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Abstract. By the Nehari method and variational method, two positive solutions are obtained for a fractional elliptic
system with strongly coupled critical terms and concave-convex nonlinearities. Recent results from the literature are

extended to the case of the integral fractional Laplacian form.

1. INTRODUCTION

In present paper, we consider the following fractional elliptic system with strongly coupled

critical terms and concave-convex nonlinearities

a a 9-2
(-8 = T ur=2fofin + Bz 1 A|u||x|yu’ xeq,
S S
q-2
(-ayo = BB poppi2p 4 B2 e 4 2 e (1.1)
2; 2; x|
u=uov=20, x e RM\Q,
where s € (0,1), n1,1m2, A, 1, are positive, 2} := NZ_I\QS is the fractional Sobolev critical exponent,

N >2s, a1+ p1 = 2, ax + p2 = 2, Q)is an open bounded domain in RN with Lipschitz boundary,

and the fractional Laplacian operator (—A)® is defined, up to a normalization factor, by

1 ulx+ty) +ulx-y)-2ul)
S

—(=A)u(x) = 5 |y|N+2s

> dy ,xeRN.

We assume that
N
(H): 1<g<2 and OSy<N+sq—q7.
[u]“2ulvlfi and |u|%[v|P20v,i = 1,2 are called strongly coupled terms . We now recall some known

results concerning the elliptic system involving the strongly coupled critical terms. When s = 1,
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m=m=1a =ar=a,p1 =p2 =pand y =0, problem (1.1) becomes the following Laplacian
elliptic system:
—Au = az—fﬁlul"“zulvlﬁ + AMul%u  in O,
—Av = %WP‘IUW‘% +plli?0  inQ, (1.2)
u=v=0 on JQ).

Using variational methods and decomposition of Nehari manifold, the authors in [13] proved
that the system admits at least two positive solutions when (A, 1) belongs to certain subset of
R2. Later, Hsu [12] obtained the same results for the p-Laplacian elliptic system. There are other
multiplicity results for critical elliptic equations involving concave—-convex nonlinearities, see for
example [1,2]. A natural question is whether or not these results obtained in the classical context
can be extended to the nonlocal framework of the fractional Laplacian type operators. In this
direction, another important contribution to the elliptic system involving the strongly-coupled
critical terms has been given in [5] , in which the authors obtain multiple positive solutions of (1.2)
by replacing the Laplacian with the fractional Laplacian. A similar result has been obtained in [11]
for system (1.2) involving spectral fractional Laplacian. Here, we are interested in the works [7,17],

where the fibering and Nehari manifold methods are applicable to obtain two positive solutions

for
ma ) 2 || 2y
Lu = T2 2o+ B2 2ol + 2 e 0,
U=0v= O, x € 00},
where, L = —A or L is (—A)®°, the spectral fractional Laplacian operator. To the best of our

knowledge, there seems to be no result on the multiplicity of positive solutions for (1.3) concerning

the integral fractional Laplacian. This is the main purpose of this paper. Our main results are:

Theorem 1.1. Assume that (H) holds. Then for any ATT y% € (0,©1) system (1.1) has a positive
ground state solution, where @y is defined by (2.19).

Theorem 1.2. Assume that (H) holds, N > 4s and N — (N —2s)qg <y < N +sq — @. Then there exists
A > 0 such that for any AT 4 yZZTﬂ € (0,A), system (1.1) has at least two positive solutions, and one of

the solutions is a positive ground state solution.

This paper is organized as follows. In section 2, we present some notations and prove some
useful preliminary lemmas. We give the proof of Theorem 1.1 concerning the existence of a positive
ground state solution of system (1.1) in the Section 3. The proof of Theorem 1.2 is contained in
Section 4.

2. SOME PRELIMINARY RESuLTS

In this section, we introduce the functional space that we shall use later, and analyse fibering

maps.
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2.1. Functional space. Let Q) be an openbounded set of RN with Lipschitz boundary. We introduce
the following functional space, which was introduced by Servadei and Valdinoci in [14], as follows:

2
u(x
= {u|u: RN - R is measurable, u| € Lz(Q and f u( u(y)l

W dx dy < oo},

where Q := RN\ (CQ x CQ) with CQ = RN\Q). The space X is endowed with the norm defined
by

u( 1/2
llullx := llullr2 () —i—(f » _le+2S dxdy) . (2.1)

Let the functional space Z be the closure of C’(Q)) in X. By lemma 4 in [9], the space Z is a Hilbert

space that can be endowed with both the scalar product defined for any u,v € Z as

(u,v)7 := fQ (u(x) —u(y)) (v(x) —o(y))

|x _ y|N+25

dx dy (2.2)

and the norm
1/2

_ 2
lullz, == (L%dxdy . 2.3)

Since u = 0 almost everywhere (a.e.) in RN\, we have that the integrations in (2.1)-(2.3) can be
extended to all RV.

Lemma 2.1. ([15]).
(i) We have that C5(QY) € Z, and so X and Z are non-empty. Moreover, X C H*(Q)) and Z C H° (1RN )
where H*(QY) is the usual fractional Sobolev space endowed with the (Gagliardo) norm

1/2
Ju(x) —u(y)?
s(Q) = —————=—dxd .
el () == llullr2q) +(Lx0 =y xdy
(ii) Let s € (0,1) and N > 2s. Then there exists a constanl C > 0 such that

il 2y = ol 2 ) < Clllz

for every u € Z, where 2, = 2N /(N — 2s) is the fractional critical exponent. Moreover, the embedding

Z — L7(Q)) is continuous for any r € [2,2%] and compact whenever r € [2,27).

For further details on X and Z and their properties we refer the reader to [6] and the references
therein.
Let E := Z X Z be the Cartesian product of two Hilbert spaces, which is a reflexive Banach space

endowed with the norm

(1, 0)I == |l 3 + IIoll3- (2.4)
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Definition 2.1. We say that (u,v) € E is a weak solution of problem (1.1) if (u,v) € E, one has

[ ) DO 010D g [ (o) = G1) =914
Q Q

dx dy

S

( Ly 2ofrug + 22 > 2 Jujem 2|v|ﬁ2u¢)dx
(2.5)
n

T T

L
(Alulq u ||

| |7’ |x|yv1,b) dx forall (p,¢) € E

|“2|v|ﬁ2‘2v¢) dx

The fact that (#,v) is a weak solution is equivalent to it being a critical point of the following

functional:
Ju(x [o(x) —v(y)P
Tnal:?) f S ey o g 6
) :
- Z—;Q(u,v) - EK(u, v),
where
, = a1 |.,|P1 az|.,|B2 d
Q(u,0) fﬂ (Ml ol + nalul2 ol ) dx
and
N Y i
K(u,v) := ‘[Q(/\lxly +y|x|y)dx.
We can see that 7, € C'(E,R) and
/ (u(x) —u(y))(P(x) - ¢(y)) (v(x) —o(y)) (P (x) —¥(y))
<j;\,u(u,v)/(¢/¢)>:fQ = NP dxdy—l-L = g dx dy

- f ( Luf 2ol ucp + L2y 2Ivlﬁzuqb)
Q s

f (nfllumwﬁl ¢+n2ﬁ2'”'“2'”'ﬁ2 m’b)

lul1-2y [0]720
_L(A T ¢+ u 7 Y |dx.

For the critical case, since the embedding Z < L% (]RN ) is not compact, the energy functional does

not satisfy the Palais Smale condition globally, but it is true for the energy functional in a suitable
range related to the best fractional critical Sobolev constant in the embedding Z < L% (IRN ) To
do this, let us define the best fractional critical Sobolev constant S as

u(x) —u(y)P
S > jH;ZN |x_y|N+25 dx dy
= 1m

ueZ\{0} L \E
( f IuIZde)
RN

2.7)
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and
ju(x) —u(y)? f lo(x) —o(y)P
—————dxd ——————dxd
o f]RZN - y N+ xdy+ RV - gV xay
TP eVl 2/2;
(f (bt ol + nzlul“zlvlﬁz)dx) (2.8)
]RN
-2/2;
o N (CAo ( f (mbut ol + nz|u|“2|v|52)dx) .
, R
Then it is easy to obtain that
f (bt ol + ol dx < (S0,8) 720 (,0) (2.9)
R
As well known [3], the function
U (x) = 7 u(’g—c), (2.10)
where
Cnjs N . 1 =
U(X) = —,N—Zs’ x€R ’ with CN,S = TN
Noos 2
(T4 x?) = RN (14 |x[?)

is an extremal function for the minimization problem (2.7), that is, it is a positive solution of the

following problem

(=a)°u = |uf*"2u, VxeRN.

Moreover,
U, (x) = U (y)]? . N
R - R
We define
1 2
F(7) = T 1o 2.11)
(meht +notf2) =
Since f is continuous on (0, o) such that 11161+ f(r) = liril f(t) = +oo, then there exists 79 > 0
T— T—+00

such that

f (7o) := rglglf(r) > 0. (2.12)

Lemma 2.2. (S, versus S). Suppose that (H) holds, f(t) is defined as in (2.11) and U,(x) is the
minimizer of S defined as in (2.10), we have S, o3 = f (70) S and has the minimizers (U, (x), ToU,(x)).

Proof. Suppose w € Z\{0}. Choosing (u,v) = (w, tow) in (2.8) we have

[T
R2N

1+ 13 |x — y|N+2s

z 272,
(meg' +mg)* ( f |w|2?dx)
]RN

Taking the infimum as w € Z\{0} in (2.13), we have

> Sp e (2.13)

f(10)S = Spap. (2.14)
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Let {(uy,v,)} C E be a minimizing sequence of S, , g and define z,, = s,v,, where

1
_1 z
Sp = [( f [0a% dx) f 1> dx] .
RN RN
f |zn[> dx = f i dx. (2.15)
]RN IRN

From the Young inequality and (2.14) it follows that

Then

f el e < 2 [ g e+ £ |l
2 RN 2
(2.16)
= | |ug/*dx= f |zn|22 dr, i=12
RN RN
Consequently,
_ 2
2 f s Zn (2y)| dx dy
(00 | Jre -y
R )
(f (il ol + nz|un|“2|vn|ﬁ2)dx) (1" + 1253 few )
RN
|z (%) = za(y) P
-2
N Sn j];m |x — y|N+Zs dx dy
%
((1715 Py s, ﬁz)f]RN |z |% dx)2
2 f ()
2 f (10) S,
Asn — oo we have
Sn,a,ﬁ > f (TO) S,
which together with (2.14) implies that
Sn,a’ﬁ — f (TO) S-
By (2.8) and (2.10), S, 4, has the minimizers (U, (x), ToU,(x)). ]

Let Ry > 0 be a constant such that QO c B(0,Rg), where B (0,Ry) = {x € ]RN x| < Ro}. By
Holder’s inequality and (2.7), for all (#,v) e Eand 1 <g<2,0<y <N +sg— 2 , we get
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Lmdx<(f |u|“dX)zi[ ar)

1 % %
< 54 julf] f ()" ax
B(0,Ry) \ Xl
- 2.17)
Ro ,N-1 | %
< 53 ull] f —dr
o
25—
%
— S—%”u”q N —gN +2sq RN— ——+sq
z N 0 4
N(N -y- qT + sq)
25—
%
f Z’qy dx < 5ol | — AN+ 259 RN (2.18)
a ] N(N—y—%#—sq)
Set
29
0. | 2NN +2s ] : RN s
: N 0 /
2N(N =y - +s0) (2.19)

2 N-
2-2 |% 2—q)—2 :
0 := Snap)” -
1 [@(zz—cn] (zz—q (Snas)

2.2. Analysis of fibering maps. We shall consider critical points of the function 7} ,, on the Hilbert
space E. Consider the Nehari manifold

Ny = {(u,v) € E\{(0,0)} : <jiy(u,v), (u,v)> =0}.
Thus, (u,v) € Ny, if and only if
ll(, )| = Q(u,v) — K(u,v) = 0. (2.20)

1
Let z = (u,v), then |zl = ||(u,0)|| = (||u||é + ||v||é)2, Define ®(z) := <j)’w(z),z>, then for all

z = (u,v) € N}, we have
(@' (2),z) = 2llzllz - 2:Q(z) — gK(2)

= (2=l - (25 -9) Q(2) (2.21)
= (2-29) ll2ll + (25 — ) K(2).
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Thus, it is natural to split N, ;, into three parts corresponding to local minima, local maxima and

points of inflection, i.e.
N =1z € Mo (@'(2),2) > 0},
Ny i=1{z € Nay: (@' (2),2) <0}, (2.22)
N(A)/# = {z €Ny i (P (2),2) = 0}.

When A%7 4 u77 € (0,©;), we will prove that Niy#0and Ny =0.

Lemma 2.3. For each z € E such that Q(z) > 0, we have the following:

2 2 —
() IfAZ1 + u=i € (0,01) (O is defined by (2.19)), then there exist unique 0 < t* < Fyy <t such that
ttz e N;“H, tze NA‘“and

j}\,y (t+2) = il‘l_f j',\,y(tz), j/\,y (t_Z) = sup j'm(tz),

0<t<fmax t>Fmax

that is, Ny , # 0;
(ii) If)\%i + [Jﬁ € (0,0,), then Ngy = Qand Ny is a closed set.

Proof. (i) For each z € E such that Q(z) > 0, and for all f > 0, we have
(77 4(2), 12) = Pl - #:Q(2) - K (2).
We define g, h : R™ — R by

(1) = 2|2 - 279Q(z) - K(z),
h(t) : = £l - #79Q(z2).

Clearly, we obtain #(0) = 0, and h(t) — —co as t — co. Because
W(t) =112 -k} - (2 -9) #72Q(z)|, forallt>0,

solving 1’ (t) = 0, we obtain
1
Fmax = [%}ZS_Z o
(2:-9)Q(z)

Easy computations show that #’(¢) > 0 for all 0 < t < fmax and #’(t) < 0 for all t > Fnax . Thus h(t)

attains its maximum at fray, that is,

2-q

2=zl 157 25 -2
)

2
Izl

h(Fmax) = [(22 ~DQ()| 2-q
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Then from (2.19), (2.17) and (2.18), by the Holder inequality, one gets

8 (Fmax) = 1 (Fmax) — K(u, v)

29

(2= qlizllf %7 2; - o
:[(Zg—q)Q(i)} > || 2 - f( |x|y+y|x|y)d

2-q

72

(2-q)llzll 2t —

. _x 2% —
|2 =) 2l (Spap) T
2;(2

2—q
2— 2 L 25 =2 2 2\ 7
= ") (sn,a,ﬁ)z@s-z) 7 - (45 +15) T ele

>0,

\

2
; 12112 = (Allull], + plioll}) © (223)

\%

where O is as in (2.19) and the last inequality holds for every A% + yzi € (0,0,). It follows that

there exist tTand t~such that
g(t+) =g¢(t )and ¢ (t*) >0>¢' (1),

for0 <tt <fpax <t . Wehavet'ze Njy,t‘z € N;#and

T (t72) =2 Tau(tz) = Tau (t+z) ,

foreach t € [t*,t7], and ), (t72) < T u(tz) for each t € [0,t*]. Thus

Tu (t+z) OJS{W Tau(tz), T (tz) = ti;}a)x Tau(tz).
(ii) From (i) we have that there exist exactly two numbers +* and ¢t~ such that 0 < t* <+~ and
¢ (t7) = g (t7) = 0. Furthermore, ¢’ () > 0 > ¢’ (t7), If, by contradiction, z € N O,y, then we have
that ¢ (1) = 0 with ¢’ (1) = 0. Then, either t© = 1 ort~ = 1. In turn, either ¢’ (1) > 0 or ¢’ (1) <0,
which is a contradiction. Thus, Ng/y = ( for all /\ﬁ + yﬁ € (0,0y).

2 2
Finally, we prove that NA‘yis a closed set for all A7 + uZ7 € (0,®;). Assume that {z,} C N;Hsuch
that z, — zin E as n — 400, then we need prove that z € N/{H. As z, € N;H, from the definition
of NA_H, one has

(2= ) llzallz = (22 = 9) Q (zu) <. (2.24)

Consequently, as z, — zin E as n — o0, it follows from (2.24) that

2-g)lzlz - (2:—9) Q(z) <0,

thusze N U NY .- thenz € N because NY , = 0forall AT 4 yﬁ € (0,01). Therefore, Ny s

a closed set in E for all Aﬁ + [uﬁ € (0,©1). The proof is complete. O
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Lemma 2.4. For each z € E such that K(z) > 0, y‘)\ﬁ + yZ%f € (0,01), where Oy is as in (2.19), then
there exist t+,t with 0 < tT < tpax < t such that ttz € N;“H and t™z € NA‘“. We have

1
. _[@-pke)|
max — 4
(20 =2) ll2lIZ
ToalF9) = L, ool i) = tp Tl
Proof. The proof is almost the same as that of the Lemma 2.3 and is omitted here. m|

Lemma 2.5. (Coercivity). The functional [T, is coercive and bounded from below on N .

Proof. Suppose that z = (u,v) € N, 2Au- From (2.17), (2.18) and (2.20) by the Holder inequality, we

get
Toal®) =5 - £ 1t -} - 3 ) k2

s .2 (1 1 q q
> Sl - (5 - 2—) (Allul?, + pllol}) © (2.25)
1 1 5
52 = =) q
> ozl - (5 - 2—)(A Tt ) [E[HS)
where O is given by (2.19). Thus, [, is coercive and bounded from below on N, ;. The proof is
complete. O

Since N, , = N;{H U NA‘“, then from Lemma 2.3 and Lemma 2.5, the following quantities are
well defined

m=inf Jy,(z); m* = inf J,.(z2).

ZEN) zeNy,

Lemma 2.6. (m"™ <0and m~ >0). (i) m <m™ <0 forall ATT 4 yZZTq € (0,0,).
(ii) There exists a positive constant dy depending on A, u,q,N,s, Sy p and © such that m~ > dy for all

2
AT 4 T e (0,(%)” @1).

Proof. (i) Letz = (u,v) € N;(H. By (2.20), (2.21) and (2.22), it follows that

3=l > QG2). (226)

According to (2.20) and (2.26), we have that
s L) 2 + ——1 Q(z)
s 2 q 2
2

<[(z‘3 +(3_?)2’;— i
( q

_ )s

= - llzIIf <
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which implies that m < m™ < 0.

2
(ii) Suppose that AT + y%l € (O, (g)z_” @1) and z = (u,v) € NA_’“. By (2.8), (2.21) and (2.22), one
has

2-q. - _ZTZ o

7l < Q) <5,
which implies that

1 2%
2-g\%2 5o
2l > ( > _2) s;fj;ﬁz) : (2.27)
It follows from (2.25) and (2.27) that
I el AV 2\ 7
Tnae) 2 el | el (ST (45 +055) T 0] 2 a
S

where dy = d (/\, 1,9, N, 8, Spaps @) is a positive constant. O

Lemma 2.7. (Natural Constraint). Suppose that zo € E is a local minimizer of J,, on Ny, and that
z0 ¢ NO#, then jiu (z0) =0in E1.

Proof. Suppose that zg = (up,v9) € E is a local minimizer of J,, on N, ,, then J,,(z) =
rr}\i/n Jru(z) and (2.21) holds. Furthermore, by the theory of Lagrange multipliers, there exists
ze Ay

0 € R such that j}’w (z0) = 0P’ (20). Aszg € Ny, we get

0= <ji,y (20) ,Zo> = 0(®' (20) ,20) -
Since zg ¢ N W (@’ (z0) ,z0) # 0. Consequently, 6 = 0 and j)’w (z0) = 0in E~L. O

3. Proor or THEOREM 1.1

Definition 3.1. Let c € R and J, , € C'(E,R). (i) {z,} is a (PS)c-sequence in E for Tn,u if Tau (20) =
c+o(1) and T} (zn) = o(1) strongly in E™* as n — oo.
(ii) We say that T, satisfies the (PS). condition if any (PS).-sequence {z,} for J has a convergent

subsequence in E.

Lemma 3.1. ((PS),,-Sequences). If ATT 4 #ﬁq € (0,0y), then the functional T, has a (PS)-sequence

{zn} € Ny, where ©1 is defined by (2.19).
Proof. The proof is similar to that of [16] and is omitted here. m]

2 2
Proposition 3.1. (Existence of first solution). Assumethat A>1 + p2i € (0,01)and0 <y < N+sq— %.
Then Jay has a minimizer zy = (u1,0v1) € Njysuch that zy is a positive solution of system (1.1) and
Tap (z1) =m=m" <0.

Proof. By Lemma 3.1, there exists a (PS),-sequence {z,} = {(un, vn)} C Nj of I3, such that

jA,y (zn) =m+ 0n<1)1 j)l\,‘u (zn) = On(l)- 3.1)
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Combining with Lemma 2.5, it follows that {z,} is bounded in E. Passing to a subsequence (still

denoted by {z,} ), there exists z; = (u1,v1) € E such that

Uy — U, Uy — Uy, weakly in Z,
Uy = U1, Up =01, strongly in L"(Q)) (1 <r < 2}), (3.2)

uy(x) = ur(x), vp(x) = v1(x), ae inQ.

From (3.1), we have <ji " (zn) ,(p> — 0asn — oo for all p € E. By (3.1) and (3.2), it is easy to see
that z; is a solution of system (1.1). Because {z,} C N, ;;, we deduce that

q(25-2)

2 -
2(2:-q)

K(Zn) :_2*_q
S

1zl - (3.3)

JA,p (Zn) +

Taking n — oo in (3.3), by (3.1), (3.2) and the fact m < 0, we obtain

2

*

s — Y4

Therefore, z; € N, is a nontrivial solution of system (1.1). Next, we prove that z, — z; strongly

K(z1) > - m > 0.

in E and J , (z1) = m. Similar to (2.17) and (2.18), for some q < r < 2, by the Holder inequality,

- [14,|7 |Un|q)
K (z,) —L(A i +u o dx

ol ()

I =4

ol [ lvnlqudx)? (%))

4
<Clun|" + Cloal7,

one gets,

where C, C > 0 are constants. By (3.2) and the Lebesgue dominated convergence theorem, we have

lim K (z,) = K(z1). (3.4)

n—oo
Noting z; € N, , and applying the Fatou lemma and (3.4), one has

2—-q

2

2 —q
2

S
m<Jau(z1) = Nllzllllzg— K(z1)

.. S
< 117rlrl)g1f(ﬁ llzall2 — K (zn)
= llrlgl’_l)glfj/\,y (Zn) =m,

which implies that 7, (z1) = m and lim, e ||zn||% = ||21||125. Combining with (3.2), z, — z; as

n — oo in E, it shows that z,, — z1. Moreover, we have z; € N;“y. Otherwise, if z1 € N7 W then by
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Lemma 2.3 there exist unique #;such that t5z; € NX—'# and t§ < t; = 1. Because of
2

d j}\,y (ta_Zl) >0,

d
EJA’“ (ta“zl) =0and 07

there exists f € (tg Aty ) such that 7 (tar 21) < Ty (E21). According Lemma 2.3, one obtains

N (tarzl) <ITnu(tz1) < Tapu (tazl) =Tau(z1),

which is a contradiction. Thus, by (i) in Lemma 2.6, J . (z1) = m, and z; € Njy. Consequently,
we get that 7 , (z1) = m = m™ < 0. Finally, we prove that z; is a positive solution of system (1.1).
In particular uq # 0,v; # 0. Indeed, without loss of generality, we may assume that v; = 0. Then

u is a nontrivial nonnegative solution of

(_Au)s — /\lullzl_yzu/ ].n Q/
u=0, on dQ).

By the standard regularity theory, we have u; > 0 in ) and
(2, 0)|]* = K (11,0) > 0.
Moreover, we may choose w € Z\{0} such that
1(0, )II* = K(0,w) > 0.
Now,
K (u1,w) = K(u1,0) + K(0,w) > 0.

Consequently, by Lemma 2.4 there is a unique 0 < t* < fmax such that (7uq, 7 w) € NI#. Moreover,

1

- :[ (2= ) K (1) r_” (Z=)

. 2 *_
(2 -2) | (u1, )| %=2
and
ot ) —
NEW (t uy, t w)—oégiaxﬂ,y (tuy, tw) .
This implies

m+ < JA,[J (t+1/l1, t+C()) < jA,[J (u1/w> < jA,[J (ullo) = m+/

which is a contradiction. Finally, by Lemma 2.7 and the strong maximum principle, we deduce

that 11,91 > 0in () and z; is a positive solution of system (1.1). ]
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4. Proor orF THEOREM 1.2

In this section, we want to obtain the second positive solution of system (1.1). Firstly, due to
lacking of compactness, we will prove that the corresponding energy function satisfies the (PS).

condition.

Lemma 4.1. (Uniform Lower Bound). If {z,} C E is a (PS).-sequence for J), with z, — z in E, then
g }’\ #(z) = 0, and there exists a positive constant Cy such that

Tru(z) 2 —Co (/\ﬁ + yﬁ), (4.1)
where
2
2— 2N —gN +2 2-q
2 4s

Proof. Letz, = (uy,v,) and z = (u,v). If {z,} is a (PS).-sequence for J ,, such that
T (zn) = c+o0,(1), ji,y (zn) = 0u(1). (4.2)

We claim that {z,} is bounded in E. In fact, for n large enough, one has

1
c+0(1) +llzulle = Tap (20) = 5 (T4 (20) 21)

(1 1 2 1 1
= (2 2;)”271”15 (q 2;)K(Zn)
1 1

5 2 q q
> Nzl - (5 - 2—;)(A letall], + poall}) ©

2
> <zl - (% - l)(m% + uzz—q)Tq Izl ©,
which implies that {z,} is bounded in E. So, our claim is true. Passing to a subsequence (still
denoted by {z,} ), there exists z = (u,v) € J, Au such thatz, — zin E and
Uy — U, Uy —0, weakly in Z,
Uy > U, Uy >0, strongly in L"(Q)) (1<r<2i), 4.3)
Uy (x) > u(x), ovy(x) > o(x), ae inQ.

By taking ¢ = (¢1,¢2) € E. Combining with (2.17), (2.18) and (4.3), one gets

q-2 q-2 q-2 q-2
fim [l T g f '”' —$rdx, lim f 0| oy = o0 . (4.4)
a Il n—ow Jo o |x] Q

noe Jo oo |xl | | ||

Since {[u,|% 20, P, and {[u,|%|v,fi"%v,} for i = 1,2 are uniformly bounded in (L%(Q ' and
y

converge pointwisely to [u|%=2|olfiu and |u|%|vlfi—20 respectively, we obtain

|92 [0y, — [l 20, Jug® o0, — [ul® oo
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weakly in (LZZ (Q))I X (L2§ (Q))I fori=1,2asn — co. Consequently, it follows from (4.2) and (4.4)
that

lim <“7}’\n“ (zn), §0> = (j},\,y (2), (P>

_ [ w@) —u@) (1) -1 (y)) (W(x) — o) (@2(x) —2(y))
_L |x—y|N+25 d dy+L |x_y|n+2x dx dy
—L( 2 |u|“1_2|0|ﬁlu<]51+ 2 |M|“2 2|U|52M(Pl) (4.5)

S

|l lol720 B
_fQ( IIV¢+ P,gbz)x 0.

Particularly, choosing ¢ = z in (4.5), one has <j 4 y(z),z> = 0 and (2.20) is true. Consequently,

f (mﬁ M g 2o, + 202 |“2|v|ﬁ2—2vq>z)dx
Q

Toal® =5 - 5 1t -3 - 3o 6)

Combining (2.17), (2.18) and the Young inequality, we have

K(z) < (Al + pllol}) ©

[2 S (1 _ l)_lr ”u”‘i
qN\q 2 z

q
ARV
qN\q 2 g

(4.7)
s (1 B (2
<5lo-g) (mB+ o)+ (a5 + %)
S
-1
1 1 2 2
= %(5_5) ”(u"z))”Z_'_C(AZEq +‘uzzq)/
S
with
-17172 ﬁ 1 227(1
E_Z—q 2s (1 1 o 2-gq 2N—qN+25q2®
2 [|gN\g 2 2 4s '
Then (4.1) follows from (4.6) and (4.7) with Cy = (% — %) C. O
S
Lemma 4.2. Suppose that (H) holds and 0 <y < N +sq— T~ N then T, u satisfies the (PS). condition in
E, with c satisfying

s 2
—00 < €< Coo = NSf]baﬁ—Co(/\z +y2—q),

where Cy is given by Lemma 4.1.
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Proof. Let {z,} C E be a (PS).-sequence satisfying I, (z4) = ¢ +0(1) and J; ; (zn) = 0(1), where
zy = (y, vy). The same to Lemma 4.1, one has {z,} is bounded in E. Furthermore, we can obtain
(3.2) for some z = (u,v) € E. Set u,, = uy, —u,v, = v, —v and z, = (uy,v,). From Brézis-Lieb’s

lemma [4], it follows that
[l = llzal2 = 11212 + (1) (4.8)
and by Lemma 2.3 in [10] one has

f (11, % [0, Pidx = f 1% 0, Pidx — f lu|®offidx +0(1), i=1,2. 4.9)
Q Q Q
Consequently, from (3.4), one gets
2 —
[l + 1llff = Q (Z) — Q(2) — K(z) = (1)
and

lim (7, (22),2) = Izl - Q(z) —K(2) = 0. (4.10)

n—00

Since S (zn) = c+0(1), j/,\,y (zn) = 0o(1) and by (4.8) to (4.10), we can deduce that
1 1
SIElE - 5QE) = c- Tnu(z) +0(1) (4.11)

and

[l - Q@) = o(1).

Now, we can assume that

. 2 .
Jim [ = lim Q G =1 @)
If I = 0, the proof is complete. Suppose | > 0, then from (4.12) and the definition of S, 46, we
have
2 =
[l = SnapQ* @),
which implies that
Zs

1255 5 (4.13)

Using (4.10) to (4.13) and Lemma 4.1, we get

1 2 2

which contradicts the deflmtlon of ¢. Therefore, | = 0 and (un, v,) — (u,v) strongly in E. The

proof is complete. o

Next, we establish the existence of a local minimum for J, ;, on NA_H' Assume, without loss of
generality, that 0 € Q) and there exists pg > 0 such that B(0, pg) € Q.
Also, let us introduce a cut-off function ¢ € C;’(Q) such that ¢(x) = 1 for |x| < £, w(x) = 0 for
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x| > po, 0 < ¢(x) < 1 for & < |x| < pp and [Vy| < C;.

Define N
C ; EZS

e (x) = U, (2) p(x) = —2—p(x),

(&2 +|x?) 2

where U, (x) is defined as (2.10).
From the estimates of proposition 21 in [15], we have the following result.

Lemma 4.3. Let s € (0,1) and N > 2s. Then the following estimates hold:

Jue (%) — e (y) P -
2 _ N/2s N-2s
lluellz = fRZN oy dxdy<S +O(€ )

and
f fue (x)[ dx = SV/% 4+ O (&)
(@)

ase — 0.

Lemma 4.4. Under the assumptions of Theorem 1.1, there exist Z € E\{0} and A* > O such that for all
ATT 4 yﬁ € (0, A*) there holds

sup Ja,u(t2) < Coo.
£20

Proof. Setz, = (u¢, Tou,), where ¢ > 0 small enough and 7y is defined by Lemma 2.2. For any ¢ > 0,

we denote
D.(t) = N (tze)

= T (tue, toue)

_ P N2 (B ) 2 o\ 11 [ ul
=5 (1 + TO) [|luell” — 2_5 (17110 + 27, )L U dx — (/\ + yTO) ; L de
= @1 () = (A + pth) @ea(t).
Notice that ®,(0) = O’thT ®,(t) = —o0,and lirgl+ P, (t) = Ouniformly foralle. If inf sup ®,(t) <
— 400 t—

O<e<1 >0
N TN

2 2 SE 2 2 SE.
0 then J) s (tz¢) < 0 < coo, forany 0 < A7 + p2 < == Thus, forany 0 < A% + 7 < g=-, one
obtains

sup I (t2e) < Coo-

£>0
On the other hand, if Oimf1 sup O, (t) > 0, then sup O.(t) > 0 and it attains for some t, > 0. So,

<esl >0 £>0

there exist two constants t1,t, > 0 such that t; < t. < 5.
Note that ®, ; is increasing in (0, fmax) and decreasing in (fmax, ©), where tmax satisfies o (tmax) =

0, one has
N-2s
4s

(14 22) el

(nlrgl—knztgz)j;u?;dx

tmax =
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Then, according to Lemma 2.2 and Lemma 4.3 , we obtain
cDe,l (t) < cbg,l (tmax)

2s

(14 7§) el
_((171 fcgl + r)szgz) I u?zdx)%

S + o(sN—ZS) g (4.14)

IA
Z|w

<5 |f (@)

NIN

£3
S

(s¥ +0(eM)
[f (7o) S]Zus 4 CpeN2s

2s C EN_ZS.
nap T2

Now, we estimate @, ().
#1 ul
D5 (t,) == — dx
2t quIxIV
(N-2s)q
s Y

(N-2s)q
190 1y (24 1) 2

dx

(N-2

#1 Cl e 2

>-1 alu dx
- (N-2s

)q
q Jx< f? (€2 + |x2) 2

q P0 (N-25)
1 ~q > e 2 7,.l\f 1
=—=Cy dr

q ,S (N-2s)g (415)

||y e(N-25)q [1 + (f)z] i

q QL N-1

t N 2¢
_ 14 _N-y+sq-1- r
- q CjN,Sé : (N-2s)q d?’
O (1+12) 2

7 N (1 N-1
:_1CZ] SN—V‘i‘sq_T f d;’
0 9%
p

q S (N-2s)g

(14+r2) 7

#1 N [ N-1
19 N-y+sq-1- r
p Clis P 1 =y dr.

(1412 T

From (4.15), we get

C o CaeN7+0-% | 3> N — (N -2s)q,

t u
Do (k) = ;L ﬁdx > C45%‘Sq|ln€|, y=N-(N-2s)g,
Css@‘sq, y <N-(N-2s)g,

where C; > 0(i = 3,4, 5) are positive constants (C; independentof ¢). The caseof y > N — (N —2s)g,
combining (4.14) with (4.15), one has
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sup Ju (tze) = @c (te)
0

=1 (t:) - (A + yTg) D2 (te)

s N-2 7\ .N—y+ _N
sﬁsgaﬁcﬁ = Ca (A + pr) N

2

_1
L N-2s
Let AZ 1T+ urt = eN=25 thatis, ¢ = ( AT+ ﬂ) , then we can choose 6; > 0 such that

ngN—Zs _ CS (A + ‘U"Cg) SN_)/‘FSq_@

2 2 2 2 —ZN_ZZZI/\T_ZZS(’)_']N
=C, (/\2_ + yz_) Cs(A+pt )(/\2_ + [,tﬁ)

2 2
<-C (AH +y2-q),
for all)\2 q —i—y% € (0,01). Then, for AZL +y2 1 € (0,01), one gets

sup Ju (tze) < Ceo.
£20

The case of y = N — (N — 2s)g, it follows from (4.14) and (4.15) that
Supj)t,y <tze) = O, (ts)
120

=d,.1 (t{) - (/\ + ‘UTg) D, 2 (ta)

- w_
< stfaﬁ +CeNE = Cy (A + uth) 7 Incel.

;
Let A7 + ‘uZL = ¢N72 thatis, ¢ = (Aﬁ + yﬁ)N , choosing 6, > 0 such that for all AT ‘u%
(0,02), then one has

C2eN= = Cy (A + prl) e T | Ine]

Consequently, for AT + ‘uzl € (0,07), we obtain

sup Ju (tze) < Ceo.
£0

N
2s

S
Thus, there exists A* := min {SNC ,01, 62} > 0 such that

sup I (tze) < Coo,
£20

for any A% 4 yzi € (0, A*). The proof is complete by taking z = z,. o
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Lemma 4.5. (Curves into N;#). Forz € NA‘y, then there exist n > 0 and a differentiable functional
&:B(0;17) c E » Rfsuch that C(0) =1,&(v) (z—v) € N;yfor any v € B(0;n), and

(E0)v) = % 416)

for any v € B(0; 1), where ® is defined as (2.21).

Proof. The proof is almost the same as in [16]. For z € NA_H and w € E, define a function F, :
R XE — R by

F(&w) = (T ,(6z-w)), é(z-w))
=&z - wllf - E5Q(z — w) — ETK(z — w).

Then F,(1,0) = < iy(z),z> =0 and

%Fz(l,o) — (¥'(2),2)
= 2||zlI7 - 2:Q(z) — gK(z)
= (2-q)llzlE - (25 -9) Q(2)
= (2-2) Izl + (2: - 9) K(z) < 0.

In turn, by virtue of the Implicit Function Theorem, there exists n > 0 and a function & : B(0;n) C

E — R of class C! such that £(0) = 1 and formula (4.16) holds, via direct computation. Moreover,

(T1p(EW)E=7)),E0)(z=v)) =0 forall v € B(0;n),

namely &(v)(z—v) € Niw o
2
Proof of Theorem 1.2. Let A = min A*,(%)H @1} and 177 + yﬁ € (0,A). By Lemma 2.6, one
has m~ = inf J,,(z) > 0. Let {z} C E be a minimizing sequence for m~. According to Lemma
Au
2.2, we get

0<m™ < Ty (tize) <sup Tny (tze) < Coo-
t>0

Now, we prove that {z} is a (PS);,- sequence for J ,,. By Ekeland’s Variational Principle (see [8]
), there exists a subsequence {z;} (still denoted by {z;}) such that

1
Tau(zk) <m™ + % (4.17)

w -z
Tnu(z) < T (w) + % we Ny . (4.18)

Thus, we only need prove that J| (zx) > 0in E™! as k — co. By applying Lemma 4.4, there exist
nx > 0 and the differentiable functional (i : B (0;1x) € E = R such that i (0) =1, § (w) (zx —w) €

Ny

= 1,and 0 < 0 < 1, choosing w = o@. Then

u for any w € B(0;ny). Let ¢ € E with ||g0 |E
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w = 0@ € B(0;n) and wyx = Gk (0@) (zx — o) € NA"“. From (4.18), by the mean value theorem,

let 0 — 0T, we obtain

”wff/k - Zk”E

p Zj/\,y (zx) - j/\/P (a)a,k>

= <J’;’W (tozk + (1 —to) wo ) , 2k — wa,k>
= <j)/\,u (2k) 2k — wa,k> +o (”Zk - a)a,k”E)
=0Ci (09) (T, (2¢) ,09)
+ (1= G (09)) <jfl\,u (zk) er> +0(|fzx, —wa,k”E)
=0Cx (0¢p) <j;'w (2k), G(P> +o0 (”Zk - a)o,k”E) ,

where 0 < tp < 1. Hence, let  — 01, one has

||k — Zk”E( +lo(1 )I)

(jg,H (zk) ,0(p> < T 0o)]
2 & (o) - 60)) = o0t (o), (5 + o))
- 0|Ck (09) |
Meele G (09) = C(0) + o |||, 1Tk (o) | /1
o|ck 9] (+e)

<C(1+[G,) (3 + 1)),

From the boundedness of {z} and (;(0), we obtain 7 /’W (zx) > 0in E~' as k — oo. Hence {z} is a
(PS)u-sequence for [ ,, at the level m™.

From Lemma 4.2 and Lemma 4.4, there exist a subsequence (still denoted by z}) and zp =
(up,v7) € Ny such that zy — z strongly in E and 3, (z2) = m~ > 0 for all AZ i 4 [uzi € (0,A).
Since I, (uz, v2) = Jau (Ju2l,[v2]) and z; € N7 L Ve get

2 —

Q=) > 3 _Z (12, 02)[ > 0

This implies that u, # 0 and v, # 0. By the strong maximum principle, it follows that (u2,v2) is a
positive solution of system (1.1). Since N;[“ NNY y = 0, this implies that (u1,v1) and (up,v;) are
distinct. The proof is complete. m]
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