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Abstract. In this paper, we introduce the theory of possibility Fermatean interval valued fuzzy soft (PFIVES) set and its
application to real life problems. The PFIVFS set is a generalization of Pythagorean fuzzy soft and soft set. We define
some operations consist of complement, union, intersection, AND and OR. Notably, we show DeMorgan’s laws and
associative laws and distributive laws are valid in PFIVFS set theory. We discuss the need to buy a laptop and find
several stages for consumer goes through before purchasing a product. We propose an algorithm to solve the decision
making problem based on soft setmethod. To compare PFIVFES set and Fermatean interval valued fuzzy soft (FIVFS) set
for dealing with' decision making problems, we find a similarity measure. Finally, an illustrative example is discussed

to prove that they can be effectively used to solve problems with uncertainties.

1. INTRODUCTION

In most real problems, uncertainty can be seen everywhere. In order to cope with the
uncertainties, many uncertain theories are put forward such as fuzzy set [1], intuitionistic fuzzy
set [2], Xiao et al initiated the concept of interval valued fuzzy soft sets [3] and Pythagorean fuzzy
set[4]. Zadeh was introduced by fuzzy set suggests that decision makers are to be solving uncertain

problems by considering membership degree. After, the concept of intuitionistic fuzzy set is
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introduced by Atanassov and is characterized by a degree of membership and non-membership
satisfying the condition that the sum of its membership degree and non membership degree is not
exceeding unity [2]. However, we may interact a problem in decision making events where the
sum of the degree of membership and non-membership of a particular attribute is exceeding unity.
So Yager was introduced by the concept of Pythagorean fuzzy sets characterized by the condition
that the squares of sum of its degree of membership and non membership are not exceeding unity.
In decision making problems, sometimes squares of sum of its degree of membership and non
membership are exceeding unity. So Senapati et al. introduced by Fermatean fuzzy set [5]. It has
been to extend the intuitionistic fuzzy sets and Pythagorean fuzzy sets and its characterized by the
condition that the cubes of sum of its degree of membership and non membership is not exceeding
unity.

The theory of soft sets was proposed by Molodtsov [6]. Itis a tool.of parameterization for coping
with uncertainties. In comparison with other uncertain theories, soft sets more accurately reflect
the objectivity and complexity of decision making during actual situations. It has been a great
achievement both in theories and applications. Moreovet, the combination of soft sets with other
mathematical models is also a critical research area. For example, Maji et al. proposed the concept
of fuzzy soft set [7] and intuitionistic fuzzy soft set [8]. These two theories are applied to solve
various decision making problems. Alkhazaleh et al [9]. defined the concept of possibility fuzzy
soft sets. In recent years, Peng et al [10] has extended fuzzy soft set to Pythagorean fuzzy soft set.
Also, Fermatean fuzzy soft set is a generalization©of the Pythagorean fuzzy soft set. In general, the
possibility degree of belongingness of the elements should be considered in multi attribute decision
making problems. The purpose of this paper is to extend the concept of possibility Pythagorean
interval valued soft set to parameterization of the possibility Fermatean interval valued fuzzy set.
Recently, many authors discussed the extension of fuzzy logic such as [11-15].

The paper is organized into sevensections as follows. Section 1 is called an introduction. Section
2 brief descriptions of Pythagorean interval valued soft set and Fermatean interval valued soft set
information are given. Section 3 discuss about for some operations for PFIVFS set. Section 4 discuss
method forfinding similarity measure under PFIVES set set. Section 5 talks trough an application
of PFIVFS setand FIVFS set information, an algorithm with a numerical examples. Section 6 deals
with a comparison of the PFIVFES set and FIVES set approaches. Finally, the conclusion is provided
in Section 7. Throughout this paper, xa(u) and Y4 (u) represent the degree of membership and

degree of non-membership of Fermatean fuzzy set A respectively, satisfying the condition that
xa(u) +a(u) £1and x4 (1) + ¢4 (u) £ 1, but )(i(u) + lpi(u) <1.

2. PRELIMINARIES

In this section, we discuss some preliminary definition which are useful for this paper.

Definition 2.1. [4,15] Let U be a non-empty set of the universe, Pythagorean fuzzy set (PFS) A in
U is an object having the following form : A = {u, xa(u), Ya(u)lu € U}, where xa(u) and P4 (u)
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represent the membership grade and non-membership grade of A respectively. Consider the mapping

xa: U — [0,1], 1/JA : U — [0,1] and 0 < (xa(u))? + (va(u))? < 1. The indeterminacy grade is
determined as 1A (u [\/1 —(xa(u))?- (¢A(u))2]. Since A = (xa, Q) is called a Pythagorean fuzzy
number(PFN).

Definition 2.2. [12-14] Let U be a non-empty set of the universe, Pythagorean interval valued fuzzy
set (PIVFS) A in U is an object having the following form : A = {u,Xa(u), Pa(u)lu € U}, where

Xa(u) = [y (u), x5 (u)] and gbA( ) = [ (u), ) (u)] represent the degree of membership and degree
of non-membership of A respectively. Consider the mapping X4 : U — [0,1], Ya_: U — [0,1] and
0 < (Xa(u))?+ (Pa(u))? < 1 means that 0 < (X% (u))?+ (Y (u))? < 1. The degree of indeterminacy is
determined as 7ta (u) = [0 (u), 70, (u)] = [\/1 = (k)2 = () (u))?, \/1 — ()2 = (Y, ()2 ]

Since A = {[x, X1, [, W} is called a Pythagorean interval valued fuzzy nuinber(PIVEN).

Definition 2.3. [12] For any three PIVFNs A1, Ay and As over (UJEE). Then the following properties are
holds:
—C —_ —

(1) Al == (#’All XA1)

(2) A2 U A3 = (max(Ta,, Ta,), min(Pia,, Pa,))

(3) Az 0 A3 = (min(Ta, Xa,), max(Pia,, Pa,))

(4) Ay > Az iff Xa, 2 Xa, and Ya, <,

(5) Az = A3 iff Xa, = Xa, and Pa, = Pa,.

Definition 2.4. [5] Let U be a non-empty set of the universe, Fermatean fuzzy set (FFS) A in U is an object
having the following form : A = {it, xa(ut), Ya(ut)lu € U}, where x4(u) and Y4 (u) represent the degree
of membership and degree of non-membership of A respectively. Consider the mapping xa : U — [0,1],
Ya : U > [0,1] and 0 £ (xalw))® + (¥a(u))® < 1. The degree of indeterminacy is determined as
Tia(u) = [\3/1 - (xa(u))® - (¢A(u))3]. Since A = (xa, ) is called a Fermatean fuzzy number(FFN).

Definition 2.5. Let U be a non-empty set of the universe, Fermatean interval valued fuzzy set (FIVFS)
A in U is afi object having the following form : A = {u,Xa(u), Ya(u)lu € U}, where Ta(u) =
x5 (1), xy ()] and {D\A(u) = [y (u), Y (u)] represent the degree of membership and degree of non-
membership of A, respectively. Consider the mapping x4 : U — [0,1], ¥4 : U — [0,1] and 0 <
(xa(u))® + (ZD\A(u))“?’ < 1 means that 0 < ()(;{(u))g’ + (gb;;(u))?' < 1. The degree of indeterminacy is
determined as Tia(u) = [r; (u), 70} (u)] = [i/l = (h ()3 = (¢h ()3, i/l = (7 ()% = (P (u))? ]
Since A = {[x 3, X1, [, }]) is called a Fermatean interval valued fuzzy number(FIVFN).

Definition 2.6. [11] Let U be a non-empty set of the universe and IE be a set of pammeter The pair (9/5 A)
is called an interval valued fuzzy soft (IVES) set on U if AC Eand & : A — 3”( ), where L@( ) is the
set of all interval valued fuzzy subsets of U.

Definition 2.7. [9] Let U be a non-empty set of the universe and IE be a set of parameter. The pair (U, E) is
a soft universe. Consider the mapping & : E — Z2(U) and x be a fuzzy subset of E, ie. x : E — £2(U).
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Let Z, : E - 2(U) x Z(U) be a function defined as P, (e) = (£ (e)(u), x(e)(u)),Yu € U. Then
P, is called a possibility fuzzy soft (PFS) set on (U, E).

3. OrerAaTIONS FOR PFIVFES seT

Definition 3.1. Let U be a non-empty set of the universe and E be a set of parameter. The pair (U, E) is
called a soft universe. Suppose that Z:E— Pﬁ(\U ), and p'is a Fermatean interval valued fuzzy subset
of E. Thatisp: E — Pﬁ(\lU ), where Pﬁ(\U ) denotes the collection of all Fermatean interval valued fuzzy
subsets of U. Ifﬁ?p 'E > Pﬁ(\U) X Pﬁ(\U) is a function defined as @p(e) = (ﬁ(e)(u),ﬁ(e)(u)),u €

U, then 2, is a Possibility Fermatean interval valued fuzzy soft (PFIVFS) set ot (U,IE). For each
parameter e, ﬁp(e) = {<u, ()(ﬁ(e)(u),gbﬁ(e)(u)), <Xﬁ(e)(”)/¢?(e)(”)>>/ ue U}

Example 3.1. Let U = {uy, up, uz} be a of three motorbike under consideration and parameters E =
{e1 = Best design, eo = Maximum durable, e3 = Maximum mileage, ey = Best price}. Suppose that

— — —

Py E - PP(U)x PP (U) is given by

(([0.55,0.75],[0.6,0.759]5)1,([0‘75,0.8],[0.2,0.7])) <([0.8,0.95],[0.35,0.453]()1,([05,0.6},[0.35,0.8]))
Pp(e1) = (OAIBBE ST (2 (@) = (070550506 0507057
(([0.5,0‘7],[0.55,0.75]9;?([0.65,0.7},[0.6,0.8])) (([0.85,0.9],[0.45,0‘6])),6(3[0.65,0.75],[0.55,0.7})>
<([065,0.7},[0.6,0.8]),&5.55,0.85],[0.25,0.55]))
_ .
Pp(e3) = { (([0:8,0.85],1055,07]),([0.45,0.85],[035,07]))
x3

((10°6,0.8],0.55,0.65]),([0.55,0.75],[0.7,0.75]))
Then, 2, is a PFIVFS.

Definition 3.2. Let U be a non-empty set of the universe and E be a set of parameter. Suppose that ﬁp and
.,0:227 are two PFI VES sets:m (U, E). Now @; is a possibility Fermatean interval valued fuzzy soft subset of
Py (denoted by 2, E P, )df and only if

(1) é(e) (u) C eé;(e)(u) ifXﬁ(e)(“) 2 XQA(E)(“)/ Il’ﬁ@)(“) < Hbg(e)(“),
(2) 77\(6) (u) - ?(6) (u) if)(ﬁ(e)(u) 2> qu\(e) (u), lnbﬁ(e)(”) < yl)a(e)(u), Ve € E.

Example 3.2. Consider the PFIVFS set ﬁp over (U, E) in Example 3.1. Let c@\q be another PFIVFS set
over (U, E) is defined as:

<([O.5,0.65},[0.65,0.8]))fl([0.7,0.75],[0.4,0.75])) <([0.6,0.9],[0.45,0.55]),321[0.45,0.55],[0.65,0.85]))
2y(e1) = { (OG0T 07075]) (O 0E 08N i 24(e2) =3 (0E07AL 0650750 (05050508
TOB0EL 05503, [0S0 00 S TN TSR

{ [045,0.55],[07,0.85]3)6,1 ([0-5,0.65],[0.65,0.8]))
— Y
2y(e3) = { [7,075,06,075]), (025,045],0.75,09]))
( [0.55,0.65],[0.75,0.85]333, ([0-35,0.55],[0.8,0.9]))

Then c@ C égp
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Definition 3.3. Let U be a non-empty set of the universe and IE be a set of parameter. Suppose that L@p
and é\q are two PFIVFS sets on (U, E). Now 3’5;? and c@\q are possibility Fermatean interval valued fuzzy
soft set equal(denoted by 3’5;, = é:,) if and only if

(1) Z,C 2,

(2) 2,32,

Definition 3.4. Let U be a non-empty set of the universe and IE be a set of parameter. Let ﬁp be a PFIVFS
set on (U, E). The complement of ﬁp is denoted by ﬁ; and is defined by ﬁ; = (2°(e)(u),7F(e) (u)),
where 2(e) () = (¥ 5, (1), X 5,y (1)), P (€) () = (Wie) (), Xy ())-

It is true that (L@C) = 9,,

Definition 3.5. Let U be a non-empty set of the universe and E be a set of parameter. Let 9’5 and
g be two PFIVFS sets on (U, E). The union and intersection of ,@p and Q over (U E) are denoted
by ﬁp u Q and 9”,, Q) Qq respectzvely and are deﬁned by B : E > PQZ(U) X P@(U) A :E -
PZU) x PFTD) such that Bi(e)(u) = (Ble)(w), 7e) e ) = (A (o)), ) ), where
B(e)(u) = P(e)(u) Y 2(e)(u), jle)(u) = ple)(u) ugle)(n), Ale)u) = P(e)(u) A 2(e)(u) and
i(e)(u) =ple)(u) mqle)(u), forall x € U.

Example 3.3. Let ﬁp and é; be the two PFIVFS sets on (U, E) where U = {x1,x2,x3,x4} and E =
{ell e, 63}/ we deﬁne

) o)

« [0.5,0.75],[0.6,0.75]3)5,1 ([0.75,0.8],[0.2,0.7])) <([0.55,0.9],[0.5,0.6]),56[1().35,0.65],[0.45,0.85]))
7 (e1) (([0-75,0.8],[0.65,0. 75]3)62([0 65,08],10.3,065))) | 5 (&) <([O.7,0.75],[O.6,0.75}),JETO.45,O.85],[0.45,0.65])> )
14 1) = 7 14 2) = 7
(([0-65,0.7],[0.8,0. 85]) ([0:65,0.7],[0.6,0.8]) <([0.8,0.85],[0.35,0.65]33?([0.55,0.6],[0.55,0.9] »
(([0-55,0.8],[0.5,0.75] )Jf4( [0:55,0.75],[0.3,0.7] )y (([0-55,0.9],]0.5,0.6] ),?[%.35,0.65],[0.45,0.85] »

(([0-25,0.75],[0.7,0.8] ),x(1[0.45,0.85],[0.45,0.55] »

X
= (([0-4,0.7],[0-65,0.85]),([0-5,0.8],[0-65,0.7]))
Py (es) = (I 1l ]13([ i 1) .
(([0-65,0.8],]0.6,0.75]),([0.65,0.7],[0.7,0.85] )y
((0-25,0.75],[0.7,0.8] ),x(4[0.45,0.85},[0.45,0.55] »

(([0.75,0.9],[0.4,0.55] ))fl( [0.4,0.55],]0.6,0.85))) (([0-65,0.85],]0.5,0. 6])X1( [0.25,0.35],[0.5,0.95]))
5 (e1) = <([o.65,0.8],[0.5,0.75]x)2, (05,07,0408])y | 5 (&) = (([0.75,0.85],10.6,0.7]), (2 [0.55,0.6],[0.55,0.85]))
q = ’ q = ’
(([0-6,0.91,[03,0. 6])x(3[0 4,0.75],0.60.7])) ((10-85,0.9],[0.35,0. 55]?([0 25,0.35],[0.7,0.95]))

(([0.75,0.9],[0.4,0. 6]) ([0 6,0.7],[0.5,0.85])) (([0.65,0.85],[0.5,0. 6])x( [0.25,0.35],[0.5,0.95]))
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{([0.55,0.65], [0.55,0.85}36)1, ([0.45,0.6],/0.5,0.85]))
X2
- 0.75,0.8],10.5,0.75]),(]0.25,0.7],]0.75,0.85
Do(e3) = (([ L[ ])x([ L[ 1) ;
{(0.35,0.75],[0.65,0.8]),([0.55,0.65],[0.5,0.8] )
{([0.55,0.65],]0.55,0. 853}() ([0.45,0.6],[0.5,0.85]))

Then, ( g@p V) Qq) and 32 n2, y) is calculated below.

([0.75,09],[0.4,0. 55); ),([0.75,0.8],[0.20.7])) {(10.65,0.97,[0.5,0.6] ),(x[t).35,0.65],[0.45,0.85] )
( L% U Qq e1) { ([0:65,038],[05,0. 75}2( [0.65,0.8],[0.3,0.65])) o ﬁp v 32; V(e2) = (([0.7,0.75],[0.6,0.7] ),(i[z)‘ss,o.%],[0‘45,0‘65])) ,
[0.6,0.7],10.3,0.6]),([0.65,0.75],[0.6,0.7]) {(10:8,0.85],]0.35,0:55]., (0.55,0.6],[0.55,0.9]))
[0.55,0.8],[04,0.6 ;c( [0.6,0.75],[0.3,0.7))) <([0.55,0.85],[0.5,0.6]),JETO.35,0.65],[0.45,0.85])>
(10-55,0.75],[0.5,0. 8]) J?[0.45,0.85],[0.45,0.55])> {([0:50.75],]0:6,0- 75] n ([0-4,0.55],0.6,0.85]))
( 9’;7 U Qq &) l (([0:4,0.7],[05,0. 75]) i 3[0 5,0.8],0.65,0.7))) o ﬁp a é\q Jer) = ((10-65,0.8],]0.65,0. 5]) ([05,0.7],[0.403))) ;
{(10-35,0.75],[0.6,0.75]), ([0 65,0.7],105,08])) (([0:6,0.7],[0.8,0.85)), ([0.4,0.7],[0.6,0.8]))
((10:25,0.65],[0.55,0.8)), [o 45,0.85],[0.45,0.55])) { [0.55,0.8],[0.5,0.75]), ([0.55,0.7],[0.5,0.85] )
(0-55,0.85],[0.5,0.6]), [0 25,0.35],[0.5,0.95])) {(10-25,0.65],[0.7,0. 85]3)61 ([0-45,0.6],[05,0.85]))
( 9’;7 a Qq &) l ((10.7,0.75],[0.6,0.75]), )(C 3[0.45,0.6],[0.55,0.85])) . ( ﬁp ﬂ o@; Jes) = ((0-4,0.7],]0.65,0.85]), 35 [025,0.7],[0.75,0.85)) ’
{([0-8,0.85],[0.35,0. 65]) ([0-25,0135],[0.7,095))) {(10-35,0.75],[0.65,0.8]), ([0.55,0.65],[0.7,0.85]))
(([0:55,0.85],[0.5,0.6]) ([0 25,0.35],[0.5,0.95])) ((10-25,0.65],[0.7,0- 85]))( ([0-45,0.6,[05,0.85]))

Definition 3.6. A PFIVFS setag(e)(u) — (6(6)(u),5(e)(u)> is said to be a null PFIVFS set 0p : E —
PZ(U) x PZ(U), where 0(e) (u) = ([0,0], [1,1]) and 0(e) (u) = ([0,0], [1,1]), ¥x € U.

Definition 3.7. APFIVES set 6/\(6)(14) = (ﬁ(e)(u),X(e)(u)) is said to be absolute PFIVFS set Q, :
E — P2 (U) xP2(U), where Q(e) (1) = ([1,1],[0,0]) and A(e) (1) = ([1,1],]0,0]), Vx € U.

Remark 3.1.. Let ﬁp be a PFIVFS set on (U, E). If P;gp * ﬁA or ﬁp * 69, then ﬁp u ﬁ;ﬁ * 6,\ and
9’7; Q) ﬁ; ;&59.
Theorem 3.1. Let ﬁ be a PFIVES set on (U, E). Then the following properties hold:

(1) %_@ u%, Py = Py0 P,

(2) :@ U@Q—@p, ﬁ ﬂ@g—@@
(3) @ UQA—QA, 32 ﬂQA—yp

Theorem 3.2. Let ﬁp, ,@; and 2, are three PFIVFS sets over (U, E), then the following properties hold:
1) 7,03, - 5,97,
2) P02, = 2,0 2,
(3) PpU(2,9%) = (7,02, U7,
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—

(4) 9’ m(£2 m%’) (@ mg) M %y
(5) (,@puo@)m%_%
6) (Z,02;)V P, = P,

Theorem 3.3. Let @p and Qq are two PFIVFES sets over (U, E), then the following properties are hold:
(1) (Pp U 2,) = Pn 2
(2) (Zy0 2,)° = PU 2.,

Theorem 3.4. Let ﬁp, 3’2:7 and % are three PFIVFES sets over (U, E), then the following properties are
hold:

(1) 2,9 (2,0 %,) = (2,9 2,) 0 (7,9 %)

(2) Py 0 (2,9 %) = (Pp 0 2,) U (7,0 %,).

Definition 3.8. Let (ﬁp, X) and (é;, Y) be two PFIVES sets on (U, IE). Then the operations

”(ﬁ X) AND (é;, Y)” isdenotedby(ﬁp,X) A (e@;, Y) andisdeﬁnedby(ﬁp,X) A (Q:,, Y) = (%, X%
Y), where %,(x, y) = 1), 7(x, v) (1)) such that Z(x{y) = P(x) @ 2(y) and 7(x, y) = p(x) A
qly), forall (x,y) € Xx Y.

Example 3.4. By the Example 3.3, the values of @p(el), @p (e2) and 3/2\,7(61), é;(ez) are stated above. we
apple to Definition 3.8, we have

<([0.5,0.75],[0.6,0.75]))fl([0.4,0.55},[0.6,0.85]» <([o.5,0.75],[0.5,0.6})J,C(l[o.zs,o.ss],[o.z,o.7])>
X Xp
— 0.65,0.8],[0.65,0.75]), ([0.5,0.7],[04,0.8 —~ 0.75,0.8],[0.6,0.7]),(]0.55,0.6],]0.3,0.65
B(er,e1) = ([ ][ xj) (I 1.1 1) S Dl e) = ([ [ ])(x[3 i 1) ’
(([0-6,0.7],[0.8,0.85]), ([0-4,0:7],[0:6,0.8])) (([0-65,0.7],]0.35,0.55]),([0.25,0.35],[0.6,0.8] )}
(([0.55,0.8],[0.5,0.75] )X4( [0.55,0.7],[0:5,0:85])) (([0-55,0.8],[0.5,0.6] )XE1 [0.25,0.35],[0.3,0.7]))
(([0-55,0.9],[0.4,0555]), ([o 35,0.55],[0.45,0.85])) (([0-55,0.85],[0.5,0.6] )x(1 [0.25,0.35,[0.5,0.95]))
X X
— 0.65,0.75],[0.5,0.75] ), ([0.45,0.7],[0.4,0.65 — 0.7,0.75],[0.6,0.75] ), ([0.45,0.6],[0.55,0.85
Frler,er) = ([ I xi) ( Il 1) . Brlerer) = ([ [ ])g I 1) ’
(([0-6,0.85],]0:3,0.6]),(10:4,0.6],[0.55,0.7] ) {([0-8,0.85],[0.35,0.65]),(]0.25,0.35],0.7,0.95] )}
<([0-55,0-9]/[04,0-6]),?[%3-35,0-65],[0-45,0-85])> <([0.55,0.85],[0.5,0.6])J,CEI[O.25,O.35],[0.5,0.95]))

Definition 3.9: Let (ﬁp, X) and (9@71, Y) be two PFIVES sets on (U, E). Then the operations

“(@p, X) OR (é;, Y)” is denoted by (P;gp, X)V (,@q, Y) and is deﬁned by (ﬂp, X))V (@;, Y) = (%,X X
Y), where Z,(x,y) = (Z(x,y) (), 7(x,y) (1)) such that Z(x,y) = 2(x) Y 2(y) and 7(x,y) = p(x) U
qly), forall (x,y) € XX Y.

Example 3.5. By the Example 3.3, the values of ﬁp (e1), ﬁp (e2) and Q:,(el), é:,(ez) are stated above. we
apple to Definition 3.9, we have

« [0.75,0.9},[0.4,0.55]331,( [0.75,0.8],[0.2,0.7])) <([0.65,0.85],[0.6,0.75]331,([0.75,0.8],[0.5,0‘95] »
7 (eve1) = ((10-65,0.8],[0.5,0. 75] ;CZ( [0.65,0.8],[0.3,0.65])) | _ 7 (e es) = (([0.75,0.85],]0.65,0. 75]332([0 65,0.8],[0.55,0.85])) | _
(([0:60.7],[03,0.6]), ([0 65,0.75],[0.6,0.7])) {([0-85,0.9],[0-8,0. 85]) ([0 65,0.7],]0.7,0.95]))

(([0.55,0.8],[0.4,0. 6];(([0 6,0.75],10.3,0.7])) (([0-65,0.85],[0.5,0. 75]) ([0 55,0.75],[0.5,0.95]))
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(([0.75,0.9],[0.5,0.6])),C(I[O.4,O.65],[0.6,O.85])) (([0.65,0.9],[0.5,0.6]),(?).35,0.65],[0.45,0.85]))
7 (e2,01) = (([0.7,0.8],[0.6,0.75])),{(2[0.5,0.85],[0.45,0.8])) .7 (e2,62) = (([0.7,0.75],[0.6,0.7]),(x[%).55,0485],[0.45,0465])) )

(([0.8,0‘9],[0.35,0.65];6,3([0.55,0.75],[0.6,0.9}» (([0.8,0.85],[0.35,0.55]93?([O.55,0.6],[0.55,0.9]))

(([0.75,0.9],[0.5,0.6];(,4([0.6,0.7],[0.5,0.85])) (([0‘55,0.85],[0‘5,0.6}),JETO.35,O.65],[0.45,0.85})>

Remark 3.2. Let (3/5;7, X) and (,@:7, Y) be two PFIVFS sets on (U,E). Forall (x,y) € XXY,ifx # y.
Then (2, X) Y. (2,,Y) # (24, Y) Y. (2,,X) and (P, X) A (25, Y) # (25, Y) A (2, X).

Theorem 3.5. Let (g’p,X) and (Qq,Y) be two PFIVFS sets on (U, E). Then
() (T X) K (23 V) = (T X)" ¥ (Zy, V)"
(ii) (P, X) ¥ (25, Y))" = (P, X) A (25, V).

Proof. (i) Suppose that (ﬁp, X)A (.,@\q,Y) = (%,Xx Y). Now,@(x, y) = (%C(x y) (1), 7(x, v)(u)),
for all (x,y) € XX Y. By Theorem 3.3 and Definition 3.8, % (x,y) = (Z(x) @ 2(y))* = ﬁc(x) u
2°(y) and F(x,y) = (P(x) Aq(y))° = 7*(x) UF(y)¢ On the other hand, given that (@p, X)' Vv
(24, Y)" = (Ao, XX Y), where Ao(x,y) = (A(x,y)(u),0(xy) (1)) such that A(x,y) = F°(x
2¢(y) and 0(x,y) = PF(x )UEF(y) for all (x,y) € X XY« Thus, #Z° = A,. Hence, ((ﬁp,X
(20, )" = (P, X)L (2, Y)". N R N

(ii) Suppose that (33,,, X)V(2,,Y) = (%, XxX). Now, Zt(x,y) = (Z°(x,y)(u), 7 (x,y)(u)), for
all (x,y) € X x Y. By Theorem 3.3 and Definition 3.9, % (x,y) = (P(x) U é\(y))c = P(x ) A 2¢(y)

azd?(x, y) = (p(x) U?f(y))c = ?(x) 7°(y). On the other hand, glven that (@p, X) A (,@q, YY) =

(Ao, X X Y), where Ao(x,y)= (A (x,y)( ),0(x,y)(u)) such that Alxy) = 7°(x)n C( ) and
olx,y) = p(x) Ag-(y) for all (x,y) € XxY. Thus, Z° = A,. Hence, ((9,, X) V¥ (Qq, Y)) =
(P, X)* R (2, V). O

4. SIMILARITY MEASURE BETWEEN TwO PFIVFS sEts
In this section, we discuss similarity measure between two PFIVFS sets.
Definition 4.1. Let U be a non-empty set of the universe and IE be a set of parameter. Suppose that 33

and Q are two PFIVFES sets on (U, E). Then the similarity measure between two PFIVFS sets L@ and
,@q is denoted by Szm(ﬂp, Qq) and is defined as:

Sim(P,, 2,) = [Sim(yg,gg), Sim(@j,,@;)]
~ vz, 2) ¥, (o, 20 ¥,
such that Y (2, 2) [ P,27), Y(ﬂ*,o@ﬂ]:

[T(W‘(e)(u),e@‘( Q) + M ()W), 27 ()W) T(Z ()w),27()(u) + AL ()27 ()W) | . 1
2 ’ 2
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iks]f—xﬂ Z|6+—K
YED = Y, ¥o,e0)| = [1- 5

167 + KT| |6+ + 1<+|
P ] ]

since, m — |E|, where [r(@—(e)(m,g— (e) (1)), r(9+(e)(u),g+(e)(u))] _

X (o0 - 5 0) ]_Zl( B2 ) - L2 w)
2[1—#((1—)(39;@])(@)'(1—XJ6] )MJ 2[1 \/( ~ 5 ) - {”L;(e)(u)))?’”J
/=1 j=1

3 3-
Y |95, ) 9<e]>(”)| @)
3 1- j=1 , 3 1— j=1
3— 3— 3
\ Z;H( Py () %@j)(”)) \ ZH( e 5@)(”))
]:
_ X?’(z’]')(u) X;E:j)( )
o Koiep )+ ¥yiep @) T a0 i) and
I R 1
R RGN T BT

Theorem 4.1. Let L@p, @; and 2, be three PEIVES sets over (U, E). Then, the following properties hold:

(1) Sim(Fy, 2y) = Szm(gq, 7,)

(2)0< Szm(gzp, Qq)

(3) P, =2, == SZm(gz,,,g]) =

4) P, C 2, CHy == Sim(P,,R,) < Sim(2,,%,).

Proof. The proof (1);.(2) and are trivial. Now we proof (3). Suppose that ﬁp = é\q implies that

Xg’z‘(e)(”) = Xg(e)(”)r ¢§(6)<“) = lkoj(e)(“)r Xple )( u) = Xqle) (u) and Vhte) (u) = I;DA(e)(”)-
Thus,

X000 10,2 (0] = 0y (1), X ()]

[%7(6)(”)/1#}(6)(“)] = [1/1:@(3)(”)/ 2(@(”)]/
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fo@(e/)(u))%*% i<)c;<e,><u>>3+3
_ j=1 , — j=1
Z; =1+ (U (0))?) ]Z (1-1+ Gt @)

=1

and [A(2” (e)(w), 27(€)(1)), (2" (©)(w), 2" ()(w) | = [JT=0), YT=0)] = 1.
Thus, Y(Z, 2) = [Y(@‘,Q‘), Y(@+,£+)] = [% %] = 1land
¥ED =Y, ¥irte)| =1

Hence, Sim(7,, 2,) = [Sim(@;,g;), Sim(@;,g;)] —. Thus. (3) proved.
(4) Given that

PyC Dy = X5 o)) < Xgp (1), ¥ 50, (1) 29 5, (1)
Xite) (1) < Xgie) W)y Pty () = Y, (1)

Py C Ty = X5 )<XJ (u), ‘/’@ () 2 95 (1)
KXo (1) < e (), o) (1) 2 g (u

2, 2%, — X 50y () < X/%?(e)(“)/ Ebg(e)(u) 2 95, (1)
X)) < Xre) (1), Yoy (1) 2 Py (1)

(4.1)

Thus,

X (01 0] = 25 0, [w}, (1), )] = .5 ()

;X;(e)(”)/)(:(e)(”)] = Xg(e)(u), [ )] — W
Kot 10X 0] = x50 ), |95, W] =z
;Xq_@)(“)"(;(e)(”)] = Xq(e) (1), [¢ (u), 4}* ( )]z o (1)
+
/ ]
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By Equation 4.1, Clearly )(3/2 (u) - 322 (u) < X2 (u) - X322 (u)

Z(e) F40) 2(e) Z(e)
which implies
m m
3/2 3/2 3/2 3/2
Z( o ) Z( (u)) (4.2)
=1 j=1
By Equation 4.1, Clearly, ()(;( (u))3 < (Xé(e)(”))s
which implies (1 (i 51 (1)) (1~ (X 2 (0)%) 2 (1~ (x 3 (0))%) - (1 - (5, (1)°) and
3/2 3/2

(1= G @00 (1= ez 0002 2 (1= G (0)) - (1= (5, ))?)) and

3 3/2 3 3/2
1- \/((1 (¢ 5 )7 - (1= (7 (0] 1= \/(u (¢ 56 ())) A=z @)))
an
Z{l— Y=z - <x§(6)<u>>3>)3/2} < 2{1— (- g S s, <u>>3>)3/2} 43
j=1 =1
Equation 4.2 is divided by 4.3,
- 3/2 u) - 3/2 u - 3/2 Ll 3/2 u
]Z;(Xﬁ(m( T )) ;( AT ))
m s (44)
Y, {1 a0 a- <x§(e><u>>3>)3/2} Y, {1 @t ) - Gz, <u>>3>)3/2}
=1 j=1
: 3 3 3) _ 1,3 3 _ 1,3
}P;y Equation 4.1, Clearly, tpﬁ(e)(u) > gbg(e)(u) and gbﬁ(e)(u) ybg?(e)(u) > ¢§(6)(u) llbé;(e)(u).
ence
3 L & 3 3
].Z; V%1 @ 1%)(u>|z]zf AN ORIGAN O (4.5)
3 43 3 )3 . .
Also, (gbg,i(e)(u) e u)) > (gbg(e)(u) I’bﬁ;(e)(u)) implies
3 03 3 s
X {1 [, 0 wﬁ(mw))} ) {1 (%, ) wgf(ej)<u>)} @6)
Equation 45 is divided by 4.6, we get
3 3 3 3
]Z Y 0= vk () ;|¢§(€])< )=, )]
3 3 3
]Zl{ SRR >)} ]-_Zl{l+(%<e>( ) w%)w)}
and .
3 3 3 3
_Z;wﬁ(e)( )=, ) 295, (0= 9%, )
1 ! <1 !
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and
jzl IP;\(ej) (M) B 1/)‘5;2((3]_) (bl)| ]Z; lpfgj(ej) (u) - ¢%(ej) (Ll)|
11— — <1-— (4.7)
3 3 3 3
\ ]Z; {1 T (lp,@(ej) (M) lp@(e]’) (u))} \ ; {1 + (¢§(Ej) (M) lpfﬁ(ej) (Ll))}

Adding Equation 4.4, 4.7 and divided by 2,
Y(2,%) <Y(2,%) (4.8)

By Equation 4.1, Clearly 67 < «7 < p; and 6].+ < K;F < pj*,

where
3— 3+
|-y
i’V T 8- 3- 73+ 3+
XP(E;)(u) + IPP(ej)(u) XF(EJ‘)(M) X pr(e].)(”)
and
_ 3— 34
[.1] = Ky () X () ]
TR I I PV 3- /31 3+
| Ko (1) + W (1) XKah () + Y, ()
and
() Xor (u)
ol ]
]'/ ] - 3— 3— 73+ 3+ ’
_Xr(ej)(u) + Qb,(gj)(u) Xr(ej)(u) + l;br(e],)(u)
=1 —1o=| lFl — 1T [ 15— = b 15+ — [0+
Hence |71~ 1o; et~ Iof1| < 1671~ o171 - Ip; 1] and

{137~ 19711571~ 11| < =[ 1571~ 171 I 1= 197 |
and
- -5+ +] - 1 et +
1571+ 171181+ 71| < [ 151+ Io7 ) 1+ 71
and hence,
m . m
_ 11l 18t — 10t < — 1 Z 1ol el — [nT
Y- 7= 1071167 1=p1] < = Y 1= 171 b 1= 1071 (®9)
j=1 j=1
and
m m
- -1 18t + - = 1t +
) 1571+ Ip7 L1571+ 197 1| < ) [171+ 10711+ 1o | (4.10)
j= j=

Equation 4.9 is divided by 4.10, we get
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- + _ - +_ 4t
Z 107 = il Z 107 = pjl Yl =pil YIS =pfl
+ ot - + ot
st +p]| Z|6].+p]-| Z|Kj+pj| Z|1<j+pj|

]

Zw—p;l ZI6+—p] Yo —pil Yk —prl
j=1

2|7

=T
I
T
I
S
T
I
S

1- 22 e 1- L .
+ - - + o F
Y 167 +pjl Zw +p/1 Yol teil Y+ p]
j=1 j=1 j=1 j=1
Hence
YG7) <G @)
Multiply by Equation 4.8 and 4.11, Y(2,%)-¥ D7) < Y(2,Z)-¥@7)-
Hence, Szm(@p,%r) < Szm(e@q,%r). This proves (4). O

Example 4.1. We calculate the similarity measure between the two PFIVFS sets namely 33,[, and Q:, We
choose the first sample of &7, and 2;, E = {eq, ez, e3, e4} can be defined as below:

égp (e) €1 e e3 ey
ﬁ(e) (u) ([0.5,0.75],[0.6,0.75]) ([0.75,0.8],10.65,0.75]). ([0.65,0.7],[0.8,0.85]) ([0.55,0.8],[0.5,0.75])
ple)(u)  ([0.75,0.8],[0.2,0.7])  ([0.65,0.8],[0.3,065])  ([0.65,0.7],[0.6,0.8]) ([0.55,0.75],[0.3,0.7])

2,(e) e1 e e3 €4
2(e)(u) ([0.75,09],[0.4,0.55]) ([0.65,0.8],[05,0.75]) ([0.6,0.9],[0.3,0.6]) ([0.75,0.9], [0.4,0.6])
qe) ()  ([04,0.55],[0.6,085]) ([05,0:7],[0.4,0.8])  ([0.4,0.75],[0.6,0.7]) ([0.6,0.7],[0.5,0.85])

Now, T( P (e) (u), 2(8) (1)) = [F(c@‘(e)(u)»@‘(d(u)), F(W*(e)(u),e@ﬂe}(u))}
where, T (2~ (e) (), 2 (e)(u)) = };—i
X; = (0.5%2 %0.75%2) + (075°/2 x 0.65*/2) + (0.65*/% x 0.6>/2) + (0.55*/% x 0.75%/2) = 1.078506 and

Y, = {1 P (((1 2053)x (1 0_753))3/2)1/3 } n {1 - (((1 ~0.75%) x (1 - 0.653))3/2)1/3 }

+{1 - (((1 —0.65%) x (1- 0.63))3/2)1/3 } + {1 - (((1 ~0.55%) x (1- 0.753))3/2)1/3} = 1.192847.
T(2(e)(u), 27 (e)(u)) = 1355542 = 0.904144.

Similarly, T(2* (e) (1), 27 (e)(u)) = 3 = 2228 = 0.934346.

T(2(e)(u), 2(e)(u)) = [0.904144,0. 934346]

NF )0, o)) = [ (7€) (), 27 () ()), MZ*(e)(w), 27 (e) ()]
M2~ () (), 27(e) () = (1- XB)”B

X3 =0.6° - 0.4%] + |0 653 0.5%| +]0.8% = 0.3%| + [0.5% — 0.4%| = 0.847625 and
Y3 = (1+ (10.6° x 0.4%)) + (1+ (10.65> x 0.5°])) + (1 + (10.8> x 0.3%]) ) + (1 + (10.5° x 0.4%)) ) = 4.069976.
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AP~ () (), 27(e) (u)) = (1 - 9828Y'"° _ 0 995111,

1/3
AP (O, 27 @w) = (1-3)

Yy
B ( _0.859500)1/3
a 4.471944
= 0.931326.

— —

A(2(e)(u), 2(e)(u)) = [0.925111,0.931326].

Y(7,2) — [Y(@-,g-),\{(@ﬂgﬂ]
— [0.925111,0.931326] X [0.904144, 0.934346]
— [0.914627,0.932836].

YED = Yo Y]

_[ 1.560045 0.978965]

 5.063945°  3.726702

|0.691931, 0.737311].

Sim(P,,2,) = [Sim(@;,gq—), Sim(,@;,o@;)]
X [0.914627, 0.932836] X [0.691931, 0.737311]
- [0.632859,0.687790].

5. ArrrLiCATION OF PFIVFS SET IN DECISION MAKING

The personal computer is what the majority of people have in their homes at present.
With personal computers, people can use them at home, school, or business. These computers can
store abundant memory and space. Computers themselves have a glass monitor, like a television
screen, which enables people to see more colors. It also has a higher resolution rate so people can
see more clearly. A personal computer can have some remarkable features added to it. People can
add printers, bigger speakers, desktop scanner beds, and best of all,a hard drive of bigger energy.
Nowadays, the laptop is a computer that is lightweight and portable for easy transportation,
which makes life easier to take on business trips, vacations, and anywhere people want to take it.
A laptop simply means that people can set the computer down on their lap, desk, or on any flat
surface. Laptop computers themselves have a plastic screen that reduces the resolution rate. This
is why people have such a hard time seeing things on the computer. No matter where people sit
in front of the computer screen, it will always produce different colors; therefore, making it harder

to read the screen. Our goal is to select the optimal one out of a great number of alternatives based
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on the assessment of experts against the criteria. The Need to buy a laptop can be due to various

reasons. A consumer goes through several stages before purchasing a product or service.

5.1. Algorithm for PFIVFS set model.

(1) Input the values for PFIVFS sets in tabular form.
(2) Input the set of choice parameters A E E.

(3) Compute the values for I' and A.

(4) Calculate the Y value by taking %.

m

m
- - +_
)16 =] Zﬁjxﬂ
5) Determine the value ¥ (p,9) = |1 - =1 , 1 =1

6) P9 it

~—m |
Y T Y18 A
j=1 j=1

(6) Compute the similarity measure by taking the product of Y and '¥.
(7) Determine maximum similarity measure = Max{similatity measurelyand 1 <i < m.

(8) Optimal output solution yields to the problem.

5.2. Decision making during laptop purchase. Let a customer decides to purchase a laptop form
the analyses five laptop brands namely A, B, C, D and E. The differentiates attributes of the laptop
evaluated by the experts is represented by E = {e; = battery life, e, = operating system, e3 = storage
capacity, e4= speed of the processor, es = overall cost}. Now, we have following five PFIVFES sets
for five laptop brands representatives along writé PFIVFS source for the ideal laptop.

Table 1
PFIVES set for the ideal laptop
’ﬂ:\’i(e) el €2 es
S (e) ([0.9,092],10.35,0.45]) ([0.85,0.95],[0.3,0.35]) ¢[0.9,0.95],[0.25,0.4])
ple) (1,1), [0 o)) (1 1,0 0]y (1 1,[0 0]y
J”Z(E) 2! %
F(e) ([0.8,0.9],[0.4,0.5]) ([0.85,0.9],[0.35,0.45])
ple) ([t 1], [0 0) ([t 1],[0 0y
Table 2
PFIVES set for the first laptop
,Q;;p\l (e) el e e3
/(e) (]0.65,0.85],[0.6,0.63]) ([0.7,0.8],]0.7,0.72])  ([0.8,0.85],[0.6,0.62])
ri(e)  ([0.6,0.82],]0.65,0.7]) ([0.6,0.78],[0.75,0.78]) ([0.7,0.81],[0.65,0.7])

‘Q%;l (6) €4 5
(e) ([0.75,0.8],[0.65,0.7)) ([0.7,0.85],[0.45,0.55])
71(e)  ([0.7,0.75],(0.7,0.75]y  ([0.6,0.7],[0.75,0.8])
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Table 3
PFIVES set for the second laptop

2(6) €1 €2 €3
%(6) ([0.85,0.9],[0.36,0.47]) ([0.6,0.85],[0.5,0.53]) ([0.55,0.7],[0.75,0.8])
pz(e) ([0.5,0.6],[0.7,0.8]) ([0.4,0.5],[0.6,0.88]) ([0.5,0.6],[0.75,0.85])

épz (e) ey es
@(e) ([0.6,0.88],[0.5,0.52]) ([0.65,0.85],[0.55,0.58])
Pale)  ([0.5,0.65],[0.65,0.8])  (]0.6,0.7],[0.7,0.75])

‘G

Table 4
PFIVES set for the third laptop
%;3 (e) e1 e €3
%(e) ([0.75,0.8],[0.65,0.68]) ([0.65,0.7],0.72,0.75]) *([0-68,0.73],[0.65,0.7])
p3(e)  ([0.7,0.75],]0.7,0.75])  ([0.6,0.65],[0.75,0.8]) . <([0.5,0.6],[0.7,0.8])

=

Gy, (€) €4 es
%(e) ([0.65,0.8],[0.6,0.63]) ([0.55,0:7],[0.73,0.75])
P3(e)  ([0.6,0.7],[0.65,0.75]) ([0.5,0.7],[0.75,0.78])

Table 5
PFIVES set for the fourth laptop

@p (e) €1 %) e3
9(@) ([0.8,0.85], [0.65, 0.68]).. ([0.7,0.75],[0.72,0.75]) ([0.7,0.73],[0.75,0.78])
pa(e)  ([0.7,0.75],[0:8,0.85]) ([0.6,0.65],[0.75,0.78]) {[0.5,0.6],[0.78,0.85])

§P4 (e) e es
Z(e) _ ([0.6,0.85],]0.67,0.69]) ([0.6,0.75],[0.8,0.83])
pu(e)  ([0.6,0.7),10.7,0.75]))  ([0.5,0.7],]0.8,0.85])

Table 6
PFIVES set for the fifth laptop
&ps(e) €1 e e3
&(e)  ([0.6,0.71],[0.63,0.73]y ([0.75,0.85],[0.56,0.58]) ([0.85,0.92], [0.42,0.45])
ps(e)  (]0.6,0.8],[0.65,0.75])  ([0.5,0.75],[0.65,0.7])  ([0.8,0.85],[0.45,0.55])

&ps(e) es es
&le) ([0.8,0.85],[0.53,0.55]) ([0.75,0.8],[0.64,0.65])
Ps(e)  ([0.75,0.8],[0.55,0.7]y  ([0.7,0.75],[0.65,0.7])
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To find a laptop which is closest to the ideal laptop of the consumer. We should calculate the
similarity measures of PFIVFS sets as shown in Tables 2-6 with the PFIVFS set in Table 1. Similarity
measures between the 1-5 laptops and ideal laptop are given below in table 7. Table 7 represents

the relative calculation of I', A and Y for the similarity measures.

Table 7
r A Y
[0.919488,0.953847]  [0.93292,0.933251]  [0.926204, 0.943549]
[0.848667,0.943867] [0.951794,0.952811] [0.900231,0.948339]
[0.861673,0.871448] [0.902856,0.904415] [0.882265, 0:887932]
[0.891595,0.908378] [0.873559,0.875805] [0.882577,0.892091]
[0.932762,0.950886] [0.950004,0.951781] [0.941383,0.951333]

EREER
~/%/%

AN
\ngv

Y Similatity
[0.605855, 0.688595]  [0.561146,0.649723]
[0.443200,0.463774] [0.398983,0.439815]

]
]

5,
J,%
ﬂ,% [0.523886,0.574241] _]0.462206,0.509886
7,9) [0.468822,0.538181] [0.413772,0.480106
(#,&) [0.739695,0.755761] 1[0.696336,0.718981]

From the above results, we infer that the laptops have similarity measures in order B< D < C <

(
(
(
(

[ R R ')

4

A < E. Hence, we find that the fifth laptop is closest to'the ideal laptop due to having the highest

value of the similarity measure.

5.3. Algorithm for Fermatean Interval valued fuzzy soft set (FIVFS set) model.

(1) Input the values forFIVES set in tabular form.

(2) Input the set of choice parameters A C E.

(38) Compute thevalues for I'and A.

(4) Calculate‘the similarity measure = %.

(5) Determinie maximuim similarity = Max{similarity measure'} and 1 <i < m.

(6) Optimal output yields solution to the problem.
We investigate the above mentioned decision making problem during laptop purchase using the

FIVES set approach to consider the effect of the possibility parameter. Calculating the similarity

measures for the above mention five laptops, we have the following table.

Table 8
r A Similarity
(S, 4/) [0.919488,0.953847] [0.93292,0.933251] [0.926204,0.943549]
(@) [0.848667,0.943867] [0.951794,0.952811] [0.900231, 0.948339]
(ﬁﬁ ) [0.861673,0.871448] [0.902856,0.904415] [0.882265,0.887932]
(@ ) [0.891595,0.908378] [0.873559,0.875805] [0.882577,0.892091]
(j,\éo ) [0.932762,0.950886] [0.950004,0.951781] [0.941383,0.951333]
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From the above results, it can be understood the parameter has a significant impact on similarity
measure of PFIVES sets. It is observed that the first four laptops from the perspective of similarity
measure are quite away from the ideal laptop resource. If the fifth laptop it has one unit chooses
the threshold [0.60,0.71], we should choose the fifth laptop resource as a potential laptop.

6. CoMPARISON OF APPROACH OF PFIVFS seT AND FIVFES seT

On the contrary, when using the FIVFS set approach without the generalization parameter,
we cannot distinguish which laptop resource is the best one. So the possibility parameter has an
important influence on the similarity measure of the fifth laptop resource. Therefore, the PFIVES set
approach is more scientific and reasonable than the FIVFS set approach without the generalization

parameter in the process of decision making.

7. CONCLUSION

The main goal of this work is to present a PFIVES set to.solve the phenomena related to decision
making in which cubes of the sum of its membership andnon membership is not exceeding unity.
To illustrate the validity of this similarity measure; the PFIVES set is applied to decision making
problems. Therefore, the PFIVFES set approach is more scientific and reasonable than the FIVFES set
approach without the generalization parameter in the process of decision making.
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