Int. J. Anal. Appl. (2025), 23:16

Jonry
and Application:

International Journal of Analysis and Applications

Estimation of Parameters of Lomax Exponential Distribution
Nayabuddin*

Department of Public Health, College of Nursing and Health Sciences, Jazan University, KSA

*Corresponding author: nhanif@jazanu.edu.sa

ABSTRACT. The concept of p-th upper record value was introduced by Dziubdziela and Kopocinski [5]. Estimation of
the location and scale parameters of the Lomax exponential (LE) distribution are obtained based on generalized record

values. The best linear unbiased methods of estimation are used for this purposes.

1. Introduction

The record values have been effectively applied in numerous real-world scenarios as well
as in scientific domains such as weather, education, economics, sports data, meteorology,
epidemiology, and Olympic and COVID-19 records. Chandler [3] defined record values as a
model of the next extremes in a series of independent, identical random variables.
The literature has reviewed the theory of record values and its distributional features in great
detail. Asgharzed and Abdi [2], Minimal and Thomas [11,12], Khan et al. [7], Khan and Khan [8],
Khan et al. [9], Kumar and Dey [10], Singh et.al [13] are just a few of the authors who have recently
used the idea of "record values" in their writing.

Let W;,W, ... to an independent and identically sequence of random variables (rv) with a
continuous distribution function F (W) and probability distribution function ( pdf ) f(w) over

the support (—oo, ) . Denote the p-th upper record times by Ul(p) =land a>1
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ulp = min{J >UP:w

atl = >WU a=12,...

jij+p IOF Uép)+p+1}’

The sequence {Va(p) ,a>1}, where Va( P) =W, (» is called the sequence of generalized upper

values (p-th upper record values) of {W, ,a>1}. Note that for p =1, we have V) =W, a>1,

a,

which are record values of {W, ,a>1} as define in Ahsanullah [1].

The marginal densities of VP and joint marginal densities of VP and VP are given by

(Dziubdziela and Kopocionski [5], Grudziaen [6]):

a

fym W) = (ap_l)![R(w)]a‘l[l—F(w)]p‘lf(w)
(1.1)
and
p° ab
be(p),V;p) (w,v) = (b_l)!(a_b_l)![R(V)—R(w)] bt
x[RW) P rwl-FW]PLf(v), w<v (1.2)

where R(W)=—1In[1-F(w)], I nis the natural logarithm and r(w) = di R(w)
\W

The joint density of the p-th upper record values, V,? ,\V{")| .. V(") is given below as

n (V) p-1
fv1<P),v2<P>,,.,\/a<p>(Vl’VZ’""Va) =p li;[m(l—':(va)) f(va),

(1.3)

The pdf and cdf of the Lomax-G family for any continuous probability distribution are as follows
(Cordeiro et al. [4] )

i(w)

— 204 0
f(w) =18%1(w) L 1w —logf— 1w’ O<w<o,4,8>0 (1.4)
and it cdf is given by
_ IB 4
F(w) = 1_(ﬁ—log[1—l(w)]J , O<w<ow, A,8>0 (1.5)

where S > 0is a scale parameter, A >0 is a shape parameter respectively.

In this paper, we have considered LE distribution with pdf
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—(A+1)
f(w):£(1+w_aj , O<w<owo, ,4>0 (1.6)
s s
and corresponding df
-2
F(W):l—(l+w_aj , 0<w<ow, 8,4>0 1.7)

The precise expressions for the mean, variance, and covariance of record statistics obtained from
the LE distribution are presented in this study. Additionally, these results are used to derive their

BLUEs and maximum likelihood estimates of the parameters.

2. Single Moments

Theorem 2.1: Fix a positive integer, p 21 and o >1.

EV) =a+ SR -1) (2.1)

Where W, = [/1/; P J

Proof: It can easily be shown, on using (1.6), (1.7) and (1.1), that

E(V ) — (Ap)* = in1 W= ad ) Wea *(ﬂp+1)d
(Va )_m‘[aw n| 1+ ﬂ +7 W

In (1+W,;aJ:t

E(V.P) = —((2 f’)l;j;”[(a - p)+ pe't* e APt

Set,

after simplification, we get the result.

3. Product Moments:

Theorem 3.1: For 1<b<a-2

EVyVSP) = (a=B)? + Bla— B)WE + Bla— AW + AN Wy (CRY
Where W, :( AP j
Ap-2

Proof: It can easily be shown, on using (1.6), (1.7) and (1.2), that
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(P (P — (4p) o w-a\|" w-a)’
F )‘ﬂZ(b—l)!(a—b—l)!LW{'n(1+ s H 20252

Where

a-b-1 -Ap-1
1(w) :j:y[l n(1+ y;}“j—l n(1+ W;“ﬂ (1+ y;}“] dy

Set,
In(1+ y—aj_l n(1+w_aj:t
B B

after simplification, we get

([, w-a) @-p) ( s
'(W)_(“ s J R

We obtain the outcome by substituting the value of 1(w) in (3.2) and simplifying.

4. Estimation of the Parameters « and £ When Shape Parameter A is Known
In view of (2.1), we have
E(V,P) = a+p W -1)
In the same way, you can get
E(V:P) = (a=p)" +2p(a—B)W + WS
4.1)
Hence,
Variance (V{”) = p2W2 -W,*?)
In view of (3.1), we have
BV VAP) = (= B)° + Bla— AW + Blo— AW + BN T
In view of (3.1) and (2.1), we get
Cov (Vb(P)Va(IO)) — E(Vb(p)Va(p)) _ E(Vb(p))E(Va(p)),
we get

Cov (V{"NV{P) = W, Cov(V{PNV{?),a>b

(3.2)

(4.2)

(4.3)
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By employing it recursively, it can be achieved to confirm that
Cov (V{PVPy =W var(V{P), a>b
Let us consider the following transformation

Zl(p) :Vl(p)

i-1
2
z;m:(ij {vﬁm—wlvﬁg’)m)’lv—l} ,  i=23..a
) p

Then, applying (2.1), we get
W,
EZM)=a+p—1
(2:7) B .
1

i-1
2 W )
E(ZzM)=| — -1 =23,...,a
(Z%) (W2] ﬁﬂp [

Similarly, on using (4.2), we obtain

2
Val’(Zi(p))zﬁsz(ﬂﬂlpj , 1=23,...,a

Cov(z{P,Z{M) =0, i#j,1<i<j<a

Let Z'=(Z,z5M,.....,Z{" ). Then
E(Z)=B@
where
1 W,
Ap
1
0 1w
W, ) Ap
b |
W, J1p B
a-1
0 12w
W,) 4p
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The best linear unbiased estimates ¢, ﬁA' of & and f, respectively, based on Vl( P) ,V2( P) . .,Va( P)

are given by

.~ (a 1
= .|=(B'B)"B'Z (4.10)
B
We have
1 W
(B'B)= A
W
Ap
where
W, O\ A 1\
S=(—1j 14| 2P| =
AP 2W, W,
Now
S W
(B'B)_lzz(/’lp W2 /Ip

2 a-1 W.
W) [1(1j ]71 !
W, P

Substituting for (B'B) ™ in (4.10) and simplifying the resulting expression, we obtain
520D W,

W) [1[ 1 J
W2

&)
© BRE

which on further simplification gives

N
VR
Z|r
N—
/%\
Z|~
N—
|
N
_~
=

. W, 4
azzfp>—7;ﬁ
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and
5_2(4p) W,
/ (VV1)2 1 a-t
a5
WZ
1 al
x(%j R SO TN B DY O N B 3 I ()
PJ\w, ) 72w, )70 W, :
Hence,
o (W] 2w Y
Y = Wy ol | 2
Var (a) =p°W, (,wj 1+ﬂp{l (sz } (4.11)
Var (3) _28 W) 1—(i]a_l i (4.12)
(4p) W,
and
w el ()]
5 B =— 2 gAYV || 2
Cov (4, ) = 2/3w1( 4pj {1 (sz ] w13)

The generalized variance > of ¢ and B (i =Var(é) Var(B) — (Cov(a, B)?) is

W, Dl
2w (5 ]

The coefficients for BLUE of the location and scale parameter of LE distribution based on record
values have been obtained but not presented here.
On considering the two p —th upper record values V" and VP (s > r) it follows from (2.1) and

(4.6) that the best linear unbiased estimates of @ and f based on these two p —threcord values

are given by

o =2 —[W)" -1 5

S—r
ﬁ* (\NZ) 2 Z(p)

L) -1
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* *
The variance and covariance of ¢ and [ are

Var(a') = % [W,)" —W)* T [L+W,)* "] (4.14)
o B IW,)T — (W) T TW,)
V = 4.15
ar(g) (WD) 1 (4.15)
and
s B Wo) " TW,)" — (Wy)*']
C , =— 4.16
ov(a,p) (W) 1] (4.16)

It can be shown that the generalized variance Z* of @ and ﬁ*
(X" =Var(a) Var(8") - (Cov(a’, 5)?)

> B W,) " TW,)" — (W)*']
[Wy)" —19°

is minimum when s=a and r =1. Hence the best linear unbiased estimates of & and f based

on two p—threcord values are

a=2" —Xv—l B
a-1
7 ip(‘\’xlzl) w0
Also
Var(@) = 2 W, —(W,)* T+ (W,)* ] (4.17)
Var(B)= p [W j W, — (W,)*TW,)** (4.18)
1
Cov (a, ﬂ)— - B ( J (W,) *~ l[Wz (Wl) ] (4.19)
_Var(a) _Var(B) _Var(4, )
€= — ==,

Var(a)’ ®2 Var(B) var(a, )

Thus the generalized variance 2 of & and 5 is

>= ﬂ[ j(Wz)al[Wz Wy)]

1
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Further, it can be seen that €1, = €.

5. Unbiased Estimates of A When ¢ and [ are Known

In view of (1.3), (1.6) and (1.7), the likelihood function of LED is given as
a a1 -1 —(4 p+l)
V:— V. —
L:(Bj 2 H(1+ | “J (1+ 2 “j ,
B i1 B B

logL =alog A+logC—(Ap+1)log [1+ Va;aj

Hence

where

a a-1 Vi -1
B) 4 B
The maximum likelihood estimates of A is

a

V.—
| 1+-28
pog(+ ﬁj

a-1 /1a

. a-1 —Ap+A
ey =22 2 [/1 |og(1+"‘—“ﬂ [1+V‘—“)
(a-1)! Ja Iog{l v—aj B B
s

A=

Further,

—+

a1
xi[l+ v—aj dv
B B

_ (ﬂ/a()a (_ﬁf))la_l J': t a—Ze—(ﬁ p)t dt

E(1) =

~ *xk
Note that A~ is a biased estimator for A . The unbiased estimator A for A 1is given by

;t**:a—lfz a-1

V,—a
log| 1+ -2
e

and it can easily be verified that
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2
Var(£") = A
a

, a>?2
-2
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