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Abstract. This study investigates a novel type of nonlocal boundary value problem with multipoint-integral boundaries
and multi-term delay Caputo fractional differential equations (¥ 9D&). The provided problem is turned into an analogous
fixed-point problem using fixed-point (¥ ) theory tools. Additionally, discussing about stability, in Ulam-Hyers-Rassias
(UHR), Ulam-Hyers (UH), generalized Ulam-Hyers-Rassias (GUHR) and generalized Ulam-Hyers (GUH) stability,
for finding the problem. Based on our obtained results we given some examples. As of our obtained results are very

useful to multi-term caputo ¥ DE related to hydrodynamics.

1. INTRODUCTION

Due to its various applications in the natural and social sciences, fractional calculus has been
thoroughly studied during the last several decades [1,2]. Unlike the corresponding classical integer
order operators, the fractional order operators are nonlocal, which means that mathematical models
based on them provide more light on the features of the phenomenon being studied.

This includes examples on relaxation filtration processes [3], zooplanktonphytoplankton system
[4], epithelial cells [5], fractional kinetics [6], neural networks [7], chaos blood flow in small-lumen
arterial vessels [8], synchronization [9], etc. We recommend the reader to [10] for basic information
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on the topic, and a recent monograph [11] contains some recent papers on nonlocal nonlinear
fractional order boundary value problem. [12-16] contains some intriguing findings on boundary-
value problem involving inclusions, systems of such equations, and multi-term ¥ D& and as well
as equipped with various types of boundary conditions. Recent research on multi-term #DE
include [17-20]. Research on ¥ D& with delay has increased significantly [21-23]. Equations are
important for understanding the history of a phenomenon [24]. Many academics are interested in
examining the stability features of ¥ DE (e.g., [25-31]).

This study explores a novel type of boundary value equation using multi-term caputo ¥ DE and
nonlocal multipoint-integral boundaries. We investigate the existence conditions for solutions as

follows:

L VRDP(N) = (N, 4(N), d(@)) + [ SEIEAEAE) 47
@€ (¥-1,%),1#1,0<@;,¢ <1,8€e0,1],
1(0) = o, (0) =0,k =1,2,3,--- ,¥-2,

i(1) = v ) 4(s)ds— £h_ hyii(m,), do, 0,71, € R, 1y € (0,1),

(1.1)

where RD? be the Caputo fractional derivative of order @;, @ € (0,1), vy € R(denotes set of all real number),
i€f1,2,---,%,and ii: [0,1] x R X R — R is continuous.

This study aims to find a more generic solution by using the fractional integral operator of order
@ instead of @1, in [32] (further, more in Lemma 2.3). In [32] the authors used the multipoint
boundary conditions from that we examine multipoint-integral boundary conditions. All of this
conditions characterize the boundary response, eliminating multipoint locations at 77,, 0 = 1,--- 7.
They provide insight into fractional boundary-value problem for multi-term caputo ¥ DE. As
previously mentioned, differential equations with multiple fractional-order differential operators
are a fascinating field of study. Examples of these equations include the Bagley-Torvik equation
[33], which models the motion of a rigid plate submerged in a Newtonian fluid, and the fractional
calculus Basset equation [34], which expands on the Basset equation. It is essential to note that
the outcomes related to exclusively integral boundary conditions are a particular case (see the
conclusions section for an explanation). Using the instruments of fixed-point theory is one of the
helpful methods to derive the existence theory for initial and boundary-value problem. Using this
approach, we formulate the existence theory for the given equation (1.1).

The structure of this paper is as follows. Section 2 comprises the introductory information
pertaining to our research. Section 3 presents the key findings, which are based on the Banach
contraction mapping principle and the nonlinear alternative of Leray-Schauder theorem (LS7).
In Section 4, the stability of solutions to the equation (1.1) is examined, and in Section 5, examples
are produced to show the findings gained. In Section 6, we conclude with a few noteworthy points.

2. PRELIMINARIES

This section contains preliminary material relevant to our core study. We can start this subject

with some fundamental notions in fractional calculus.
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Definition 2.1. [10] Assume that the Riemann-Liouville fractional integral I Zj of order ¢ € R(¢p > 0)

and let v be a locally integrable real-valued function on —co <h < N < f < 400 such that:

v(p)
(N—p)i-?

N
10(8) = (v K) () = [ o 4,

where Ky = ?(—(5 and Euler gamma function is T'.

Definition 2.2. [10] Let the map v: [h,00) — R be (¥ — 1)-times the continuous differentiable function
and the Caputo derivative of fractional order ¢ such that:

N v®(p)
R P o v v oy
DN = || g e 1 <9 SRl

where [¢] be intger part of the real number ¢.

Lemma 2.1. [10] For ¢, ® € (0,1]. Then we have

o1 o) o
I(s—2)"" = F(@+¢)<5_Z)¢ !
@Z’(s_z)w—l _ 1“(1;)(—?)@(5_ v)¢)—m—1.

Lemma 2.2. [10] Let ¥ —1 < ¢ < X, the fractional differential equation’s general solution *D?v(R) =
0,N ¢ [fz,f], such that

v(R) =Ry + Ri(N—D) + Ro(N=F)2 + -+ + Re_g (N =)™,

where R; € R,i=0,1,---,%—1. Furthermore,
-1
TORDIP(R) = v(R) + Y Ri(N =)',
i=0
In the upcoming analysis, the lemma that follows which relates to the linear form of the equation
(1.1) will be crucial. Because of this conclusion, we may solve the nonlinear problem (1.1) and
analyze the existence and uniqueness of its solutions by first turning it into an analogous fixed-

point problem.

Lemma 2.3. Assume ij € A([0,1],R). Then, the equation is provided by

- ; S(N-2)0Tp(z)
ve RDPi3(R) = —_—dz
Y ova) =)+ [ S

@€ (¥-1,¥%,0<@,p<1,i€{l,2,--- ¥,i+1,v,e RNe[0,1],
7

1
1(0) = do, ™) (0) =0,k =1,2,3,--- ,%¥—2,d(1) = Ef d(s)ds— Y hyi(m,), 2.1)
0
0=1
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is given by
X—1 7
TN ok [ﬁo(l;_l _ZE") 7(2)dds

)4 =
; -

e d3d

el M S O

X Vs I; flfs .

- Ve s — 2)2 011 (%) dxds
; ve I(@r —@;) Jo Jo ( ) T(2)
1=11#1
r h@ fng @—1

B —2)O 7 y(2)dz
Z‘;vrr(@) (M=)

93 [ imempeociyes

1238 QD—FCDT) 0
1‘; L £; " O7— —0—1x/x

" h@yz; Vr r<fDr—(D;)f(; (10— 2) d(2)dz

=1 i=1i#x
1 1

- T _~ (Dz—lv ~ v

Vel (@) fo (1-2)* "y (2)dz
1 1
- 1 $)o+oc1y 5 33
vl (¢ + @) fo( ?) y(2)dz
Iy 1 1
4 — | -2y (2)dz
1=1,1#1
1 (S-zet

+V_Tf0 Wy(z)dz
1 (S (R-z)roly(z)

Ve Jo I'(¢p+ @)
X N

- i 1 X\ D7 —® 1w/~
Zv. Ve F(CD —LDV)L (N Z) a(Z)dZ,
1=1,1#1

where
b &,
y1=1- F + h@ni‘_l
=1

Proof. Both sides, we take fractional integral operator of order @, in (2.1), we get

(Dfl

A(R) =61 + EN+ -+ ENT+ —f

1 (N (R-z)0rorly(z) | N
+ — dz - —Z—f N -2 @ 15(%)dz,
o) L 7y N

(2.2)

(2.3)

(2.4)
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where &1, &, - - - , Ey are undefined constants. Using (2.4) and the condition 4(0) = dp and 4 (k) (0) =
0,k=1,2,3,---,% =2, Our findings indicate that & = dp and &; = 0 for i=2,---,(¥=1). Thus,

A(R) =do + ENTT —f —y(é)di

1S R-geer y(z)
vV Jo ['(¢+ @)

y N
_ Z 2;1) fo (R =)o@ (%) dz. (2.5)

Ve (@7 — @3

dz

Applying (2.5) with the condition (1) = b fol d(s)ds — 22:1 hyi(1,), we find that

8,?:7%|d0(5—1— fl ) ff “Ly(2)dzds
p

_Z ) ff L (2)dzds

- fl@ " -1
- — )0 1y5) g3
;ww fO (my=2)° g(2)d

1 ! D\ @r=1% (2 7%
_—VTF((DT) j(; (1-2) y(2)dz

1 1
_ 1 — 5\6+01505\ g3
e fo (1- 20 oy (x)az
X Py 1 1 .,
i 1—5)@ol5(5)42 |
+ ;& e —(D;)L( Z) d(2)dz
1=1,1#7

where 1 is defined in (2.3). Substitute &y in (2.5) which yields (2.2). This concludes the proof. O

Theorem 2.1. [35] Let R be a non-void convex subset of U and U be a Banach space. Let T: N — R be
a continuous and compact operator and N be a non-void open subset of Rat 0 € N . Then, T has FP or
we can find that & € IN such that & = A T(&) at A, € (0,1).
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3. MAIN RESULTS

Using the standard fixed-point theory tools, we prove the existence and uniqueness findings for
the equation (1.1) in this section. First, let’s convert the (1.1) problem into a ¥ problem:

Ti(N) = #(N),

where T: A([0,1],R) —> A([0,1],R) is the fixed operator described as
X-1 ¥ 5
1 [do(b —1- Zh@)
f f Tz (2), y(@z))dzds
2)rO (2, §(2), y(wz))dzd
VT ¢+CDT f f U(z,¥(2), y(wz))dzds

) Z o f f £) (%) dxds

;lelv'#:"[

Y f“"
- - T
o vI'(@7) Jo

Ta(N) =do +

~—~
)
|
N
S~—
]
~
—
=«
—~
D
<«
~—~
D¢
:—/
<
—~
&
I\
N—
N—
[
N

vt Jo T(qb + @)
vy 1 N -
B T A~ —\00 =152\ 3. 1
V’—;e v T(@r — @) fo‘ (N-2) a(2)dz (3.1)

A([0,1],R) = {flf: [0,1] = R is continuous} is a Banach space with the norm ||| = sup{ld(N)|,N €
(0,1)}.
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We require the following hypotheses in the sequel.
(A1) Themap #i: [0,1] X R X R > R is continuous.
(A2) Forevery N € [0,1] and dy,d2, i1, 2 € R, we can find L, £ > 0 such that

[i1(N, dy, d2) — iL(N, 1, §2)1 < Lalldy = Jall + Lollda = Boll.
(A3) |it(z,d(2),d(wz2))| < [Pa(N)] for all (N, dq,d2) € [0,1] x R X R, where ¢; € A([0,1], RT).

(A4) C € A(]0,1],R") be a non-decreasing function, we can find a positive constant § such that

T9C(8) = §C(R) and T+@C(8) = (§ + 1)C(8) VN € [0, 1].

In our first finding, we use the Banach fixed-point theorem to demonstrate the existence of a unique

solution to the problem (1.1).

Theorem 3.1. Let us assume (A1)-(A2) are fulfilled, then there is only one solution to the problem: (1.1)

on [0,1], given 6 < 1, where

_ 1 L3 ( 14
Dl eIl (@ + 1)\ (0 +1)

.
+ ) gl 41+ mm@)
=1

s L ( b
Vil vl (¢ + @ + 1)\ (¢ + @ + 1)

7o X
[l v D0
+ ) — T,
Z |7/1| Z |VT|F(CDT_(D{+1) e

7
+ ) el 1 |y1|><¢+@)
o=1

o=1 =1t
[vil ( 1 1| )
+ + + RO
1;; vl (@7 —@; +1)\Iy1l ~ Iyil(@r —@; + 1)

Proof. Define T: A([0,1],R) — A([0,1],R) is given by (3.1). Let dy,d, € A([0,1],R). Then,
1T (R) = Ta (Nl
< sup {INHI[ |bl f f Qi (2,81 (2), 81 (P2)) — 112, da (%), da (Z) ) |dZds
|V1| |VT|F CDT

Ne[0,1]

T <|pb|+@ f f )02, 0y (2), 0 () — (2, o (2), B (¢2) ) d2ds

N | ; fﬂg(ng_5)®1—1|g(2~,ﬁ1(2),ﬁ1(¢2)) — (%, d2(2), d2(P2) )1dZ
. 0

— IVT|T<@I
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vyl Tte S VPN
+Z|h@| Z [Vl (@, — @y) f (11— 2) ety (2) — dhp (2) 12

i=1,1#1

v !
1 X @7_@;_1 XX\ x [y ~
+ E BT ) f (1-2) |d1(2) — dp(2)ld2

i=1,1#1

vAl1B] Jor-ar
! iy (2)|dzd
" Z |VT|F (DT—(D f f |a1( ) ﬂ2(2)| >ds

* |VT|r1(@T) fo (N =2)®Nit(2,01(2), 01 (92)) — i1(Z, 02 (2), 42 ($Z) )12

' ||F(<¢>;+w) [ 5=zt ), m09) -1 m(e) w62

vy N
+ Z IVTIF| |_®)f (N_z)wT_(D7_1|ﬁ1(f)—dz(i)|dz}

i=1,1#1

Using (A2) in the above inequality with £3 = £; + £,, we obtain

1T (R) = T (N

1 |b| 1
<|ld1 = do| su { [ f f 2)2 dxds
SN U A N )

b f f -
+L3— Pl T+ o0 dzds

! I, ot e
+;L3—IVTIF(@T)£ (my,—2) dz

I, Tte
—x)Pto-lgy
+Z£3| T|T(P+(DT)I (m,—2) z

P f 1(1 By R N f 1(1 — )Pty
|VT|F((D’[) | Tlr((P + (DT) 0

+Z |h@| Z v T|I* —cD) f (T‘@_i)mz_wrldf

i= 11;&
+ Z i f l(1_ s)or-ai1 g3
IVT|F _CD)
= 11;6
X [v:11B] B
=@-1g34
+ Z |VT|F (DI_(D ff 205

+—£3 f Rogolgry 2 f R(N—z)‘?*@”ldz
IVT|r<CDI) 0 |VTIF(¢)+CDT) 0
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|VV N M\ D —@:—1 3y
+ Z |VT|F _@)f (N-2) dz

i=1,i#

~¢

< |ld1 -

1 L3 ( 1Bl L )
‘ + Y Nl +1+
2”[|7/1||VTIT(@T+1) (@0: +1) IholTey 1l

=1

)
<

v

.
+ Y (Rl 1+ |y1|)
=1

n L L3 ( |b|
il vl (¢ + @ +1)\ (¢ + @ +1)

P ¥

|hg| il @—@;

+ ) — T,
Z“I)/llvz‘ Vel (@ —@;+1) ¢

o=1 i=1,i#1

v ( 1 1b] )]
+ — +1
Z VeIl (@7 =@y + 1)\ Iyl Iyil(@c —@; +1)

i=1,i#1

=0|ldy — da|l,

where (3.2) provides the value of 6. We prove T is a contraction given the specified condition, i.e.,
0 < 1. Thus, by the Banach contraction mapping principle’s end, the equation (1.1) on [0, 1] has a
unique solution. ]

The following theorem is based on the nonlinear alternative of £S7 [35].
Theorem 3.2. Let us assume (A1) and (A3) hold, then we can find at least one solution to (1.1) on [0, 1].

Proof. Letrg € R™. Consider a set A = {id € A([0,1],R): [ld]| < ro}. There will be several stages to
finish the proof.
(1) We state that T is uniformly bounded. Let & € A([0,1], R). Defined by

e .
- ao(b—l—Zhg)

1Tl <ldol + |—[
=

IvTILblcaT f f 2) O Yii(2, 6(2), d(@z))|dzds
I f f 2P+l (5, 4(%), 3(w2) ) d2ds
|VT|F (¢ + @q)
4 Z |VV f f mT @z 1|a( )|d2d5
|VT|F = @)
n f ﬂfﬂg(n - 2)®Man(2, a4(2), d(dZ) ) dz
Sivl(a0) Jo - °

# v
|hQ| e ¥ =Ly X2\ (7 4
* Lo o) [ tm= 2yt e az) e oz
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o=1 i=1,i#1
1 1 .
s | (1= 2) (2, 6(2), a(wz) ) dz
VeIl (@) fo (1-2) (Z,d(2),4(wz))
1 1
+|vT|r<q>—+caT> f (1-2)? o Nin(z, a(2), d(wz))ldz
1
+ 1 — )@= @-115(3 d2:|
Z‘ |VTIF T(@: - ;) L( ) i (2)]
(g J, o2
TP\ el (@) f (N=2)7in(Z, ﬁ(f),ﬁ(wz))uz}
s \veT(@0) Jo
sefo1) (vl (¢ +@7) Jo
Re[0,1] = Vel T'(@r — @5) Jo . )

Consider the set A and assume that (A3), (3.3) has follows:

y 1] (- . b
1l < |+—[a (b—l— 7 ) iy v||[—
0 Il 0 Z‘ ¢ Yu [ve|T (@ +2)
; i i
+ | | ®T+Z 4 n(é)ﬂDT
|VT|T(¢+®T —|—2 |VT|F CDT + 1 |VT|r ¢)+CDT + 1)

1 1 1
+ + + +
IVT||7/1|F(CDT +1) |VT||71|F((P+(DT+1> |VTIF(CDT +1) |VT|F(¢+CDT +1)”

X y 7 X

|VZ| |b| ~ |V{| 1 D=3

T + ), hl T,
0[ L velyrl T(@c - @; +2) ; @;Z velyrl T(@r —@; +1)

i=1,#7 i

X

v 1 L 1 ]
+ + — .
7_§T|muy1|r< -+ 1) Z Vel T(@, —@; +1)

l_l'[

(2) Now we state that T is continuous. Let us construct a sequence ds € A that converges to
and to prove Teis —> Td(N ) as § = oo. In order to achieve this, we take into account:
. 1 b -1
[Tas — Td| s—[ f f |0(2, dx(2), ds(wzZ
’ |)/1| |V”£|r (DT S( ) s( ))
—1(Z,d(2),d(wz2))|dzds
-~ f f 2O (2, d5(2), ds(Z))

[velT (¢ + @)
— (2, d(2),d(wz))|dzds

+
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11

: | f
+ ) e | (o= DT, ds(2), s (02
PTG £ 00 Jo e (2,85(2), ds(@2))

1 1
= | (1=2)° i, d(2), ds(@E)) — (2, d(2), 4(@z) |z
|vf|r<caT>f0( JO N2, 85(2), d45(@2)) — (2, 4(2), &(02) )|

1 o
+|V|T(qf)—+®)‘f0 (1 =270 Niy(2, d5(2), ds(W2))
—i1(%, (%), d(z))|dz

v L
i Z‘ el T(@r — @) Jo (1=2)7% ay(2) — d(2)ldz

11;& i

—1 N NO=11M(y ¥ (X\ ¥ (v
+ sup {IVTIF(QT)L (N =2) 7 i (Z, ds(2), ds(w0Z))

Ne[0,1]

+ sup { 2 M;IN(N_ZPT—@1|dv(2)—d(2)|d2}
NE[O,l] ; 1 ~ |V"[| ]._‘(LDT - LDZ) 0 S .

=1#7

Thus, we get that according to the Lebesgue dominated convergent theorem as, ||Tds —

Ti|| — 0 as § — oo.
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(38) We establish the bounded set is mapped into equicontinuous functions by p. Let 81 < Ny,
if follows from (A3) that

5 5 |NJ?—1 _ N%—1| 5 7 5
1T (81) = Ta(No)| Slb/—llz[ ao(b -1- Z h@)
o=1
|b] 1
+ ””b””|vT|r(@T +2) + ”‘P””|v1|r(¢ + @7 +2)

X ' 7 v
vl b i
T . . — . T
o —1Z; el T -0, +2) ol @Z{ el (@ +1) ¢

| ¢+
+@c+1) ¢

7 X

¥ [vil 1 Dr—@;

T h _— "

+ Ozl @lv‘Z- el T(@r —@;+1) ¢
0=1 1=1,1#1 !

+ ||z,bf,||; e

v

12 1|
[Vl
[vell(@c + 1) VeIl (¢ + @ + 1)

+ llgpull
X

[vi] 1
o Z Vel T(@c — @ + 1)

i=1,i#1
11, o o wir o
Il oy N8 — (R =87 = KD+ (N2 - R)
1|
+ ||%|||V e f@ ey [NZ’*‘DT — (N = Ry )PFor - NT“DT + (R - N])¢+®T:|
%
il 1 — e e
0 3 e e

le,f;t’c

o)

Clearly, ITE(R) — Ta(R)|| = 0as 8y — Ny.

(4) Now, we claim that we can find an open set U C A([0,1],R) satisfying & # A.T(#(R)) for
A. € (0,1) and i € U. For this, letd € A([0,1],R) be such thatd = A, T(#(X)) for A, € (0,1).
Then, for N € [0, 1], we derive that

A(R)] =L Ta(N))

4
! do(E—l—ZE@)
=1

<|do| + |7_1|

+||1l1a||[ L/ b
Vel (@r +2)  vT(¢p + @7 + 2)
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Z |h£)| 7@
velly1T (@ +1) e

i 410
+ T,
; |VI||71|F(¢+CDT+1) ¢

1
+ +
|VT||71|F(CDT+1) |VT”V1|F(¢+®T +1)
+ L + !
Vel (@r +1)  velT(p+ @7 +1)

X

1 14
4+
OL:; velly1 T'(@r — @; 4 2)

1 D7 —@s
h l T 1
+Z'@' Z |v T (@ - +1) ¢

1=1,i#

i I 1
< el T (@ — @y + 1)

7:1 1#£T

v
* Z Vel T(@ —o+1)] M

i=1,1#1

Set U = {d € A([0,1],R): [ld]] < M+ 1}. Hence, for any A, € (0,1), there is no i € JU satisfying
i = A, TA(R). Therefore, T has at least one ¥ in U. m]

4. STABILITY RESULTS

In this part, we explore the stability criteria, includes UH, GUH , UHR, and GUH Rstability,
equation (1.1).

Definition 4.1. The solution of our considered equation (1.1) is said to be a UH-stable if there exist
constants Ay > 0 and n > 0 which imlies 4 € A([0,1],R) such that:

X N D=1~y Y(x\ Y[ v~
N_ ¢-1 ’ ’
V! Dca;av(x) _ ﬂ(N,d(N),d(sz)) _f ( Z) M(Z ﬂ(Z) a(wz))dZ <n,
! 0

where N €0,1], v;eR, 4.1)

we have that |id — id*| < Arn, where d*(N) is a unique solution of equation (1.1). Additionally, if thre exist a
map x: RT +— R with k(0) = 0 satisfying | — &*| < Arx(n), then the solution d(N) of equation (1.1)
is said to be a GUH -stable.
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Definition 4.2. The solution of our considered equation (1.1) is UHR-stable and p € U be a continuous
function if we can find a constants P, Ay > 0 and n > 0 which implies i € A([0,1], R) such that:

X

VE DPiI(R) = i(R, 4(N), d(0N))

i=1
f" (N =297 101(2,4(2), 8(@))
0 I'(¢)
we have that i — &*| < A (p(N) + ¢)n, where i* € A([0,1],R) is a unique solution.

dz| < (p(N) +¢)n, (4.2)

Definition 4.3. The solution of our considered equation (1.1) is GUHR-stable and p € U be a continuous
function and ¢ be a positive constant, if there exists Ap > 0 is constant which implies i € A([0,1],R) such
that:

42 < p(N) + 1, (4.3)
we have that |i — &*| < Ap(N)n, where id* € A(]0,1],R) is a unique solution.

Remark 4.1. Let i € A([0, 1], R) be the solution of equation (4.1) iff we can find a C € A([0,1],R), depends
on d, satisfying
(1) n>C(N), where N € ]0,1],

(2) TE VR D(N) (N, 4(N), d(@N)) - N ("‘f)(‘b'l‘v‘r(fébi(f)ﬁ(wf))dz ~Z(N) =0.

Remark 4.2. Let d € A([0,1],R) be the solution of equation (4.2) iff we can find a C € A([0,1],R), depends
on d, satisfying
(1) C(N) < p(R)n and T(N)
(2) Ti, vE Da(R) — (N, i

Nel01],
vy N (R=2)071i1(2,4(2),4(02)) ;x .
) d(wR)) — fo T(6) dz—-C(N) =

Remark 4.3. Let d € /A([0,1],R) be the solution of equation (4.3) iff we can find a C € A([0,1],R), depends
on d, satisfying
(1) C(N) <pNR)andp <y, Nel0, ]

(2) B R D(N) = (8 (), a(@N)) - [ Rl - ) = o

Lemma 4.1. Let d € A([0,1],R) be a solution satisfies as follows:

<y
a(

TE VR DPa(N) = (N, a(N), d(@N)) + [ S “5@”;” A2) g5 + ¢(R),

¥—i<@y<¥+1-1, we(0,1),¢€(0,1],v;e RN €e([0,1],

« d?
i(0) = o diﬁg) —0,
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Then, d satisfies the following relation:

lE(R) = Ba(N)| < A,

where

;1 [go(lva -1- Zr: Pvzg)

_,Zl v. T ff ~Li(2)dzds

7 fl@ fng o
- My —2) (%, §(2), §(Z) )dz
;r@ao(@ )iz, 5(2), 5(@2)

1 |;§
i = holmd +1+ )
! y1llvelT (@« —Fl)((@T +1) +Z| ol + Il

! |E| o+ )
+ .0 T+ 1+l 4.4
|)/1||VT|T(<P+®I+1)((¢+@T+1 Z' el il (4.4)
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Proof. Assume thatd € A([0,1],R) then,

H(R) =Ta(R) + x“[ ff £)0-1¢(2)d2ds

V1 CDT
q5+®1 -1
VT (P-HDT ff C(2)dzds

VI’

1
TR Jy 08

1 ! NO+D—1 7\ 1%
v (¢ + @) fo (1-2¢ 1C(Z)dz]

o f s -me
Vel (@2) Jo z 2)ez

l N
- - _ N\Ptoc—1r(x) x5
+ 7T (6 + o0) fo‘ (N-2) C(2)dz

With the use of Remark 4.1 in (4.5) and the computation technique used to validate the findings of

the previous section, we obtain

y 5 1 |b] f f -1
d(N) — Jid(8)] <n su )P dzds
l ( ) < )l nxe[()p”{lyll[hhlr CDT
+—— b f f 2)Ptolgzds
[velT(¢p + @r)
7 |h0| fnl,
+ ) — m, — %) dz
—1 |VT|F(CDT) 0 ( ¢ )
0
+i Lfng(n —z)roclgy
= IVT|r((P +a:) Jo ¢
1 k @r—1
+ — 1-2)°7""dz
BNES fo -2
1 1 P
+—_ 1—2)Pt@c di]
[velT (¢ + @r) ‘fo‘ ( )
1 N .
4 —_— N-—2)% gz
BRES fo ®-2)

1 x
+— N-2 ¢+m7_1di}
|V1|r(¢+(DT> L ( )
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14
@r+1)

H(N) — Ta(R)] < i ( :

4
+ ¥ gy + 1+ |)
allvell (@ +1) QZ{ 0lTto 14!

N Ul ( |b|
yillve (¢ + @ + 1)\ (¢ + @ +1)

#
+ Y Vgt 1+ |y1|). (4.5)
=1

Applying (4.4) in (4.5), we obtian

this completes the proof. m]

Theorem 4.1. Let us assume (A1) and (A4), of equation (1.1) is UH-stable and GUH-stable if 0 < 1,

where 6 value is in (3.2).
Proof. Let us assume i € A([0,1],R) and 4" be a unique solution of equation (1.1), thus

I — &[] = I(R) — 3 (N)I] = [A(N) — TA(N) + Ta(R) - i (N)]
< [14(R) = Fa(R)ll + [1F4(R) - I ()]l

By Lemma 4.1 and Theorem 3.1, along with the computation technique used to generate the results

of the preceding section, allow us to deduce that
[d(R) —d* (R)Il < Arn + Olld — &,

it is also possible to write as

||v ok

1
10"
Let 81 = 1 4, then the solution of the equation (1.1) is UH-stable. Moreover, if we take x (1) = 1,
then the equation (1.1) is GUH-stable. O

Lemma 4.2. Let us assume ((A4)) holds, then any solution i € A([0,1],R) such that

¥ e . o (N=2)P"121(2,4(2) d(DZ)) 5y
Yi v Da(R) = (N, d(N), 8(0R)) + fo T8 dz + C(N),

WN
az—?<ca<x+1—zwe( 1),¢€ ( 1], eR,8€0,1],
@) _

o,
= Ef ( )ds — 22:1 hyi(r,), hy € R, 7, € (0,1),
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satisfies the following relation:

A(N) - Ta(N)] (('E'(‘DT+1>_1+Z§=1 rolrege +1
i — 84 <
1 yilvell (@, + 1)
Bl(@ + @c + 1) + T lholr) ™ + 1)¢+p<x>
b/l”VTlr((f) + (O + 1) |VT|

(24+1)).

Proof. Letd € A(]0,1],R) be a solution of (1.1); then,
Nx 1[

ff %)@ (2)dzds
V1 CDT
c;)-i—caT -1
VT ¢+fDT ff C )dZdS
_ o—1r(y daz
ZVT f "2

‘Z VI ( q>+cm f (mp = 2)P+OlC(2)dz

1 PR
——M@T)fo“ SR

1 ! y =172\ 33
v T(§+ @) fo a-27 1C(z)dz]

1 N
+ f (N —2)°1g(2)az
0

v (@7)

1 N
X ¢+(Dr_1 v v
+ VTF((P + (D’I) L (N Z) C(Z>dz (46)

Vel

With the use of Remark 4.2 and (A4) in (4.6), and the computation technique used to validate the

findings of the previous section, we obtain

li(N) — Ja(R)| <n {Iylll[lvfllrble f f p(2)dzds

bW o
T 0l (6 + @0) f f I @zs
L iyl o PR

R fo (1 - )™ p(2)a2

gl o
Zw IT(p + @) f (mg = 2)?7 O p(2)dz
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1 ol e e
+—IVTIF(cDT)fO(1_Z) 1p(z)dz
1 N

1 N
+—— | (N=2)2lp(2)d2
T fo (N-2)7Tp(2)

1 N b1t
4+ N — )Pt Zd:é}
|VT|F((P+(DT)~IO‘ ( ) P( )
Bl(@c + 1)1 + X0y Wlmg + 1 i

|V1||VI|F(CDT + 1)
Bl(¢p + @0 + 1) + X |fz@|n‘§+‘”1+1¢ i1 ))
Y1l (@ + @ + 1) vl P
((uﬂ(fm + 1)+ X0 hglme +1
= yillvel (@ + 1)

BI(¢ + @c + 1)1+ X0 lrglre) ™ + 1)¢ L o) - 1))
iveT(d + @7 + 1) v T

which is the desired condition. O

(%) — Sa(N) sn(

_l’_
_l’_

Theorem 4.2. If the assumptions (A1), (A2) and (A4) are satisfied, then equation (1.1) is UHR-stable and
GUHR-stable if 0 < 1, where O value is in (3.2).

Proof. Let us assume & € /A([0,1],R) and 4" be a unique solution of equation (1.1), thus
[E(R) =& (R)ll = 11E(R) = T (NIl = ld(N) = Ja(N) + Ja(N) - 3" (N)|
< [ld(N) = Ba(N)Il + 1I3E(R) — Ja" (N)]I.

By Lemma 4.2 and Theorem 3.1 in the above inequality, we get

v

H(R) - (N)] < (ﬂzw L2t

vl

1
p(R) |n + old - &,

where
o Bl(@c + 1)1 + X0y Wglmg + 1
1l (@ + 1)
BI(¢ + @ + 1)+ X7 lhglre) ™ + 1
lyallvell (¢ + @r + 1)

Alternatively, we have

v

24+1
vzl

IE(R) — & (8] < L(ﬂzlp +

<773 p(R) In

Letting 8, = ﬁ max{Ay, %}, the solution of equation (1.1) is LY HR-stable. The answer to
equation in (1.1) is UHR-stable when 1 = 1. Hence proof is finished. m]
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5. ExaAMPLES

The purpose of this section is to illustrate the conclusions.

Example 5.1. Examine the multipoint-integral boundary value of the ¥ DE with multiple delays that are

provided by
gRZ)O'Sd(N) _ ;R@OESﬁ(N) 4 13‘7%@6.5av(x) _ %‘RDO.%d(N) 4 gRDO.ﬁﬁ(N)
=il(N, d(N), #(@R)) + fo " (8- i)?ﬁf(’;(z)’d(wi))dz, Nelo1],
#(0) = 2, dil‘;(g) —0,4(1) = fol i(s)ds —1—45(%) —3&(%) _ 7&(%), (5.1)

where @ = 0.8, = 0.65,@;—3 = 6.5,04 = 046,05 = 0.75,¢ = 0.16,v; = B,v, = L, v, 5 =

13/1/4 = _1_174/1/5 = %/l\:ll = _411\:12 = 3/]\:13 = 7/7—(1 = %/T(Z = %/7-(3 = %/E = 4,ZZ7 = %,ﬂ]’ld
(R, H(R), #(0R)) = —— ( ) 43 —sin(N))
’ 7 - x2_|_32?< 2&2—}—1—*—(\1(&) 2_1_&26?4_1_\/(%) .
Observe that
e o . e o . .. LN LN
(N, a1 (N), dq (R)) — it(N, d2(N), d2 (WN))| < 3|dq — dal| + ||a1(z) —HZ<Z)||-

Clearly, L1 + Ly = 4 = L3. With the given data, it is found that y; = 0.2021 # 0 and 6 < 1. Thus, we

conclude that there is only one solution of equation (5.1) on [0, 1] based on the result of Theorem 3.1.

Example 5.2. Examine the four-point integral fractional-order boundary-value problem with many terms

provided by
13RDV7i(R) + 0.6RD84(R) + 0.03RD554(R)
N M\ vy NN X[ vy
N_ ’ ’
:a(N,d(N),d(§))+f (N=2)7 A& AR A@2) 4.« e 10,1,
5 0 I'(3)
o odwo) ! 1
d(0) =2, IR =0,d(1) = fo a(s)ds—4a(§)—2a(§), (5.2)
where
PRGN N? N
a8,108,13)) = el s
5 eN \N2eN 4 2[d(N)| + sin NJd (5 )|

N

_|_
Re 28 + 3[i(R)] + d(5)|

+ cos(N)e_ZN),
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h=4h=21=1m=%4m=1¢=011L0, = 17,0 = 08,@; = 055,v; = 13,1, =
0.6,v3 = 0.03,b = 3,y = 2. Observe that

08,108,850 = [y s
e \N2eN 4+ 23(X)| + sin NJa ()|
N K28
TR 3N (S +cos(¥)e )
2 5
e [[AN2eN + 23(N)] + sin Nl (5]
eN

+ cos(x)e-z*‘)

+
Re=28 4+ 3J3(R)] + [a (D)
NZ N @N _9K
= e_?‘(zizeN * Ne28 e )

< Ne™ 4 Re?™ 4 N2 = ¢ (N),

We utilized information that sinN is a positive dereasing function on [0,1]. Also, we have that |||l =
7.5742,y1 = 0.4853. Therefore, the hypothesis of Theorem 3.2 is clearly fulfilled. Hence equation (5.2) has

required solution on [0, 1].

6. CONCLUSIONS

In this paper, we looked at a novel type of nonlocal boundary-value problem with multipoint-
integral boundary conditions and multiterm caputo F DE . At the first, we discovered an integral
operator linked with the situation. We used the Banach fixed-point theorem and LS7 nonlinear
alternative to determine the existence and uniqueness of solutions to the given problem. Our
stability criteria for this problem include UH, GUH, UHR, and GUHR stability. Our findings
are consistent with those reported in [32]. According to our obtained results are based on integral
boundary conditions and these results are novel. This effort will provide fresh insights on the
problem’s inclusions and impulsive forms. We want to expand our research to include multipoint-

integral boundary conditions on coupled systems of multi-term caputo fractional differentials.
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