1)}, 1nfu2€jzo]-3{(f>T(a2)}} and
Pr(a) < max{sup, ¢ ;,oi,)0, (P1(a

>
P1(a3)}, SUP,, ey, (D7 (a4)}),
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dr(ar)}, infayejyois (Pr(az)}) and
H

(ii) type-2if forall q € jy o j3, ¢r(q) > min{Sup,, (07,05 | or
Pr(a) < max{inf,e(j,ofy)ojs (W1(a3)}, sUP,, ey (P7(a1)

(iii) type-3if forall q € jy o j3, Pr(q) > min{sup, . (j1o72) 3{ ¢r(a )},supaze]-zok{cﬁT(az)}} and
Pr(a) < max{ing,,e(joj)0j (P7(a3)}, infa,ejpoi (P (as)}),

(iv) type-4 if forall q € ji © 3, dr(a) = MIN{NLy ¢(jy01)0,1PT(1)}, SUP,, o, (T (a2)}) and
Pr(a) < MaAX{SUP, ¢ 0 )0js (PT(33)}, infayejpoj (P (as)}}, for all 1, j2, j5 € H.

Definition 4.2. [14] Suppose T = (¢r, 1) denotes an IVIFS of H. Then T = (dr, ) is said to be an
IVIFPIHBCKI of

(i) type-5if Aq € jy o j such that pr(q) > in{inf,, ¢ (j1of2) ojst {dr (a1)},infa,ejy0), | Or(az)}} and
lpT( ) < max{supaSE (jroj2) °]3{¢T(u3) supu4€]2°]3 ( ) ~} ~

(ii) type-6 if Aq € j1 o j3 such that dr(q) > m supa2€ (j1oja)ojs Ao (a2)} supazejzo]-s{qu(az)}} and
‘PT( ) < max{lnfuge(ho]z )oja lle(a?’) lnfa4€]2°]3 ¢T(a4)} ’

(iii) type-7 if Aq € j1 o j3 such that ¢r(a) = minfinfy ¢ (j,0/0)0{PT(a1)}, SUP, ¢ o1, (D1 (a2)}} and
’7[}T(q) S max{supa:ge(lejz)Oji{lPT(a3) 1nfﬂ4€]20]3 l7bT(a4)} _

(iv) type-8 if Aq € jy o j3 such that pr(q) > min{sup, ¢ ;.0js) O]-S{CJBT(al)}, infy,cy0i, {7 (a2)}} and
Pr(q) < max{inf,e(j,oiy)os (P1(a3)}, 8UpP,,cjpoi (Y1 (as)}}, for all ji, jo, ja € H.

Theorem 4.1. Suppose T = (¢r, Pr) denotes an IVIFS in H, then
(i) T is an IVIFPIHBCKI of type-1 if and only if for all 1, £, € D[0,1], L(Jr,f1) # 0 # U(Pr,$1) are

PIHBCKISs of type-1,

(ii) T is an IVIFPIHBCKI of type-2 (type-3) if and only if for all §1,f; € D[0,1],U(¢r,s1) # 0 #
L({r, f1) are PIHBCKIs of type-2 (type-3),

(iii) if for all s1,6 € D[0,1], U(¢r,$1) # O # L(Pr, f1) are PIHBCKIs of type-2 (type-3) and T fulfils
the sup-inf property, then T is an IVIFPIBCKI of type-2 (type-3),

(iv) if T is an IVIF-closed and IVIFPIHBCKI of type-4, then for all 1,f; € D[0,1], U(dr,$1) # 0 #
L({r, f1) are PIHBCKIs of type-4,

(v) if T is an IIVIF-closed, fulfils the sup-inf property and for all s1,f € D[0,1], U(dr,$1) # 0 #
L(¢r, f1) are reflexive PIHBCKIs of type-4, then T is an IVIFPIHBCKI of type-4.

Proof. (i) Assume T = (¢r,r) is an IVIFPIHBCKI of type-1. Let ji, j2, j3 € H and §; € D[0,1] be
such that (j; 0 j2) 0 j3 € U(¢r,$1) and jp 0 j3 € U(Pr,$1). Thenr, t € U(Pr, 1), forallr € (jioja) o j3
and t € j,oj3. Thus (i)T( r) > §1 and qu( ) =5y, forallr € (jiojz)ojzand t € jpoj3 imply
that infre(jlojz)oh{(f)q-(r) > §1 and inficj,0,{p dr(t)} > s1. Thus by hypothesis, for all u € jj o j3,
¢r(u) = min{infre(j,oi,)0/ (P (7)), infrejpojs (Pr(t)
j1,J2,j3 € H be such that (j; 0 jp) o ja C L(IPT, f1
alll € (jioja)ojzsand [ € joo j3 imply Pr(l )
m € jpo ja, imply that sup;c; o0 (r(D)} < fi and supy;,.; {¢r(d)} < fi. Thus by hypothesis,
for all v € ji 0 3, Pr(v) < max{supie(j oot tﬁT( )} 8P ej0p, (T (d)}} < max{fy, fi} = f; implies
j10js CL({r,f). Thus U(Pr,s1) # 0 # L(Pr, £1) are PIHBCKISs of type-1, for all §1, £, € D[0,1].

1 > min{sy, s1} = 1 imply j1 0 j3 € U(Pr, 7). Let
)and jpoj3 € L(Pr,f). Then I, m € L(Pr, 1), for
< f and ¢r(m) < f, forall I € (j; 0 jp) o j3 and
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Conversely, let for all §1,f; € D[0,1], U(¢r,$1) # 0 # L({r, ;) are PIHBCKIs of type-1 and put
5 = min{infrg(]-lojz)o]é{qf)T(r)}, inftejzojs{cf)T(t)}}. Then infre(jlojz)ojS{qBT(r)} > §1 and inftejzojs{cf)T(t)} >
§1. So, ¢r(r) > 1 and Pr(t) > s1, forall r € (jioj2)ojs and t € joo js. Hence, r € U(Pr,s1)
and t € U(¢r,s1), forall r € (jioja)ojs and t € joojs. Thatis (j; 0j2)0j3 € U(Pr,s1) and
j20 j3 € U(¢r,$1) and so by hypothesis, j; o j3 € U(¢pr,$1). Thus for all u € ji o ja, dr(u) > § =
min{inf,e(]-lojz)ojS{qBT(r)},inftejzojs{(f)T(t)}}. Put, 1 = max{suple(jlojz)ojs{1/3T(l)},supmejzojs{lﬂT(m)}
implies f; > suple(jlojz)%{th(l)} and f; > supm€j20j3{1,l~)T(m)}. So, P(m) < f1, foralll € (jioj2) o j3
and m € (jpoj3) imply I € L(Y7,f) and m € L({r,£1). Hence, (j1oj2)ojs € L(¥r,f1) and
j20j3 € L(Yr,f1). By hypothesis, jiojz € L({r,f1). Thus for all v € jioj3, ¥r(v) < f =
max{suple(]-lojz)o]-S{@T(l)}, supmejzo]-s{lﬁT(m)}}. Thus T is an IVIFPIHBCKI of type-1.

(ii) Suppose T = (¢r, ¥r) is an IVIFPIHBCKI of type-2. Let ji,ja, j3 € H and §; € D[0,1] be
such that (j1 0 j2) o j3 < U(¢Pr,s1) and jp o j3 € U(Pr,$1). Then for all ¥ € (jy o j2) o ja, there
exists p € U(dr,$) such that r < p. By Corollary 3.10 [14], we have ¢r(r) = Pr(p) > .
Thus ¢r(r) > &, for all ¥ € (j1 0 j2) © j3, sO supre(jlojz)ojs{gf)T(r)} > $1. Moreover, since jp 0 j3 C

—_—

U(¢r,s1) implies ¢r(t) > &, for all t € jp 0 jz. Thus inft€j20j3{¢~)T(t)} > sy and forall u € jjo
Ja, (f)T(u) > min{supre(jlojz)oj3{(f)T(r)}, inftejzo]é{(f)T(t)}} > min{sy, §1} = §7. Therefore, (f)T(u) > §1, so
u € U(¢Pr,$1), for all u € ji o j3. Thus jj o j3 € U(Pr,$1). Suppose (ji 0 j2) o js < L(Yr,f1) and
j20j3 € L(Yr,f1). Then for all I € (j3 0 j2) o j3, there exists g € L({r,f1) such that I < g. By
Corollary 3.10 [14], we have ¢r(I) < Pr(q) < f implies ¢r(I) < f1, for all I € (j1 0 j2) o j3. Thus
infie(j 0205 Pr(l) < f1. Since jp o j3 € L({r,f1), we have m € L({r,f1), for all m € jp 0 j3. So,
Pr(m) < f, for all m € j, 0 j3. This implies that supmejzojs{gﬂT(m)} < f1. Thus for all v € jj o j3,
Ur(v) < max{infie(j,ojy)oj, @T(l),supmejzojs{g%(m)}} < fi. Therefore, j; o j» C L(¢Yr,f;). Thus
U(¢r,s1) and L(r, f1) are PIHBCKIs of type-2, for all §1,£1 € D[0,1]. Similarly, we can prove for
type-3.

(iii) Let j1,j2,j3 € H. Put sy = min{supre(jl0].2)0].3{(f)T(r)},inftejzoj3 (f)T(t)}. Since (f)T satisfies
the sup property, t~hen there exists ag € (j10j2) 0 j3 s~uch that dr(ag) = supre(jlojz)ojs{gf)T(r)} >
s1 and so ag € U(¢pr,s1). Hence, ((j10 j2) o j3) NU(Pr,$1) # 0, since by Theorem 2.8 (ii) [5],
U(¢r,s1) is an HBCKI of H. By hypothesis and Theorem 3.5 (ii) [5], we have (j; 0 j2) o j3 <
U(¢r,s1). Moreover, for all u € jo j3, dr(u) > inficj,o), ¢r(t) > §1. Then jaoj3 € U(Pr,s1).
Since U(¢r,s1) is a PIHBCKI of type-2, we have j; o j5 € U(¢dr,s1). This implies that for all
vEjrojs, Pr(v) =8 = min{supae(]-loh)oz{(f)f(a)}, infyej,0i, {Pr(D)}}. Since L({r, f1) is a PIHBCKI
of type-2 and for ji,jo,j3 € H, put f; = max{infce(]-lojz)ojs{1/~JT(C)},supdejzojs{lﬁT(d)}}. Since {1
satisfies the inf property, there exists ¢y € (j1 © j2) © j3 such that ¥r(co) = infoe(j,0i,)oj (¥r(a)} < £
and so co € L({r,f;). Hence, ((jioj2) o jzNL(Pr,$1) # 0. By Theorem 2.8 (i) [5], L(PT,f1)
is an HBCKI of H. By hypothesis and Theorem 3.5 (ii) [5], we have (j1 o j2) o j3 < L(Ur,f1).
Moreover, for all 4" € jp o0 j3, Ur(u) < supd€j20j3{1ﬁT(d)} < f1 implies jpo j3 € L({r,f1). Since
L(¢r,£) is a PIBCKI of type-2, we have jj o j3 € L({r,f1). This implies for all o' € jj o js,
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Pr(v) < f = max{infce(jlojz)o]»s{@T(c)}, supdehojs{vﬁT(d)}}. Thus T is an IVIFPIHBCKI of type-2.
Similarly, we can prove for type-3.

(iv) Suppose T = (¢r, Pr) is an IVIFPIHBCKI of type-4 and IVIF-closed. Let si,f € D[0,1]. Let
j1,J2,j3 € H be such that (j1 0 jp) o j3 C U((f)T,s]) and jp o0 j3 < U(qBT, $1). Thenr e U(qBT, $1), for
all7 € (j1 0 j2) o jzand for all t € j, o js, there exists p € U(¢r, $1) such that t < p. Since ¢r is fuzzy
closed, we have ¢r(t) > dr(p) = §1, forall t € jp 0 j3, s0 suptejzojs{(f)T(t)} > §1. Since a € U(dr, $1),
for all r € (jy o j2) o j3, we have ¢r(r) > §1, for all 7 € (j1 o jp) o j3. Therefore, inf,e(jlojz)ojS{qf)T(r)} >
§1. Thus for all u € jj 0 j3,¢r(u) > min{infrg(]-]ojz)oj3{q3T(r)}, supt€j20j3{(13T(t)}} > §1. Therefore,
j1ojs € U(¢r,$1). Let ji, jo, j3 € H be such that (j; 0 j2) o js € L(1,f1) and ja o j3 < L(Yr, ).
Then | € L(¢{r,f1), for all | € (j; 0 j2) o j3 and for all m € j, o j3, there exists g € L({r,f1) such
that m < gq. Since {r is anti-fuzzy closed, we have Jr(m) < Pr(q) < £, for all m € jao j3,
s0 infyej,ojs{(Pr(m)} < f. Since I € L(¢r,f), for all I € (j1 0 j2) o j3, we have ¢r(l) < £,
for all I € (j; o j2)oj3. Therefore, suple(jlojz)oja{lh(l)} < f1. Thus for all v € jj 03, Pr(v) <
max{suple(jlojz)oj3{&T(l)},infmejzob{lﬁT(m)}} < f;. Therefore, j; o j3 € L({,$1). Thus U(dr,$1) and
L(¢r,s1) are PIHBCKISs of type-4, for all s € D0, 1].

(v) Let for all s € D[0,1],U(dr,$1) # O # L(Pr,$1) are reflexive PIHBCKIs of type-4. Let
j1,j2, j3 € Hand put 5§ = min{infre(hojz)oj3{qBT(r)}, supte]-2o]-3{q~bT(t)}}. Then infre(jloj2)0j3{(]~bT(r)} >
and
suptejzojs{gf)T(t)} > §1. Hence, ¢r(r) > §1, forall 7 € (ji o jo) o j3 and so (j1 0 j2) o j3 € U(Pr,s1).
Moreover, since qf)T satisfies the sup property, there exists by € U({DT, §1) such that qf)T(bo) =
suptejzojs{gf)T(t)} > 1 and so ¢r(by) > §1. This is, by € U(Pr,$1). Hence, (j2 0 j3) N U(Pr,$1) # 0.
Since U(¢r, s1) is a PIBCKI of type-4 and hence type-1 by Theorem 2.7 [5], then by Theorem 2.8
(ii) [5], we have U((f)T, s1) is a weak HBCKI of H. Also, since (f)T is fuzzy closed, we have U((f)T, $1)
is closed and so by Lemma 2.3 (iv) [5], U(¢r, $1) is an HBCKI of H. Now, U(¢r, $1) is a reflexive
HBCKI of H and (jz o j3) N U(¢Pr,$1) # 0, s0 jo o js < U(¢pr,$1) by Theorem 3.5 (ii) [5]. Since
U(¢r, $1) is a PIHBCKI of type-4, we have jj o j3 € U(¢r, s1). Hence, forall u € jj o ja, Pr(u) > 5 =
min{inf,e(]-lojz)ojS{@T(r)}, suptejzojS{(]ST(t)}}. Put f; = max{suple(jlojz)ojs{tﬁT(l)}, infye jyoi, (7 (m)}).
Then suple(jloh)ojs{gﬂT(l)} < f1 and infyejpoj, {7 (m)} < f1. Hence, Pr(I) < f1, foralll € (jioj2) 0 j3
andso ((j10j2) © j3) € L(Yr, f1). Moreover, since Y satisfies inf property, there exists dy € L({, f1)
such that r(dy) = infsejpo;,{r(d)} < f1 and so Pr(dy) < f1. That is, dy € L({r,f1). Hence,
(j2oja) NL(¢r,f1) # 0. Since L({r,f1) is a PIHBCKI of type-4 and hence of type-1 by Theorem
2.7 [5], then by Theorem 2.8 [5], we have L({, f;) isa WHBCKI of H. Also, since {7 is anti-fuzzy
closed, we have L({, 1) is closed and so by Lemma 2.3 (iv) [5], L({1, f1) is an HBCKI of H. Now,
L({r,f) is a reflexive HBCKI of H and (j2 o j3) N L(Y,£1) # @ imply that j, o j3 < L({,£1), so
j10j3 CL(Pr,f1). Hence, forallt € jioj3, ¥r(t) < f = max{supce(ho]-z)ojs{I]DT(C)}, infye jyoj, {Pr(d)}}.
Thus T is an IVIFPIHBCKI of type-4. m|
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Corollary 4.1. Let T = (¢r, 1) be an IVIFS of H which satisfies the sup-inf property and for all
§1,f1 € D[0,1], U(pr, $1) # 0 # L(Pr, f1) are reflexive. Then T = (¢pr, ) is an IVIFPIHBCKI of type-2
if and only if it is an IVIFPIHBCKI of type-3.

Proof. Assume that T = (¢r, ¥r) is an IVIFPIHBCKI of type-2. Then by Theorem 4.1 (i), U(¢r, $1)
and L(¢r, f;) are PIHBCKIs of type-2 and hence type-3. Hence, by Theorem 4.1 (iii), T = (¢r, ¥r)
is an IVIFPIBCKI of type-3.

The converse follows from Theorem 3.3 (i) [14]. O

Theorem 4.2. Let H be a PIHBCKA. Then the following statements are equivalent:
(i) T = (¢r,r) is an IVIFWHBCKI of H,
(i) T = (¢, ¥r) is an IVIFPIHBCKI of type-1.

Proof. (i) = (ii) Assume T = (¢, ¥r) is an IVIFWHBCKI of H. For all s1,£ € D[0,1], U(¢r, $1) #
0 # L(Yr,f1). Letj1, j2, j3 € Hbesuchthat jy 0 jp C U((]BT, s1)and j, € U(qBT, s1). Thenr € LI(qBT, 1),
for all ¥ € ji 0 jo and jo € U(¢r,$1), so Gr(r) > &1, for all r € j; o j» and Pr(ja) > §1 imply that
infreji0j, {Pr(r)} > s1 and @r(j2) > si. Thus ¢r(j1) > min{infrej,oj,{Qr(r)}, Pr(j2)} > $i, imply
j1 € U(Pr,$1). Let j1, jo, js € Hbe such that jy o jo € L(Yr,f1) and jo € L(¢r, f1). Then t € L(Yr, f1),
forall t € jioj, and jo € L(Yr,£1), so ¥r(t) < f1, for all t € j; o jp and Pr(j2) < f;. Thus
suptehojz{tﬁT(t)} < f; and ¥7(j2) < f1. Thus Pr(t) < max{suptejlojz{lh(t)},lﬁT(jz)} < f1, imply
j1 € L({r, f1). Thus L(¢r, f1) and U(¢Pr, §1) are WHBCKIs of H, for all §, f; € D[0, 1]. By hypothesis
and Theorem 2.8 (iii) [5], U(¢r, $1) and L(¢rr, f;) are PIHBCKIs of type-1, for all §1,£; € D[0,1]. By
Theorem 4.1 (i), we have T is an IVIFPIHBCKI of type-1.

(ii) = (i) The proof follows from Theorem 3.6 (i) [14]. O

Theorem 4.3. Let H be a PIHBCKA and T = (¢r, 1) be an IVIFS of H which satisfies the sup-inf
property and for all s1,£ € D[0,1], U(¢r,$1) # 0 # L(¢r, 1) are reflexive. If T is an IVIFHBCKI of H,
then T an IVIFPIHBCKI of type-2 (type-3).

Proof. Assume T = (¢, ¢r) is an IVIFHBCKI of H. By Theorem 3.1 (i), for all s, € D[0,1],
U(¢r,s1) # 0 # L({Pr, f1) are HBCKIs of H. By Theorem 2.8 (iii) [5], for all s1, £ € D[0, 1], U(¢r,$1) #
0 # L(yr,f1) are PIHBCKIs of type-2. By Theorem 2.7 [5], for all §1,f; € D[0,1], U(¢pr,81) # 0 #
L(l/;T, f1) are PIHBCKIs of type-3. By Theorem 4.1 (iii), we have T is an IIVIFPIHBCKI of type-2
(type-3). m]
Theorem 4.4. Every IVIFPIHBCKI of type-2 is an IVIFHBCKI of H.

Proof. The proof is straightforward. m]

5. CoNCLUSION

In this paper, we presented hyper BCK-ideals positive implicative hyper BCK-ideals of types-
1,2,3,4 of hyper BCK-algebras under an interval-valued intuitionistic fuzzy environment. The

connection between these ideas and their relevant characteristics is discussed.
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