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Abstract. In this work, we define a new class of soft generalized topological spaces, namely strongly soft nodec, with
the use of strongly soft nowhere dense sets. Then, we study the basic properties of these spaces and show that if the
product of two soft generalized topological spaces is a strongly soft nodec space, then each one is a strongly soft nodec
space. Then, we extend these notions to Ty-strongly soft nodec generalized topological spaces by using the soft quotient
functions and discussing their main properties. We also show the inverse of a surjective soft quotient function preserves
the soft closure and soft interior of a soft subset of a codomain soft set in soft generalized topological space. Further,
we use soft quasi-homeomorphism and soft quotient functions to make comparisons and connections between these
spaces with the support of appropriate counterexamples. Then, we successfully determine a condition under which the

soft generalized topological space is a soft weak Baire space and hence a strongly soft second category.

1. INTRODUCTION

Soft topology [32] is an extension of classical topology that has various benefits as it allows for
greater flexibility in defining open sets by a collection of parameters or functions that give each
point a certain amount of openness. It merges soft set theory, the theory given by Molodtsov
[29] as an approach to deal with uncertainty, with general topology. Several subclasses of soft
topological spaces were suggested, including soft separation axioms [21], soft nodec spaces [7], soft
submaximal spaces [4], soft separable spaces [21], congruence representations via soft ideals [13],
soft compact spaces [19], soft Lindelof spaces [3], soft paracompact [26], soft connected spaces [26],
soft simple extended space [9], and soft extremely disconnected spaces [17]. Furthermore, different

generalized soft (open) sets in soft topological spaces were also proposed such as soft sets of the
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first or second Baire category [12]. The literature reviews in [1,2, 8,14, 16] include numerous
research papers on soft continuity, supra soft continuity and its characterizations. Recently, soft
topologies generated by some special soft operators or formulas were studied in [5,11,15,18,20].

In 2002, the notion of generalized topology was introduced by Csaszar [22] who studied some of
its basic properties. After that the structure of soft generalized topology was established by Thomas
and John [33]. They provided the basic notions and concepts of soft generalized topological spaces
such as soft basis, subspace soft generalized topology, soft interior, soft closure, soft neighborhood,
soft limit point, soft boundary, soft exterior and soft continuity of soft functions.

In 2013, Korczak-Kubiak et al. [25] defined strongly nowhere dense sets, and studied their
properties. They also gave a relation between nowhere dense and strongly nowhere dense sets in
generalized topological space. In [34], they analyzed properties of strongly nowhere dense sets in
generalized topological spaces. In this paper, we introduce the concept of strongly nowhere dense
soft sets in soft generalized topological spaces to study a comparable version of soft nodecness of
soft generalized topological space.

The structure of this work is designed as follows: In Section 2, we provide basic concepts and
results that make the paper more accessible to the reader. In Section 3, we present the definition of
a strongly soft nodec generalized topological space, followed by some properties. We also prove
that the product of two soft generalized topological spaces is a strongly soft nodec, then each one is
a strongly soft nodec space. In Section 4, we extend the notions of strongly soft nodec generalized
topological space to To-strongly soft nodec generalized topological space by using the soft quotient
function and discussing its main properties. Additionally, we show the inverse of a surjective soft
quotient function preserves soft closure and soft interior of a soft subset of a codomain soft set.
In Section 5, we use soft quasi-homeomorphism and soft quotient functions to make comparisons
and connections among the strongly soft nodec and the Ty-strongly soft nodec with the support of
appropriate counterexamples. Then, we show that the image and the inverse-image of a strongly
soft nodecis a strongly soft nodec under a bijective soft quasi homeomorphism in a soft generalized
topological space. We finalize this work by successfully determining the conditions under which
the soft generalized topological space is a soft weak Baire space and hence a strongly soft second
category.

2. FUNDAMENTALS OF SOFT SETS AND SOFT GENERALIZED TOPOLOGIES
In this section, we present the basic definitions and results of soft-sets and soft generalized

topologies.

Definition 2.1. [29] Assume X and B are respectively the initial universal set and a set of parameters.
Let K : p — 2% be a set-valued function, whereas p C B and 2% is the power set of X. An ordered pair
(K, p) = {(r,K(r)) : r € p} is stated to be the soft set over X.

Remark 2.1. We can extend a soft set (K, p) to the soft set (K, V) by assuming K(r) = 0 foranyr € B — p.
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Definition 2.2. [31] The soft complement (K,p)¢ of a soft set (K, p) is a soft set (K, p) such that
K¢ : p — 2% is a mapping having the property that K°(r) = X — K(r) for all r € p.

Definition 2.3. [6,23] A soft set (K, p) over X is called:
(1) A null soft set with respect to p, denoted by @, if K(r) = 0 for all r € p. The (full) null set is
denoted by Py.
(2) An absolute soft set with respect to p, denoted by X, if K(r) = X for all r € p. The (full) absolute
set is denoted by Xg.
(3) Finite (resp. countable) if K(r) is finite (resp. countable) for each r € p. Otherwise, it is called
infinite (resp. uncountable).

SS(Xg) (resp. SS(X,,) refers to the class of all soft sets over X linked with ‘B (resp. p).

Definition 2.4. [6,27] For an index set I, let {(K;, p) : i € I} be a family of soft sets over X.
(1) The soft intersection of (K;, p), for i € I, is a soft set (K, p) such that K(r) = (i Ki(r) forallr € p

and is denoted by (K, p) = ﬁieI(Ki, 0)-

(2) The soft union of (K;, p), fori € I, is a soft set (K, p) such that K(r) = U;e; Ki(r) for all r € p and

is denoted by (K, p) = Uier(Ki, p)-

Definition 2.5. [6,10] Let (K, p), (L, p) € SS(X,). Then the soft difference (K, p) and (L, p) is defined to
be the soft set (H,p) = (K, p) — (L, p) such that H(r) = K(r) — L(r) for all r € p.

Definition 2.6. [27,31] Let p1, p2 C V. It is said that (Ky, p1) is a soft subset of (Ky, p2) (denoted by
(K1, p1)§(K2, p2)) if p1 C p2 and Ky (r) € Ky(r) for all r € p1. Moreover, (K1, p1) is soft equal to (K, p2),
written by (K1, p1) = (Ky, p2), if (K3, pl)E(KQ, p2) and (Ka, pz)E(Kl, p1)-

Definition 2.7. [35] A soft point is a soft set (K, p) over X, denoted by x,, provided that K(r) = {x} for
somer € pand K(s) = 0 forall s € p with v # s, where r € p and x € X. By a statement x, € (K, p), we
shall mean x € K(r). We denote the set of all soft points over X along with p by SP(X,,).

If x,, ys are two different soft points, then either x # y or r # s and by two disjoint soft sets
(K, p), (L, p) over X, we mean (K, p)N(L, p) = ®,.

Definition 2.8. [30] Let (K, p)C(X, u, p). Then, (K, p) is called a soft neighborhood of x, € SP(X, p) if
there exists (W, p) € u(x,) such that x, € (W, p)C(K, p), where u(x,) is the family of all elements of u
that contain x,.

Definition 2.9. [24,36] Let SS(X,,),SS(Y,) be collections of soft sets, and letp : X — Y,q: p1 — p2
be mappings. The image of a soft set (F,p1) € SS(X,,) under h : SS(X,,) — SS(Y,,) is a soft set
h(F,p1) = (h(F),q(p1)) in SS(Y,) which is given by
U pEr), g (r)npr#0
h(F)(ry) = qneq ()N
0, otherwise,
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foreach ry € pa.
The inverse image of a soft set (G, p2) € SS(Y,, ) under his a soft subset ™' (G, p2) = (h™1(G), 37 (p2))
such that

p~H(G(q(r))), q(n) € p2

0, otherwise,

(FH(G)(r1) =

foreach ry € py.
The soft mapping h is injective (resp. surjective, bijective) if both p and q are injective (resp. surjective,

bijective).

Definition 2.10. [33] A soft generalized topology over X is a subfamily u C SS(X,) containing @, and
satisfying the condition that the soft union of the arbitrary number of soft sets of u is in .

The triple (X, u, p) is called a soft generalized topological space, where every member of y is
called a soft g,,-open set.

Definition 2.11. [33] A strong soft generalized topology space (X, 1, p) is a generalized topology space
such that X, € .

Definition 2.12. [33] Let (X, i, p) be a soft generalized topological space and (F, p)(X, p). Then (F, p)
is called a soft g,-closed set if its soft complement (F, p)° is a soft g,,-open set. The family of all soft g,-open
sets are denoted by p°

Definition 2.13. [33] Let (Y, p) # ®, be a soft subset of a soft generalized topological space (X, i, p). Then
By = (L, p)N(Y,p) : (L, p) € p} is called a relative soft generalized topology over Y and (Y, H(y,p) P)
is a soft subspace of (X, 1, p)-

Definition 2.14. [33] Let (L, p)€(X, u, p). Then (L, p) is called a soft neighborhood of x, € SP(X,) if
there exists (W, p) € u(x,) such that x, € (W, p)C(L, p), where u(x;) is the family of all elements of u that

contain x,.

Definition 2.15. [33] Let (K, p) be a soft subset of a soft generalized topological space (X, u, p).

(1) The soft closure of (K, p), denoted by clg, (K, p), is the smallest soft closed set containing (K, p).
(2) The soft interior of (K, p), denoted by intg, (K, p), is the largest soft open set that is contained in

(K, p)-
Lemma 2.1. [33] Let (K, p) be a soft subset of a soft generalized topological space (X, u, p). Then
intgu((K, p)°) = (clgu(K, p))* and clg (K, p)°) = (intgu(K, p))*.

Definition 2.16. [33] Let (K, p) be a soft subset of a soft generalized topological space (X, u, p). The soft
boundary of (K, p) is given by bg, (K, p) = clgu(K, p) —intg, (K, p).
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Definition 2.17. [33] Let (L, p) be a soft subset of a soft generalized topological space (X, u,p). A soft
point x, € SP(X,) is called a soft limit point of (L, p) if (K, p)N((L, p) - {x,}) # @, forall (K, p) € u(xp).
The family of all soft limit points is denoted by Dy, (L, p).

Definition 2.18. [33] Let (K, p), (L,p), (H,p) be soft subsets of a soft generalized topological space
(X, u,p). Then (K, p) is called

(1) soft regular open if intg, (cle, (K, p)) = (K, p).

(2) soft a-open if (K, p)Cint gy (clgu(intgu(K, p))).

(3) soft a-closed if (K, p)Celgy (intgy(cleu(K, p))).

(4) soft g,-nowhere dense if intg, (clg, (K, p)) = @p.

(5) soft gu-dense in (L, p) if (L, p)Celgu(K, p).

(6) soft gu-codense if intg, (K, p) = ,.

Definition 2.19. [33] Let (X, u1,p1) and (Y, 2, p2) be two soft generalized topological spaces and
h: (X, u1,p1) = (Y, u2, p2) be a soft function, Then h is called a
(1) soft continuous function if h™ (K, p2) € w1 for each (K, p2) € po.
(2) soft open function if h(K, p1) € ua for each (K, p1) € 1.
(3) soft closed function if h(K, p1) is a soft closed subset of (Y, p2) for each soft closed subset (K, p1) of
(X, p1)-

Lemma 2.2. [19] The soft projection mapping 1; = (I1 X, I i, p)ier = (Xi, i, p) is soft open for each i.

Definition 2.20. [19] Let {(X;, i, p) : i € I} be a family of soft topological space with a fixed parametric
set p. The product soft topology u on X = [1,¢; X; is the initial soft topology over X generated by the family
{m; : i € I}, where m; is the soft projection mapping from SS(X,) to SS(X,,) for each i € 1.

Definition 2.21. [19] Let (K, p1) and (H, p2) be soft sets over (X, p1, p1) and (Y, ua, p2) respectively. Then
the Cartesian product of (K, p1) and (H, p2) is denoted by (K x H) 5, xp, and is defined as (K X H) (x,,, xp,) =
K(xp,) X H(xp,) for each (x,,,xp,) € (p1 X p2)-

3. STRONGLY SOFT NODEC SPACES

In this section, we define strongly soft nodec of a soft generalized topological space and present
its master properties. We also prove that if the product of two soft generalized topological spaces

is strongly soft nodec, then each one is a strongly soft nodec space.

Definition 3.1. Let (K, p), (L,p), (H,p) be soft subsets of soft generalized topological space (X, 1, p).
Then (K, p) is called
(1) strongly soft g,-nowhere dense if for any non-null soft open set (L, p), there exists a non-null soft
open set (H, p), such that (H, p)C(L, p) and (H, p)N(K, p) = @,
(2) strongly soft g,first category if (K,p) = U,1(Ky, p), where each (K, p) is soft strongly Su-
nowhere dense for every n € IN. Otherwise, (K, p) is strongly soft g,-second category.
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We shall remark that every strongly soft nowhere dense (resp. strongly soft g,-first category) is soft

nowhere dense (resp. soft g,~first category). However, the converse may not be the case generally.

Example 3.1. Taking X = {x1,x2,x3,x4, X5} and p = {p1, p2} as a universal set and a set of parameters,

respectively. Let (K1, p), (Kz, p), ..., (Ko, p) be soft sets over X given as follows:
(K1, p) = {(p1, {x1, x4}), (p2, {x1, x3})},

(K, p) = {(p1, {x1, x5}), (p2, {x1})},

(K3, p) = {(p1, {x2,x5}), (p2, {x3})},

(Kg, p) = {(p1, {x1, x4, x5}), (P2, {x5})},
(Ks, p) = {(p1, {x1, X2, x4, x5}), (P2, {x1, 3, x5})}
(Ke, p) = {(p1, %1, x4, x5}), (p2, {x1, x3})}
(K7,p) = {(p1,{x1,x2, x4, x5}), (P2, {x1, x3})}
(Ks, p) = {(p1, {x1, %2, x5}), (P2, {x1, x3})}
(Ko, p) = {(p1, {x1, x4, x5}), (p2, {x1, x5})}, and
(Ko, p) = {(p1, {x1,x2, x4, x5}), (p2, {Xs,xs})}

Then the family u = {(K;,p) :i = 1,2,---,10}U D} forms a soft generalized topology over X. The soft
set {(p1,{x3}), (p2, {x3})} is a non-null soft nowhere dense set but not strongly soft nowhere dense. The rest

case is clear.

Throughout this work, soft nowhere dense (resp. strongly soft nowhere dense, strongly soft first
category, strongly second category, soft open, soft closed and etc.) means soft ¢,-nowhere dense
(resp. strongly soft ¢,-nowhere dense, strongly soft g,-first category, strongly ¢,-second category,
soft g,,-open, soft g,-closed and etc.) when no confusion exists.

It is easy to prove the following Lemma:

Lemma 3.1. Let (X, y, p) be a soft generalized topological space. Then

(1) Ewvery soft subset of a strongly soft nowhere dense set is strongly soft nowhere dense.

(2) Every soft subset of a strongly soft first category set is a strongly soft first category set.

(3) If (K, p)S(X, w, p) is a strongly soft nowhere dense set, then clg, (K, p) is a strongly soft nowhere
dense set.

(4) For every (K, p), (L, p)S(X, 1, p). If (K, p) is non-null soft opn set and (K, p)N(L, p) = D, then
(K, p)Nelgu(L, p) = @

(5) For every strongly soft nowhere dense (K, p)C(X, u, p), (K, p) is soft codense.

(6) For every (K, p)S(X, 1, p), intgu[cleu (K, p) \ (K, p))] = CI)p.

Definition 3.2. A soft generalized topological space (X, i, p) is called a strongly soft nodec space if each
non-null strongly soft nowhere dense subset of (X, 1, p) is soft closed.

Theorem 3.1. Let (X, i, p) be a strong soft generalized topology space. Then X, is a strongly soft nodec
space if any one of the following holds:

(1) Every soft a-closed set is a soft closed set.
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(2) Ewvery soft a-open set is a soft open set.

) (el (K, p) = (K, p)) el (intgy (el (K, p))) for every (K, p)E(X, g, p).
4) clgu(K, p) = (K, P)G[Clgu (intgu(clgu (K, p)))] for every (K, PIE(X, 1, p)-
(5) intgu(K, p) = (K, P)ﬁ(i”tgy (clgu(intgu (K, p)))) for every (K, p)S(X, i, p)-

Proof. (1) Let (K, p)S(X, p, p) be a non-null strongly soft nowhere dense. Then, (K, p) is a non-null
soft nowhere dense set and so intg, (clyu (K, p)) = ®,. Since X,, is a strong soft generalized topology
space, clg, (intgy (clgu (K, p))) = @, then clg, (intgy(cleu (K, p)))S(K, p) which implies (K, p) is a soft
a-closed set; hence (K, p) is a soft closed set in X,,. Thus, X, is a strongly soft nodec space.

(2) By following the same strategy as in part (1), we can say that X, is a strongly soft nodec
space.

(3) Let (K, p)S(X, 1, p) be a non-null strongly soft nowhere dense. Then, by Lemma 3.1, (K, p) is
anon-null softnowhere dense setand so intg, (cle, (K, p)) = ®,.Since X, is a strong soft generalized
topology space, then clg, (intgy (clgu (K, p))) = @p. As (clgu (K, p) — (K, p))Celgy (intgu(cleu (K, p))) =
®,, then cly, (K, p) = (K, p). Thus, (K, p) is a soft closed set in X,,. Therefore, X,, is a strongly soft
nodec space.

(4) It follows from [7, Theorem 3.3].

(5) It follows from [7, Theorem 3.4]. ]

Lemma 3.2. Let (X, u, p) be a soft generalized topological space. Then the following statements hold:

(1) For every strongly soft nowhere dense (K, p)C(X, , p), bgu(K, p) is a strongly soft nowhere dense
set.

(2) Forevery (K, p)S(X, u, p) and beu(K, p) is a strongly soft nowhere dense set, then by, (intg, (K, p)),
beu(cleu (K, p)) are strongly soft nowhere dense sets.

(3) For every strongly soft nowhere dense (K, p)C(X, i, p), beu((K, p)N(L, p)) is a strongly soft
nowhere dense set for any soft set (L, p)C(X, 1, p).

Proof. (1) Let (K, p)S(X, , p) be a strongly soft nowhere dense. Let (L, p) be a non-null soft open
set. Then there exists a non-null soft open set (H, p) such that (H, p)<(L, p) and (H, p)N(K, p) = ®,.
By Lemma 3.1, (H, p)Nclgu(K, p) = ®,. Since bg, (K, p)Ccleu(K, p), then (H, p)Nbgu(K, p) = @,.
Therefore, by, (K, p) is a strongly soft nowhere dens set in X,,.

(2) The proof is straightforward.

(3) Let (K, p)S(X,u,p) be a strongly soft nowhere dense. Since (K, p)N (L, p)S(K,p) and a
subset of a strongly soft nowhere dense set is strongly soft nowhere dense, and by part (1),
beu((K, p)N(L, p)) is a strongly soft nowhere dense set for any soft set (L, p)C(X, u, p).

O

Lemma 3.3. Let (X, i, p) be a soft generalized topological space. Then every strongly soft nowhere dense
in X, does not contain a non-null soft open set in X,,.

Proof. Let (K, p)S(X, 1, p) be a strongly soft nowhere dense set. Suppose that there exists a non-null
soft set (H, p) such that (H, p)C(K, p). Then there is no soft set (L, p) # ®, such that (L, p)S(H, p)
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and (L, p)N(K, p) = ®, which is a contradiction to that (K, p) is a strongly soft nowhere dense set
in X,,. Hence, (H, p) = ®,. Therefore, (K, p) does not contain a non-null soft open set in X,,. ]

Definition 3.3. A soft generalized topological space (X, i, p) is called soft nodec if each non-null soft

nowhere dense subset of X, is soft closed.

Obviously, every strongly soft nodec generalized topological space is soft nodec. The reverse

may not always true, and the counterexample can be concluded from Example 3.1.

Theorem 3.2. Let (Y, uy, p) be a soft dense subspace of a soft generalized topological space (X, 1, p). If
every non-null strongly soft nowhere dense set in Y, is a soft closed set in X, and every non-null strongly

soft nowhere dense set in X, meets Y, then X, is a strongly soft nodec space.

Proof. Let (K, p) be a non-null strongly soft nowhere dense setin (X, 1, p). By hypothesis, (K, p) N
(Y, p) # ®,.Let (L, p) beanon-null soft opensetin Y. Then, (L, p) = (H, p)N(Y, p) where (H,p)isa
non-null soft open set in X,,. Since (K, p) is a strongly soft nowhere dense set in X, then there exists
anon-null soft open set (F, p) in X, such that (F, p)C(H, p) and (F, p)N(K, p) = ®,,. Since Y is soft
dense subspace of X, then (F, p)N(Y, p) is a non-null soft open set in Y. Take (G, p) = (F, p)N(Y, p).
Hence, there exists a non-null soft open set in Y such that (G, p)S(L, p) and (G, p)N(K,p) = @,.
Therefore, (K, p) is a non-null strongly soft nowhere dense in Y. By hypothesis, (K, p) is a soft
closed set in X,,. Hence, X,, is a strongly soft nodec space. m|

Lemma 3.4. Let (X, u1,p), (Y, t2, p) be soft generalized topological spaces. Then the following statements
hold:

(1) If (K, p), (H, p) are strongly soft nowhere dense subsets of X, Y ,, respectively, then (K, p) X (H, p)
is a strongly soft nowhere dense set in X, X Y.

(2) If (K, p) x (H, p) is a strongly soft nowhere dense set in X, X Y, then (K, p) is a strongly soft
nowhere dense set in X, or (H, p) is a strongly soft nowhere dense set in Y.

Proof. (1) Suppose that (K, p), (H, p) are strongly soft nowhere dense subsets of X,,Y,, respec-
tively. Let (F,p) x (G, p) is a non-null soft set in X, x Y,,. Then, (F,p) is a non-null soft set
in X, and (G, p) is a non-null soft set in Y,. By hypothesis, there exists a non-null soft sets
(F1,p),(G1,p) in X,, Y, respectively, such that (Fy, p)E(F, p), (G, p)E(G, p) and (Fy, p)ﬁ(K, p) =
®,, (Gy, p)ﬁ(H, p) = @,. Hence, there exists (Fy, p) X (Gy, p) is a non-null soft in X, X Y, such that
(F1,p) X (G1,p)S(F, p) X (G, p) and (Fy, p) X (G1, p)N(K, p) X (H, p) = ®,. Therefore, (K, p) x (H, p)
is a strongly soft nowhere dense set in X, X Y,,.

(2) Suppose that (K, p) X (H, p) is a strongly soft nowhere dense set in X, X Y,,. Let (F, p), (G, p)
be non-null soft subsets of X, Y respectively. By hypothesis, there exists a non-null soft set
(F1,p) X (G1,p) in X, X Y, such that (Fy, p) X (G1,p)S(F, p) X (G, p) and (Fy, p) x (G1, p)N(K, p) X
(H,p) = @,. Since (F1,p) X (G1,p) # @, and (Fy,p) X (Gl,p)E(F,p) X (G, p), then (F1,p)§(F,p)
and (Gi,p)S(G, p). Since (F1,p) x (G1,p)N(K, p) x (H,p) = @,, then (Fi,p)N(K,p) = &, or
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(G1,p)N(H,p) = ®,. Thus, (K, p) is a strongly soft nowhere dense set in X, or (H, p) is a strongly
soft nowhere dense set in Y. O

Theorem 3.3. If the product of two soft generalized topological spaces is a strongly soft nodec space, then

each one is a strongly soft nodec space.

Proof. Suppose that (X, u1, p), (Y, u2, p) be soft generalized topological spaces and X, X Y, is a
strongly soft nodec space. Let (K, p), (H, p) be non-null strongly soft nowhere dense subsets of
Xp, Y, respectively. Then, by Lemma 3.4, (K, p) X (H, p) is a non-null strongly soft nowhere dense
subset of X, X Y. By hypothesis, (K, p) x (H, p) is a soft closed set in X, X Y,,. Hence, (K, p) is a
soft closed set in X, and (H, p) is a soft closed set in Y. Therefore, X, and Y, are strongly soft

nodec spaces. m]

4. Ty-STRONGLY SOFT NODEC SPACES

Let (X, u, p) be a soft generalized topological space. A binary relation ~ on X, is defined by
(x; ~ x¢) if and only if clgu{x,} = clgu{x;}, where x,, xféSP(Xp), see [28]. The ~ is an equivalence
relation on X, and the resulting soft quotient space To(X,) = X,/ ~ is the soft To-reflection of
X, and the soft generalized quotient topology over To(X) is defined to be . = {(K, p)CTo(X)) :
h™((K, p))€u} where 7 is a soft quotient function from X, into To(X,) by setting x,€SP(X,) to its
soft equivalence class [x;] in To(X,). Then, the triple (To(X), tir, p) is called the soft generalized
soft quotient topological space of X,. A soft function h : (X, u1,p1) — (Y, y2,p2) is said to be a
soft quasi-homeomorphism if (K, p1) — h™}(K, p1) (resp. (F,p1) — h™'(F, p1)) defines a bijection
function uy — pa (resp. p{ — ps). Equivalently, a soft function h : (X, u1, p1) — (Y, 12, p2) is
said to be a soft quasi-homeomorphism if for each (K, p1) € p, there exists a unique (L, p2) € 2
such that (K, p1) = h™'(L, p2) (equivalently, for each soft closed subset (K, p1) of X,,, there exists a
unique soft closed subset (L, p2) of Y, such that (K, p1) = h=Y(L, p2))-

Proposition 4.1. Let (X, 1, p1), (Y, ta, p2) be soft generalized topological spaces. If h : (X, u1,p1) —

(Y, t2, p2) is a surjective soft quasi-homeomorphism, then h is a soft open (resp. soft closed) function.

Proof. Let (K, p1) beasoftopen (resp. soft closed) setin X, . Since h is a soft quasi-homeomorphism,
then there exists a unique soft open (resp. closed) set (L, p2) in Y, such that (K, p1) = k™' ((L, p2)).
Since  is a surjective function, then h((K, p1)) = h(h™1((L, p2))) = (L, p2). Hence, h((K,p1)) is a

soft open (resp. soft closed) set in Y,,,. Therefore, / is a soft open (resp. soft closed) function. O

Notation 4.1. Let (X, u, p) be a soft generalized topological space and let x,, x;€SP(X,). Then,
(1) Ho(x,) = {xEEP(Xp) s clgufxy} = clguixil).
(2) Ho((K, p)) = UtHo(xy) : x-€(K, p)}.

Definition 4.1. A soft generalized topological space (X, , p) is called a To-strongly soft nodec space if its
soft To-reflection is strongly soft nodec.
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Example 4.1. Taking X = {x1,x2,x3,x4} and p = {p} as a universal set and a set of parameters, respec-
tively. Let (K1, p), (Kz, p), (K3, p), (Ka, p), (K5, p), (Ke, p) be soft sets over X given as follows:

(K1, p) = {(p, {x1})}

(K2, p) = {(p, {x2, x3})}
(Ks, p) = {(p, {x1, x2})}
(Ky, p) = {(p, {x1, %2, x3})}
(Ks, p) = {(p, {1, %2, x4})}
(Ke, p) = {(p, {x1, %3, x4})}

Then the family u = {®,, (K1, p), (K2, p), (K3, p), (K4, p), (Ks, p), (Ke, p), Xp} forms a strongly soft gener-
alized topology over X. Define a soft function 1 : (X, u, p) = (To(X), i, p) by assigning each x,€SP(X,,)
to its soft equivalence class [x,] in To(X,). Hence, un = {®,, (G, p)}, where (G, p) = {(p,{[x1]})} and
“1((G, p)) = {(p, {x1})}€p. Thus, every non-null strongly soft nowhere dense set in To(X,,) is a soft closed
which implies that To(X,) is a strongly soft nodec space. Therefore, X, is a To-strongly soft nodec space.

Lemma4.1. Let (X, u, p) bea soft generalized topological space and let (K, p)S(X, u, p). If 7 : (X, u, p) —
(To(X), un, p) is a surjective soft quotient function, then the following statements hold:

(1) The function Tt is a soft quasi-homoeomorphism.

(2) The function Tt is soft open and soft closed.

3) (K, p)CHo(K, p)Celgu(K, p) and consequently clg, (Ho(K, p)) = clgu(K, p).

(4) If (K, p) is a soft closed set, then Hy(K, p) = (K, p).

(5) Ho(K,p) = ! (n(K, p)).

(6) If{(K, p)ninen is a family of soft subsets of X, then Hy(|Uew (K, p)n) = Unen Ho((K, p)n)-

Proof. (1) It follows from the definition of i, and the surjectivity of h.

(2) It follows from Proposition 4.1.

(3) Evidently, (K, p)EHo(K, p). Let x,€Hy (K, p). Then, x,€Hy(x;) and clou{xr} = clgulxs} for some
xt€(K, p). Thus, erclgH{xt}Eclg”(K, p) which implies that x,€clg, (K, p). Hence, Hy(K, p)EclgH (K, p).
Therefore, (K, p)CHo(K, p)Celgu(K, p); hence clgy (Ho(K, p)) = clgu(K, p).

(4) It follows from 3.

(5)It follows from the definition of Hy(K, p) and a soft quotient function 7.

(6) Let x€Ho(Unen(K, p)n)- Then, xi€JHy(x,) for all x,€J,en(K,p)n. This implies that
clouixs) = clg},{xt} for some x,€(K, p); for some i € N. Hence, x;€ ,en Ho((K, p)n). Therefore,
Ho(Uneny (K, p)u) € Uen Ho( (K, p)).

Conversely, let x€U,enHo((K,p)n). Then, x€(K,p); which implies that clg,{x,} =
clgufx} for some x,€(K,p); and i € N, which implies that x;€Ho(U,en (K, p)n). Hence,
Unes Ho((K, p)u)CHo(Unens (K, p)n). Therefore, Ho(Uen (K, p)r) = Unens Ho( (K, p)n). o

Theorem 4.1. Let (X, 1, p) be a soft generalized topological space and let 7 : (X, u, p) — (To(X), tin, p)
be a surjective soft quotient function. Then, the following statements are equivalent.

(1) X, is a To-strongly soft nodec space.
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(2) Any non-null strongly soft nowhere dense subset (K, p) of X, Ho((K, p)) is a soft closed set.

Proof. (1) = (2) Suppose that X, is a To-strongly soft nodec generalized topological space. Let
(K, p) be a non-null strongly soft nowhere dense subset of X. By Lemma 3.1, clg,(K,p) is a
non-null strongly soft nowhere dense subset of X. Assume that clg, (7(K,p)) is not strongly
soft nowhere dense set in To(X,). Then, by Lemma 3.3, there is a non-null soft open set
(L,p) of subset of To(X,) such that (L,p)gclgyn(n(K,p)). Since 7t is a soft continuous func-
tion, then 7 !((L,p)) is a non-null soft open set in X, and 7 '((L,p))Cr(clgu, (n(K, p))).
Since clg, (K, p) is a soft closed set in X,, (K, p)Cclgu(K, p), then nt(K, p)Cri(cleu(K, p)); hence
clgy, ((K, p))Celgy, (m(clgu (K, p)). By Lemma 4.1 (2), 7 is a soft closed soft function implies
that 7t(clg, (K, p)) is a soft closed set in To(X,). Hence, clg, (n(K, p))Celgy, (r(cleu(K, p)) =
n(clgu(K, p)). Thus, 1 (clg, (n(K, p)))Crn(n(clgu(K, p))) = clgu(K, p) which contradicts the
fact that clg, (K, p) is a strongly soft nowhere dense set in X,. Hence, cl, (11(K, p)) is a non-null
strongly soft nowhere dense set in To(X,). Thus, 7(K, p) is a non-null strongly soft nowhere
dense set in Tp(X,) because a soft subset of strongly soft nowhere dense set is a strongly soft
nowhere dense set. Since To(X,) is a strongly soft nodec space, then n(K,p) is a soft closed
set in To(X,). By soft continuity of 7, 771 (n(K, p)) is a soft closed set in X,,. By Lemma 4.1 (5),
Ho((K, p)) = n(n(K, p)); hence Ho((K, p)) is a soft closed set in X,,.
(2) =
nY(K, p). By surjectivity of m, n((L,p)) = n(n *(K,p)) = (K,p). Hence, ((L,p)) is a non-

(1) Let (K, p) be a non-null strongly soft nowhere dense subset of To(X,) and (L, p) =

null strongly soft nowhere dense subset of To(X,). Since 7 is a surjective soft function, then
7 n((L,p))) = i (n(r (K, p))) = w1 ((K,p)) = (L p). Since 7((L,p)) is a non-null soft
strongly nowhere dense subset of strongly soft nodec space To(X,) and 7 is a soft function,
then 7((L,p)) is a soft closed set in To(X,). By Lemma 4.1 (5), Ho(L,p) = n'(n(L,p)) and
7 (m((L,p)) = 7 (el (K, p))) = (K, p)) = (L, p). Then, Ho(L, p) = (L, p). Suppose that
(L, p) is not strongly soft nowhere dense set in X,,. Then, by Lemma 3.3, there is a non-null soft open
subset (H, p) of X, such that (H, p)C(L, p). Since 7 is a soft open function, by Lemma 4.1 (2), then
n((H, p)) is anon-null soft open set in Ty(X,) and 7((H, p))Cn(((L, p)). By Lemma 3.3, n((L, p)) is
not strongly soft nowhere dense set in To(X,) which contradicts the fact that 7((L, p)) is a strongly
soft nowhere dense setin Ty (X, ). Hence, (L, p) is a non-null strongly soft nowhere dense set in X,,.
Since Ho(L, p) = (L, p) and by hypothesis, (L, p) is a soft closed set in X, then t((L, p)) is a soft
closed set in To(X,). Hence, (K, p) is a soft closed set in Ty(X,) since (K, p) = 7((L, p)). Therefore,
X, is To-strongly soft nodec space. m|

The following proposition shows that the inverse of a surjective soft quotient function preserves

soft closure and soft interior of a soft subset of a codomain soft set.

Proposition4.2. Let (X, u, p) be a soft generalized topological space and let v : (X, u, p) — (To(X), pir, p)
be a surjective soft quotient function. Then the following statements hold:

(1) For cvery (K, p)E(To(X), tin, p), 7 (clgy, (K, p)) = clgy (n™}(K, p)).
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(To(X), tir, p), " (intgu, (K, p)) = intgy (7' (K, p)).
(TO (X)/ HUr, P)/ n! (Clgyn (i”tgyn (Clgun (K, p)))) = Clgy(intgy (Clgy(n_l (K, p))))-

(2) For every (K, p)
(3) For every (K, p)

N1 1N1

Proof. (1) Let (K,p)S(To(X), tn p). Let x, be a soft point in 1 (clgy, (K, p)). Let (L,p) be
any soft open set in X, such that x,€(L,p). By Lemma 4.1 (2), 7 is a soft open function
which implies that 7((L,p)) is a soft open set in To(X,). By surjectivity of 1, we have that
ni(xy)€n((L, p)). Then, there exists a soft point x, in To(X,) such that x,€m(x,), x,€clgy, (K, p)
and x,€n((L, p)); hence nt((L, p))Nclgy, (K, p)) # @,. Thus, n' (n((L, p))N(K, p) # P, which im-
plies that (L, p)N(K, p) # ®,. Therefore, x,€clgy (1 (K, p)); hence ! (clgy, (K, p)) Celgu (1 (K, p)).
Since 7t is a soft continuous function and by [33, Theorem 4.5.], clg, (n7(K, p)) S~ (clgy, (K, p)).
Therefore, 171 (clg,, (K, p)) = clgu(n7 (K, p)).

(2) Let (K,p)S(To(X),un, p). Since 7 is a soft continuous function and 7! is a soft
open function. Then, n!(intg, (K, p)) = intg,(n ' (intg, (K, p)))Cinte,(n" (K, p)). Hence,
Y (intgy, (K, p))Cintgu (7 (K, p)). Let x, be a soft point in intg, (17! (K, p)). Then, there exists a
soft open set (L, p) in X, such that x,€(L, p) and (L, p)Cr~!((K, p)). By Lemma 4.1(1) and the defi-
nition of a soft quasi-homeomorphism, there exists a unique soft open set (H, p) in To(X, ) such that
Y ((H,p)) = (L,p). Thus, n='((H, p))Sn ! ((K, p)) which implies that (H, p)Cr(n~*((K,p))) =
(K, p) since 7 is a surjective soft function. Hence, 71(x,)€intg, ((K, p)) and so x,en™! (intgy, (K, p))).
Thus, intg, (™ (K, p))Cn? (intgu. (K, p)). Therefore, n™! (intg, (K, p)) = intgu(n (K, p)).

(3) Let (K, p)S(To(X), i, p)- By part (1),

n! (Clgyn (intgyn (Clgpn (K,p)))) = Clgy (77_1 (i”tgyn (Clgun (K,p)))),

and by part (2),
cley (71_1 (intgyn (Clgyn (K,p)))) = cley (i”tgp (n_l (Clgyn (K, p))))
Hence,
clgy(intg#(n_l(clgyn (K, p)))) = clg#(intgy(clgy(n_l (K, p))))-
Therefore,

! (Clgyn (i”tgyn (clgu, (K, p)))) = clgy (intgy (clgy (n_l (K, p))))-

5. ComprarisoNs AND CONNECTIONS

In this section, we use soft quasi-homeomorphisms and soft quotient functions to make com-
parisons and connections between the strongly soft nodec and the Ty-strongly soft nodec with
support of appropriate counterexamples. Additionally, we show that the image and inverse image
of a strongly soft nodec space is a strongly soft nodec space under a bijective soft quasi homeomor-
phism in soft generalized topological space. Further, we successfully determine the conditions
under which the soft generalized topological space is a soft weak Baire space; hence a strongly soft

second category.
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Lemma 5.1. Let (X, u1,p1), (Y, 2, p2) be soft generalized topological spaces and h : (X, u1, p1) —
(Y, t2, p2) be a soft quasi-homeomorphism. Then the following statements hold:

(1) If his a bijective soft quasi-homeomorphism and (K, py) is a strongly soft nowhere dense set in X,
then h((K, p1)) is a strongly soft nowhere dense set in Y ,,.

(2) If (L, p2) is a strongly soft nowhere dense set in Y,,,, then h™'((L, p2)) is a strongly soft nowhere
dense set in X,,,.

(3) If (K, p1) is a strongly soft second category set in X,,, then h((K, p1)) is a strongly soft second
category set in Y ,.

(4) If his a bijective soft quasi-homeomorphism and (L, p2) is a strongly soft second category set in Y ,,,
then h™'((L, p2)) is a strongly soft second category set in X,,.

Proof. (1) Let (K, p1) be a strongly soft nowhere dense set in X,,,. Let (L, p2) be a non-null soft
open set in Y. Since & is a bijective soft quasi-homeomorphism, then h~((L, p2)) is a non-null
soft open set in X,,. By the definition of strongly soft nowhere denseness, there exists a non-
null soft open set (H, p1) in X,, such that (H, p1)Sh™!((L, p2)) and (H, p1)N(K, p1) = ®,,. Since
h is a quasi-homeomorphism, then there exists a unique soft open set (G, p2) in Y,, such that
h™((G, p2)) = (H, p1). Since h is a surjective function, then (G, pz) is a non-null soft open setin Y,,,
and h((H, p1)) = (G, p2). Since (H, p1)Sh™((L, p2)), then h((H, p1))S(L, p2) and so (G, p2)S(L, p2).
Since  is an injective function, then h[(H, p1)N(K, p1)] = h((H,p1))Nh((K,p1)) = ®,,. Thus,
(G, p2)Nh((K, p1)) = ®,,. Therefore, h((K, p1)) is a strongly soft nowhere dense set in Y,,,.

(2) Let (L, p2) be a strongly soft nowhere dense set in Y),. Let (K, p1) be a non-null soft open
set in X,,. Since / is a soft quasi-homeomorphism, then there exists a unique soft open set (G, p2)
in Y,, such that h™1((G, p2)) = (K, p1). Hence, (G, p2) is a non-null soft open set in Y,,, and
by hypothesis, there exists a non-null soft open set (H, p) in Y, such that (H, p»)<(G, p») and
(H, pz)ﬁ(L, p2) = ®,,. Since & is a soft continuous, then there exists a non-null soft open set
h~Y((H, p2)) in X,, such that h™1((H, p2))C(K, p1) and h™1((H, p2))Nh~Y((L, p2)) = P@p,. Therefore,
h™1((L, p2)) is a strongly soft nowhere dense set in X,,,.

(3) Let (K, p1) be a strongly soft second category set in X,,,. Assume that i((K, p1)) is a strongly
soft first category set in Y,. Then, h((K,p1)) = OneN(Hn, p2), where each (Hy, p2) is a strongly
soft nowhere dense set in Y, for all n € N. By part (2), k™' ((Hp, p2)) is a strongly soft nowhere
dense set in X,, for all n € N. Now, k™ (h((K,p1))) = b (Upen(Hu, 02)) = Unent™ (Hn, p2))
which implies that i~ (h((K, p1))) is a strongly soft first category in X,,; hence (K, p1) is a strongly
soft first category in X, since the subset of a strongly soft nowhere dense set is a strongly soft
nowhere dense which contradicts the fact that (K, p1) is a strongly soft second category set in X,,.
Therefore, h((K, p1)) is a strongly soft second category set in Y.

(4) Let (L, p2) be a strongly soft second category set in Y, and let & be a bijective function.
Assume that h™'((L, p2)) is a strongly soft first category in X,,. Then, ™ ((L, p2)) = OneN (Hu, p1),
where (Hy, p1) is a strongly soft nowhere dense set in X, for all n € IN. By part (1), k((Hy, p1)) is
s strongly soft nowhere dense set in Y/, for each n € N. Now, h(h™'((L, p2))) = h(OneN (Hp, p1))-
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Since & is a bijective soft function, then (L, p2) = Onemh((Hn/ p1)) which implies that (L, p2) is a
strongly soft first category set in Y),,, which contradicts the fact that (L, p2) is a strongly soft second
category set in Y,,. Therefore, h™1((L, p)) is a strongly soft second category set in X, . o

The following theorem shows that the image and the inverse-image of a strongly soft nodec
space is strongly soft nodec under a bijective soft quasi homeomorphism between soft generalized

topological spaces.

Theorem 5.1. Let (X, 1, p1), (Y, 42, p2) be soft generalized topological spaces and h : (X, p1, p1) —
(Y, u2, p2) be a bijective soft quasi-homeomorphism. Then, X, is a strongly soft nodec space if and only if

Y is a strongly soft nodec space.

Proof. Suppose that X, is a strongly soft nodec space. Let (L, p2) be a non-null strongly soft
nowhere dense set in Y,,. By hypothesis and Lemma 5.1, k! ((L, p2)) is a strongly soft nowhere
densesetin X,,. Then, h™((L, p2)) is a soft closed set in X,,, . Since /1 is a soft quasi-homeomorphism,
there exists a unique soft closed set (H, p2) in Y, such that ™' ((L, p2)) = h™*((H, p2)). Since h is
a surjective soft function, then (L, p2) is a soft closed set in Y,,. Therefore, Y, is a strongly soft
nodec space.

Conversely, assume that Y is a strongly soft nodec space. Let (K, p1) be a strongly soft nowhere
dense set in X, . By hypothesis and Lemma 5.1, h((K, p1)) is a strongly soft nowhere dense set in
Yy, Then, h((K, p1)) is a soft closed set in Y, . Since h is a bijective soft continuous function, (K, p)

is a soft closed set in X, . Therefore, X,, is a soft strongly nodec space. m]

Theorem 5.2. Let (X, u, p) be a strong soft generalized topology space and 7 : (X, u, p) = (To(X), tn, p)
be a surjective soft quotient function. If X, is a strongly soft nodec space, then X,, is a To-strongly soft nodec

space.

Proof. Let X be a strongly soft nodec space. Let (L,p) be a strongly soft nowhere dense set in
To(X,). By Lemma 5.1, h™((L, p)) is a strongly soft nowhere dense set in X,; hence h™!((L, p)) isa
soft closed set in X,. By Lemma 4.1, (k™' ((L, p))) is a soft closed set in To(X,). Then, (L, p) a soft
closed set in To(X,) since & is a surjective function. Thus, To(X,) is a strongly soft nodec space.

Therefore, X, is a To-strongly soft nodec space. m]

Theorem 5.3. Let (X, u, p) be a strong soft generalized topology space and 7t : (X, p, p) = (To(X), tin, p)
be a surjective soft quotient function. If 1 is an injective function and X, is a To-strongly soft nodec space,
then X, is a strongly soft nodec space.

Proof. Let (K, p) be a non-null strongly soft nowhere dense set in X,. By Lemma 5.1, 7((K, p)) is a
non-null strongly soft nowhere dense set in To(X,); hence by hypothesis, 77((K, p)) is a soft closed
setin To(X,). By Lemma 4.1, 7 is a soft continuous function which implies that 7! (7((K, p))) is a
soft closed set in X,. Since 7 is an injective function, then (K, p) is a soft closed set in X,. Therefore,

X, is a strongly soft nodec space. m]
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Definition 5.1. Let (X, u, p) be a soft generalized topological space. A space X, is said to be a soft weak

Baire space if every non-null soft open set in X, is a strongly soft second category in X,,.
The next theorems indicates basic relationships between the concepts introduced above.

Theorem 5.4. Let (X, u, p) be a soft weak Baire soft generalized topological space, then X,, is a strongly

soft second category.

Proof. Let (X, u, p) be a soft weak Baire soft generalized topological space. Suppose that X, is a
strongly soft first category. Then, X, = Upens (Has p) such that (Hy, p) is a strongly soft nowhere
dense set in X, for all n € IN. Clearly, (Hy, p) is a soft nowhere dense set in X, for all » € N. Hence,
clou((Hy, p)) has no soft interior soft points so any non-null soft open set in X, must intersect
(Ku, p) = X, \ clgu((Hy, p)) foralln € IN. If {(K;, p)}nen is a family of non-null soft open soft dense
setsin X, then clg, (K, p)) = X foralln € IN which implies that clg, ((Ky, p)) is a strongly soft first
category set in X,,. By Lemma 3.1 and (K, p)Cclgu((Kn, p)), (K, p) is a strongly soft first category
set in X, for all n € IN. Thus, a non-null soft open set (K, p) is not strongly soft second category
in X, for all n € IN which is a contradiction to that Xpisa soft weak Baire space. Therefore, Xpisa
strongly soft second category. m|

Theorem 5.5. Let (X, u1,p1), (Y, t2, p2) be soft generalized topological spaces and h : (X, u1, p1) —
(Y, p2, p2) be a surjective soft quasi-homeomorphism. Then the following statements hold:

(1) If X, is a soft weak Baire space, then Y is a strongly soft second category.
(2) If h is an injective function and Y is a soft weak Baire space, then X, is a strongly soft second
] p p 8ty

category.

Proof. (1) Let (X, u1, p1) be a soft weak Baire space. Let (L, p2) be a non-null soft open set in Y/,.
Since /1 is a soft continuous soft function, then h™((L, p,)) is a non-null soft open set in X,. By
hypothesis, 171 ((L, p2)) is a strongly soft second category in X,. By Lemma 5.1, h(h™((L, p2))) is a
strongly soft second category set in Y,,. Since / is a surjective soft function, then h(h™'((L, p2))) =
(L, p2) is a strongly soft second category setin Y),. Hence, Y is a soft weak Baire space. By Theorem
5.4, is a strongly soft second category.

(2) Let (Y, u2, p2) be a soft weak Baire space. Let (K, p) be a non-null soft open set in X,. Since
h is a soft quasi-homeomorphism soft function, there exists a non-null soft open set (G, pz) in
Y,, such that (K, p) = h™'((G, p2)). Since h is a surjective function, then h((K, p)) = (G, p2). By
hypothesis, (G, p2) is a strongly soft second category. Hence, h((K, p)) is strongly soft second
category in Y,,. By Lemma 5.1, h ! (h((K, p))) is a strongly soft second category in X,. Since /1 is an
injective function, then i1 (h((K, p))) = (K, p) is strongly soft second category in X,. Hence, X,, is
a soft weak Baire space. By Theorem 5.4, X,, is strongly soft second category. O

Theorem 5.6. Let (X, 1, p) be a soft generalized topological space and 1 : (X, u, p) = (To(X), un, p) be
a surjective soft quotient function. Then, the following statements hold:

(1) If X, is a soft weak Baire space, then To(X,) is a soft weak Baire space.
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(2) If To(X,) is a soft weak Baire space and 7t is an injective function, then X, is a soft weak Baire space.

Proof. (1) Let (X, 1, p1) be a soft weak Baire space. Let (L, p2) be a non-null soft open setin To(X,).
Since 1 is a soft continuous function, then h™((L, p)) is a non-null soft open set in X,,. By hypothe-
sis, h™1((L, p2)) is a strongly soft second category in X,,. By Lemma 5.1, h(h™!((L, p2))) is a strongly
soft second category set in Ty (X, ). Since I is a surjective soft function, then h(h™1((L, p2))) = (L, p2)
is a strongly soft second category set in To(X),). Hence, To(X,) is a soft weak Baire space.

(2) Let (To(X), u2, p2) be a soft weak Baire space. Let (K, p) be a non-null soft open set in
X,. By Lemma 4.1, 1 is a soft open soft quotient function, then k((G, p2)) is a non-null soft open
set in To(X,). By hypothesis, 1((G, p2)) is a strongly soft second category in To(X,). By Lemma
5.1, "} (h((G, p2))) is a strongly soft second category in X,. Since / is an injective function, then
h1(h((G,p2))) = (G, p2) is a strongly soft second category in X,,. Hence, X,, is a soft weak Baire

space. m]

6. CONCLUSION

Inrecent years, several types of soft generalized topological properties have been presented, such
as soft basis, subspace soft generalized topology, soft interior, soft closure, soft neighborhood, soft
limit point, soft boundary, soft exterior, and soft continuity of soft functions. We have continued
working in the same direction by presenting definitions of a strongly soft nowhere dense, a strongly
soft dense, a strongly soft codense, a strongly soft first category, and a strongly soft second category
set in a soft generalized topological space. By following the idea of the definition of a strongly soft
nowhere dense set, we define a new space named strongly soft nodec generalized topological space
along with their basic properties and show that if the product of two soft generalized topological
spaces is a strongly soft nodec space, then each one is a strongly soft nodec space. Then, we extend
these notions to Tp-strongly soft nodec generalized topological space by using the soft quotient
function and discussing its main properties.

To ensure our results, some counterexamples have been studied. Moreover, we use soft quasi-
homeomorphism and soft quotient functions to make comparisons and connections between these
spaces with the support of appropriate counterexamples. Then, we show that an image and
inverse-image of a strongly soft nodec space is strongly soft nodec under a bijective soft quasi
homeomorphism in soft generalized topological space. We finalize this work by successfully
determining the conditions under which the soft generalized topological space is a soft weak Baire

space; hence, a strongly soft second category.
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