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Abstract. The aim of this paper is twofold, we propose an extension to the split generalized mixed equilibrium problem
firstly and introduce an iterative method based on a hybrid extragradient method. The goal is to efficiently find a
common solution for both the split generalized mixed equilibrium problem and the fixed point problem concerning
a nonexpansive mapping within the context of real Hilbert spaces. We conduct a thorough analysis of the proposed
iterative method and establish a strong convergence theorem under certain mild conditions. Moreover, we present
various implications derived from our main result and conduct numerical experiments to validate our findings. Our
outcomes represent a substantial expansion and generalization of existing iterative methods and results within this
field.

1. INTRODUCTION

The Ky Fan inequality, known as the equilibrium problem (EP), has been extensively studied
in [1,2]. However, it was in 1994 when Blum and Oettli [3] used the term equilibrium problem.
Their work focused on discussing existence theorems and variational principles for EP, which have
a significant impact on various branches of pure and applied sciences. In [3], it has been demon-
strated that the theory of EP offers a natural, novel, and unified framework for solving a wide
range of problems in nonlinear analysis, optimization, economics, finance, game theory, image re-
construction, ecology, transportation, network analysis, physics, and engineering. Notably, the EP
encompasses various mathematical problems, including mathematical programming problems,
complementarity problems, variational inequality problems, saddle point problems, Nash equilib-
rium problems in noncooperative games, minmax inequality problems, minimization problems,

and fixed point problems, which are discussed as special cases in [3-5] and the references therein.
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In recent years, EP have garnered significant attention in the development of efficient and
implementable numerical techniques. These techniques encompass various approaches such as
projection methods and their variants, the auxiliary principle technique, the proximal point al-
gorithm, and the descent framework. These methods are designed to solve EP and their related
problems effectively. The proximal point method (PPM), originally introduced and investigated by
Martinet [6] for monotone variational inequality problems, was subsequently extended by Rock-
afellar [7] to monotone operators. Moudafi [8] further extended the PPM to EP involving monotone
bifunctions. For further insights into related work, please refer to [9,10] and the references cited
therein.

In the field of functional analysis, there is considerable interest in determining the fixed points
of nonexpansive mappings. To address this, several iterative methods have been devised to find a
common element that simultaneously satisfies a set of EP (specifically, split equilibrium problems)
and a set of fixed points belonging to a finite number of nonexpansive mappings. This topic has
been extensively explored in the literature, including works such as [11-18] and the references

cited therein.

Firstly, consider the real Hilbert spaces /7 and %, which possess a scalar product denoted
as {-,-) and a norm denoted as | - |. Furthermore, let %] and %, represent nonempty, closed, and
convex subsets of .7 and %, respectively. If we have a sequence «k, within /7, the notation

K, — Kk indicates strong convergence, while x, — « denotes weak convergence of the sequence «;,.

A mapping S : %1 — £ is said to be nonexpansive if ||[Sk — Sv|| < [[x —vl|, Vk,v € 2. The

fixed point problem (in short, FPP) for a nonexpansive mapping S is:
Find k € J# such that k € Fix(S). (1.1)

We denote Fix(S), the set of solutions of FPP(1.1).
Next, we consider the split Generalized mixed equilibrium problem (in short, S,GMEP):
Find & € 71 such that

F(®,x) +(fk,k—R)+ (k) —@(R) =0, Vke.g, (1.2)
and such that
D = Bk € J; satisfies G(D,v) + (g0, v—0) + ¢(v) — (D) 20, Vv e 7, (1.3)

where F : 71 X %1 — Rand G : % X % — R are bifunctions, f : 1 — JA, g : o — 6
are nonlinear mappings, ¢ : % — RU{+o0}, ¢ : # — R U {+0oo} are nonlinear functionals
and B : J/4 — % be a bounded linear operator. Sp GMEP(1.2)-(1.3) represents a pair of Gen-
eralized mixed equilibrium problems in two different spaces, Their solution sets are denoted by
Sol(GMEP(1.2)) and Sol(GMEP(1.3)) respectively. The solution set of SP GMEP(1.2)-(1.3) is denoted
by Sol(SpPGMEP(1.2)-(1.3))= {&k € J#] : ® € Sol(GMEP(1.2)) : and Bk € Sol(GMEP(1.3))}.
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S.No. | Problem | Statement: Find © € %] such that Solution Notation

F(k,x)+(frk,xk—®)>=0, Vke.A,
(1.4)
1| SMEP | g such that Sol(SpMEP(1.4)-(1.5))

D = Bk € J#; solves G(0,v) +(g0,v—0) 20, VYve .5,
(1.5)

(fR,x—%y>20, Vke.n,
(1.6)
2 SPVIP | ind such that Sol(SpVIP(1.6)-(1.7)).

D = Bk € s solves (gD, v—0) >0, VYve 7,
(1.7)

F(g,x) >0, VYxeu, (1.8)

3 SpEP | and such that Sol(SpEP(1.8)-(1.9)).

D = Bk € 45 solves G(D,v) >0, Yve 1,
(1.9)

F(k,x) + (k) —@(k) 20, Ve,
(1.10)
4 | S,GEP | ,nd such that Sol(SpGEP(1.10)-(1.11).

D = Bit € J#; solves G(0,v) + ¢ (v) —¢(9) 2 0,Yv € 1,

(1.11)
5 GMEP | F(&, k) + {(f}k, k=) +@(x) (k) =0, Vie.#, Sol(GMEP(1.12)).
(1.12)
6 MEP | F(R,«)+{fR,x—&) >0, Vke.#, Sol(MEP(1.13)).
(1.13)
7 GEP | F(k,x)+¢(k)—¢@(R) =0, Vke.4, Sol(GEP(1.14)).
(1.14)
8 EP F(k,x) >0, VYxe.q, Sol(EP(1.15)).
(1.15)
9 MVIP | {fk,xk-%)+¢(k)—¢@(k) >0, Vke.A4, Sol(MVIP(1.16)).
(1.16)
10 VIP (fk,x—%)=20, Vxe.q, Sol(VIP(1.17)).
(1.17)

TasLE 1. Different Problems and Solution Notation
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SpGMEP encompasses the split variational Inequality problem, which is an extension of split
zero problems and split feasibility problems, as discussed in [20]. Further details can be found
in references such as [20,21,27-29]. This formalism is widely employed in the modeling of
various inverse problems, including phase retrieval and other real-world scenarios such as sensor
networks in computerized tomography and data compression. For more information, refer to
sources like [30-32].

Extensive research has been conducted in the literature regarding iterative methods for approx-
imating Fixed points of a nonexpansive mapping S. The advancements in this field primarily

revolve around two types of iterative methods: the Mann and the Halpern iterative method.

The Mann iterative algorithm, originally introduced by Mann [33] that generates a sequence

recursively.

Kn+1 = anKy + (1 —ay)Sky, n >0, (1.18)

where the initial guess k9 € J# and {a,} is a sequence in (0,1). Subsequently, Halpern [34]

proposed an iterative method that generates a sequence using the recursive formula:
K1 = ot + (1 —ay,)Sx,, n>0, (1.19)

where the initial guess kg € #7 and anchor u € %] are arbitrary (but Fixed) and the sequence {a,,}
is contained in (0, 1), for finding a Fixed point of a nonexpansive mapping S.

Korpelevich proposed an iterative method in 1976 [35] which is commonly referred to as the

extragradient iterative method for solving VIP (1.17):

Ko = Kk € JA,
Uy = Py (kn — Afxn), (1.20)

Kn+1 = Pjifl (Kn - /\fun)/

where A > 0, and Py is the metric projection of 77 onto #;. He proved that the sequence
generated by (1.20) converge strongly to a solution of VIP(1.17), if f is a monotone and Lipschitz

continuous mappinng.

An iterative method was presented and analyzed by Takahashi and Toxoda in 2003, which
uses the Mann iterative method to find a solution that satisfies both VIP(1.17) and FPP(1.1) for a

nonexpansive mapping:
Kn_l'_l = OyKy + (]. - Dén)SP(;g/] (Kn - Aann), n= 0, (1.21)

where kg € J#, {a,} is a sequence in (0,1) and {A,} is a sequence in (0,2v). They proved that the
sequence generated by (1.21) converge weakly to a common solution of VIP(1.17) and FPP(1.1) for

a nonexpansive mapping, if f is inverse strongly monotone mapping.
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Nakajo and Takahashi introduced and analyzed a hybrid iterative method in 2003 [37], specifi-
cally designed for solving FPP(1.1) for a nonexpansive mapping:

Ko =K € C I,

Uy = apky + (1 —ay)Sky,

Cn =1{C € A : llvy = Cll < llxn = I}, (1.22)
Zn ={Ce : (kn—CK—%n) 20},

Knt1 = Pgno,x.

They proved that the sequence {x,} generated by (1.22) converges strongly to Pr;y(s)ko, where
Priy(s) denotes the metric projection from 7 onto Fix(S).

liduka and Takahashi investigated and presented the hybrid iterative method in their work in
[38], which is aimed at finding a simultaneous solution to VIP(1.17) and FPP(1.1) for a nonexpansive
mapping;:
Ko = kK € 7 C J4,
U = nky + (1 — an)SPy (kn — AufKn),
Cn ={C e vy —Cll <l — I}, (1.23)
2y ={Ce :(kn—Cxk—%xn) 20},

Kn+1 = P%'//nm()nK‘

foreveryn = 0,1,2,.., where 0 < a, <c<land 0 <a <A, <b < 2v. They proved that if f is
inverse strongly monotone mapping, then the sequence {x,}, generated by (1.23) converge strongly

to a common solution of VIP(1.17) and FPP(1.1) for a nonexpansive mapping.

Nadezkhina and Takahashi expanded and Generalized the findings of liduka and Takahashi in
2006 [39], taking a different approach by combining the hybrid iterative method and extragradient
iterative method. Their objective was to obtain a unified method for finding a common solution

to VIP(1.17) and FPP(1.1) for a nonexpansive mapping:

Ko = K € 1 C 74,

Uy = Py (kn — Anfxn)

U = ankn + (1 — ) SP g (kn — Anfuin),
Cn =1{C € : lvy — Cll < lxn — ClI},

Dy =1{Ce I : (kKn—Cx—1x) 20},

Knt1 = Pg,no, K.

(1.24)

for every n = 0,1,2, ..., where {A,,} C [a,b] for some a,b € (0, %) and a,, C [0,c] for some ¢ € [0,1).
Then the sequences {x,}, {v,}, and {C,} generated by (1.24) converge strongly to VIP(1.17) and

FPP(1.1), if f is monotone and Lipschitz continuous mapping.

Tada and Takahashi presented and analyzed the relaxed hybrid iterative method in 2007 [40],

which aims to find a simultaneous solution to EP(1.15) and FPP(1.1) for a nonexpansive mapping:
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Ko = Kk € 1 C 74,
1
uy, € # suchthat F(u,,v)+ —(—ty,uy—%,) >0, Yve.#,

T
Un = anky + (1= ay)Suy, (1.25)
Cn =1{Ce A vy —Cll < Iy — I},
2, = {CE% : <Kn_CrK_Kn> ZO}/

Kny1 = Pgno,x.

for every n = 0,1,2,..., where {A,} C [a,b] for some a,b € (0, %) and a,, C [0,c| for some ¢ € [0,1).
Then the sequences {«x,}, {v,}, and {C,} generated by (1.25) converge strongly to EP(1.15) and
FPP(1.1) for a nonexpansive mapping.

In 2007, Moudafi proposed the following Mann iterative method [41] for finding a shared
solution to MEP(1.13) and FPP(1.1) for a nonexpansive mapping:

Ko = K € A,
v, = TrFﬂ(Kn —TnfKn), (1.26)
Kn+1 = ﬁnKn + (1 _ﬁn)svn]/

where {r,} C (0,0) and {f,} is a sequence in (0, 1). He proved that the sequence generated by (1.26)
converge weakly to a common solution of MEP(1.13) and FPP(1.1) for a nonexpansive mapping,

if f is inverse strongly monotone mapping. For related work, see [42].

Takahashi and Takahashi further developed and expanded upon the findings of Moudafi in
2007 [43], taking a different approach by combining the Mann iterative method and Halpern
iterative method. Their objective was to obtain a unified method for finding a shared solution to

MEP(1.13) and FPP(1.1) for a nonexpansive mapping;:

Ko = K € A,
— TrFﬂ(K,1 —tnfkn), (1.27)
Knt+1 = Bukn + (1 = Bn)S[anu + (1 — ay)vnl,

where {r,} c (0,2v) and {a,}, {B.} are the sequences in (0,1). (1.27) exhibits strong convergence
towards a common solution of MEP(1.13) and FPP(1.1) for a nonexpansive mapping. This conver-

gence result holds when f is an inverse strongly monotone mapping.For related work, see [44].

In 2014, Kazmi and Rizvi presented and examined an implicit iterative method that utilizes the
viscosity technique. This method was designed to determine a shared solution of SpEP(1.6)-(1.7)
and FPP for a nonexpansive semigroup. Their study focused on analyzing the properties and

convergence behavior of this method.
Uy = T,l,:t (Kt + 6A*(Ts - I)AKf),
1 (™ 1.28
kt = tyQ(xt) + (I - tB) f T(s)uyds, (1.28)
0

St
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where Q is the contraction mapping on .74, and (r¢), (1;) and (x;) are the nets, and t € [0,1]. They
proved that the nets generated by (1.28) converge strongly to a common solution of SpEP(1.6)-(1.7)
and FPP for a nonexpansive semigroup. For related work, see [16,17].

It is important to note that the investigation of extragradient iterative methods for solving split
equilibrium problems is an area that remains largely unexplored. Hence, in this research paper, we
propose and analyze a hybrid extragradient iterative method. The objective is to find a common
element that belongs to the solution sets of split Generalized Mixed equilibrium problem (SpGMEP)
and FPP for nonexpansive mappings. We aim to examine the properties and convergence behavior
of this method in detail.

Motivated by the notable contributions of Nakajo and Takahashi [37], Tada and Takahashi [40],
Moudafi [23], Kazmi and Rizvi [15], and Takahashi and Takahashi [43], as well as the ongoing
research in this field, we propose and analyze an iterative method for finding a common solution
to S, MEP(1.2)-(1.3) and FPP(1.11) for a nonexpansive mapping in a real Hilbert space. The method
is based on a combination of the Mann iterative method and the Halpern iterative method. We
establish a strong convergence theorem for the proposed iterative method and derive several
consequences from these theorems. The results and techniques presented in this study extend and

generalize the corresponding results and techniques reported in previous works [15,23,37,40,43].

2. PRELIMINARIES

In this section, we provide a brief overview of the relevant concepts and results that will be
utilized in the subsequent sections. For every point x € .74, there exists a unique nearest point in
1 denoted by P _y x such that

lx = Poyxll < llx —vll, Yk € JA.

P y; is called the metric projection of 7 onto 7. It is well known that P 4 is nonexpansive

mapping and satisfies
(K=, Pk = Pyvy 2 |IP sk — Py vl?, Vi, v € H4. (2.1)
Moreover, P 4 k satisfies the following properties:
(k=Pyx,v—Pyx)<0, (2.2)
and
e = vl* > |lx = Pkl + llv = Py xl?, Vi € 74, v e . (2.3)
Assumption 1. [22] Let F : J#1 X %1 — R be a bifunction satisfying the following assumptions:
(i) F(x,x) =0, Yk € #3;

(i) F is monotone, i.e., F(x,v) + F(v,x) <0, Yk € J4;
(iii) Foreachx,v,C € J4, limsup F(tC+ (1 —t)x,v) < F(x,v);

t—0
(iv) For each x € 21, v — F(x,v) is convex and lower semicontinuous.
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(v) For each x € 74 and r > 0, there exists a bounded subset D, C Ky and v, € 1 such that for any
C e J\ Dy )
F(C,vx) + @(vi) —(C) + S0 =G C-1) <0
(vi) 4 is a bounded set.
Lemma 2.1. [22] Assume that F : 71 X %1 — R and let ¢ : #1 — R be a proper lower semicontinuous

and convex function satisfying Assumption 1. Forr > Qand forall x € 74, definea mapping TE : 4 — 2%

as follows:
Tix ={Ce i : F(Cv) +¢(v) —9(0) + %@—gc—x) >0, Vv € ).
Then, the following results hold:
(i) TE(C) is nonempty for each C € 74;
(i) TE is single-valued;

(iii) TE is firmly nonexpansive, i.e.,
ITE e — TEo|? < (TEw — TEv, k= v), Vi, v € 74;

(iv) Fix(TF) = Sol(GMEP(1.2));
(v) Sol(GMEP(1.2)) is closed and convex.

Moreover, assume that G : % X % — R and let ¢ : % — IR be a proper lower semicontinuous
and convex function satisfying Assumption 1. For s > 0 and for all w € J%, define a mapping
Tf 1 I — 5 as follows:

TSw = {d € #, : AC € TExsuch that BC = d and G(d, e) +¢(e) — p(d) + %(d—e,e—w) >0, Ye € ).

Then, we can easily observe that T is single-valued and firmly nonexpansive, Sol(GMEP(1.4)) is
closed and convex and Fix(T¢) = Sol(GMEP(1.4)).

Lemma 2.2. [45,46] In real Hilbert space 74, the following hold:
(i) The identity
1A+ (1= 1)l = AlllP + (1= Dl = A(1 = A~ oI, (24)

forallx,v e Hand A € (0,1);

(ii) (Opial’s condition) For any sequence {i,} with k, — « the Inequality
liminf||x, — x|| < liminf||x, — v|| (2.5)
n—-oo n—oo

holds for every v € 74 with v # «;
(iii)
e + oI < NIKIP +2(v, &k + v), Vi, v € 4
Remark 2.1. It follows from Lemma 2.1 (i)-(ii) that

rF(Tyx,v) +7[p(v) —(Tx)] +(Trx —x,v—Tx) >0, Yv € #, k € F4. (2.6)
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Further Lemma 2.1 (iii) implies the nonexpansivity of T, i.e.,
1T, x—Tyv < |lx—v||, Yx,v € 74. (2.7)
Furthermore (2.6) implies the following Inequality
T — vl < |l = vl = |Tyk — «|* + 2rF(Tyx, v), Yv € J4, « € 74 (2.8)
The bifunction F : 27 X %1 — R is called 2-monotone, if
F(x,v) +F(v,0) + F((,x) <0, Yk, v, € 4. (2.9)

by taking v = (, it is clear that every 2-monotone bifunction is a monotone bifunction. For

example, if F(x,v) = k(v — x), then F is a 2-monotone bifunction.

3. HYBRID EXTRAGRADIENT APPROXIMATION METHOD

In this section, we present the proof of the strong convergence theorem for the hybrid extra-
gradient method. This method effectively addresses the problem of finding a common element
that belongs to both the solution set of SP GMEP(1.2)-(1.3) and the Fixed point set of FPP(1.1) for a

nonexpansive mapping.

Theorem 3.1. Let J4 and 5% are real Hilbert spaces and ¢4 C A and J%, C % are nonempty, closed
and convex subsets. Let B : 7, —  be a bounded linear operator. Assume that F : J1 X %1 — R and
G : Jt X > — R are 2-monotone bifunctions satisfying Assumption 1 and G is upper semicontinuous in
first arqument. Let f : 1 — JA, and § : 5 — Ft are vy, vo-inverse strongly monotone mappings and
let  : 1 — RU {400}, ¥ : H5 — R U {400} are proper lower semicontinuous and convex functionals
and S : ¥, — £ be a nonexpansive mapping such that Q) := SpMEP(1.2)-(1.3)NFix(S) # 0. For a given
Ko € J# arbitrarily, let the iterative sequences {x,}, {vn}, and {C,} are generated by

Ko = K € A,

vy, = U(ky + ynB*(V —1)Bxky), (3.1)

Cn = ankn + (1= an)SU(xcn + ynB (V = I)Bun), (3.2)

G =1{Ce A 1T — TP < llcn — TP, (3.3)

Dy ={Ce I : (xn—C,kx—xn) 20}, (34)
(

Kn+1 = P(@’;mgn K, 3.5)

where U := TE (I—1uf), V := TS (I - 148), {ra} C [a,b] for some a,b € (0,v) and {a,} € [0, ] for some
cel0,1),yn € (0, ﬁ), where v = min{vy,v,}. Then the sequences {k,}, {v,} and {C,} converge strongly
tod = PQK.
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Proof. Since f : 1 — J# be an vi-inverse strongly monotone mapping then for any «, v € %7 and

1y € [a,b], we have

I(I=ruf)x = (I=ruf)ol* = (k=) =ra(fxc = f0)IP (3.6)
< ik = ol = ra(2v1 = 1) llfx — foll? (3.7)
< k=0l (3.8)

which shows that (I —r, f) is nonexpansive. Similarly, we can show that (I —r,g) is nonexpansive,
and since by Lemma 2.1 T, is also nonexpansive. Hence U := T% (I-r,f),and V := TC (I - r,g) are
nonexpansive. Since Q) # 0, it follows from Lemma 2.1 that Sol(GMEP(1.2)) = Fix(T% (I - r,.f))
and Sol(GMEP(1.3)) = Fix(TS (I - r,g)) are closed and convex sets. Therefore () is nonempty,

closed and convex and hence Pqx is well defined.

First, we show that the sequence {x,} generated by (3.1)-(3.5) is well defined. Indeed, it is obvious

that 2, is closed and convex for every n. Since
G = {C € I < 1ICh = 1l + 2(Cy = n, 100 = O) < 0}, (39)

we observe that 4, is closed and convex for every n. Hence ¢, N 2, are closed and convex for all
n. We claim that €, N 2, is nonempty for all n. For this, it is enough to show that () C €, N 2, for
every n. Let € € () then « is a solution of S, GMEP(1.2)-(1.3), which means

oy — &Il = U (%, + ynB*(V = I)Biky) — .
We estimate
v, = ®RIF = U(kn + yuB*(V = I)Bxy) — &I
= ||U(ky + yuB*(V - I)Bx,) - Uk|]?
llcw + B (V —I)Bx, — &[]
llicn — ®I* -+ 2IIB*(V = I) Brul
+2ynlkn — &, B*(V = 1)Bx,), (3.10)

IA

which implies that

lon==I* < iy = &I* +92((V = I)Bx,, BB (V —I)Bx,,)
+2y(xn — &, B (V = I)Bx,,). (3.11)

Thus, we obtain

y2((V =I)Bxy, BB*(V =1)Bxy) < Ly*((V —I)Biky, (V —1I)Bxk,)
= Ly;ll(V =1)BlP, (3.12)
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where L is a spectral radius of BB* and B" is a adjoint operator of B. Moreover, we obtain

2yu(kn — %, B"(V—=1)Bxp) = 2yu(B(xy—%),(V —1I)Bxy,)
= 2yu(B(xn—%)+ (V—=1)Bx, — (V —1I)Bxy, (V —I)Bxk,)
= 29 {(VBry = BR, (V = DB = I(V = DB}

IA

2 SNV = DBl = (V= DB
~7all(V = I)Bxall*. (3.13)

IA

On combining (3.11), (3.12) and (3.13), we obtain

v, — 7%”2 <|lxn — 72”2 + )/n(L)/n - 1)||(V - I)BKn||2~ (3.14)

Since y,, € ( ), we obtain

1
0, —
IBII?
[, = RIP < llicn — &I (3.15)

Further, it follows from Proposition 2.1 (v) in [21] that the mapping I — V is v-inverse strongly

monotone with v > % Therefore, we have

(B*(I-V)Bk—-B(I-V)Bv,k—v) = {((I-V)Bx—(I-V)Bv,Bx—Bv)
V|(I-V)Bx — (I - V)Bo|?
%HB*(I — V)Bx - B*(I - V)Bu|l%.

\%

" . . . 1 .
Hence y,B*(I-V)Bis 7ﬁ-mverse strongly monotone. Since y, € (O, W)’ therefore its complement

I-y,B*(I-V)Bis yﬁ is averaged and hence nonexpansive. For more details, see [21].

Setting .# := B*(V —I)B, then
ty i= U(ky — YnFvy). (3.16)

Applying (2.8), with k, — y,# v, and &, we have

12
lIt, — *I|

IA

ll%n — )/nyvn - 72”2 —|Itn — (Kn - Vnyvn)uz + ZVnF(tn/ 7%)
= |lxn— 72”2 — It — Knllz + 2)/11(&9?1)11/ & —ty) + Zynp(tn/ 72)
= lhcw = RIP = lltw = kal® + 29u[(F V0 = TR, &= v1)

HIR, &R —vp) —{F Oy, bty — Un>] + ZVnF(tn/ 72)
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Since .Z is

v . L. .. .
-inverse strongly monotone, then .# is monotone and VL-Llpscth continuous.
v

Vn
Using (2.6), (3.1) and monotonicity of .# in the above Inequality, we get
tn = ®IF < llicw = RIP = litn = ull® + 2yn(.F vu, vy — t)
+2yu[F(R,0n) + F(tn, )]

Il — 72”2 — Iy — Un||2 —lvy — tnllz = 2(Ky — U, Uy — ty)

IA

+2y 1 F vy, Uy — tu) + Zyn[F(K, vy) + F(ty, 12)]
= licw = RIP = llcw = vull* = llon = tall® = 2(n = (kn = ynF k), tn = vn)
+ 2 Tt = T, by = Vi) + 2ya[F(R, ) + F(t, )]
= icw = &I = llicw = vall® = [y = tal® + 27 F K0 = F v, £y = Vi)
+2y[F(R, 0n) + F(vn, ta) + F(t, ).
Since F is a 2-monotone bifunction, we have

lite = &P < Nl = &IP = llicn = vall® = [l = £l

L

+2yn;”7<n = vnlllltn — vall (3.17)

< lkn = kHZ — Iy, — Un”z —|lvy = tnllz
1\2
Hlow = £l + (2 ] i, = oul?
I\2
<o = = (1= (2] Yo = oulP. (3.18)
) 1 1 )
Since y,, € (0, W ,and v > 5. Hence, we obtain
lItn — RIP < Iy — I (3.19)

Since © € () then © = Sk. Next using (3.2) and (3.19), we get the following estimate
ICy — KHZ = |lank, + (1 - an)Stn - 72”2

1—ay)(Sty—®)I

1—ay)lISt, — 72”2 - an(l - an)”Stn - 72”2

= ”an(Kn - 72)
= aylli, — &P

+(1-an)
+(1-an)

anllicy = ®II” + (1 = ISt = 7l
+(1-an)
+(1-an)

<

—12 —112
< agllc, =Kl 1—an)llt, — &l (3.20)
< ayllx, - 72”2 1—ay)llx, — 72”2

= i, — &% (3.21)

Therefore & € 6, and consequently () C 4. Further, since () C Cp and (2 C Qp = H, it follows that
Q) c CopN Qo and hence Cy N Qp is nonempty, closed and convex set. Therefore k1 = Pcyng,« is well
defined. Now, suppose that () € C,,_1 N Q,,_1 forsomen > 1. Letk, = Pc, ,ng, k- Again, since () C
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¢y and for any & € (), it follows from () that (x — «;, k, — &) = (x — Pc, ,n0,., %, Pc, ;nQ, .,k — %) >0,
and hence & € 2,. Therefore () C 6, N 2, for every n = 0,1,2, ... and hence x,11 = Pg,no,x is
well defined for every n = 0,1,2,... . Thus the sequence {«,} is well defined.

Letd = Pqok. From k41 = Pg,ng,k and d € Q) C 6, N Z,, we have
<1 — xll < [ld —xll, (3.22)

forevery n = 0,1,2, ... . Therefore {x,} is bounded. Further, it follows from (3.19) and (3.21) that
the sequences {C,} and {t,} are bounded. From (3.4) and (3.5), we have that x,.1 € ¢, N 2, and

Kn = P g, k. Therefore
llicn = xll < Il —xll, (3.23)

foreveryn = 0,1, 2, .... Itfollows from (3.22) and (3.23) that the sequence {||x;,, — x|} isnondecreasing
and bounded and hence convergent. Therefore lim ||x, — x| exists. Since k, = Pg, kand k,+1 € 2,
n—oo

using (2.3), we have
1 = wull® < hcnrr — w1 = lcn — %,
for everyn = 0,1, 2, .... This implies that
nh_l;{}o lcns1 —xnull = 0. (3.24)
Since k11 € %, it follows from (3.9) that

ICx _Kn”z

IA

2(Cy — K, K1 — Kn)

IA

2||Cy = xalllltc41 — xall.

Therefore

1Cn = <l < 20l1cs41 = xall,

and hence, using (3.24), we have

r}i—>no10 IC: = xull = 0. (3.25)
It follows from (3.18) and (3.20) that
i -
lew —val® < |(1-a) 1—(VZL (Itren = &I = 11Ty — ®IP2)
] 2 -1
= |(1-an) 1—(yz (Il = &I = N1C = &I (llrcn = =l + 1S = =11
i 2 -1
< |(1-aw) 1—(yz I = Call (e = &l = 112 = 1)

Since {x,} and {C,;} are bounded and lim ||, — k|| = 0, we have
n—oo

Lim ||x;, — val| = 0. (3.26)
n—oo
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Further, it follows from (3.14) that

Va1 =Ly I(V = DBl < licn = &I = l[v, — I
(Il = &I = 11T = &I1) (llcn = &Il + 11Co = &I
ll#cn = Call (llrcn — &Il = 11T — RII) -

IAN A

IA

1
Since y,, € (0, W) and using (3.26), we get

Tim (V= I)Bicy| = 0.

by the same process as in (3.17), we have
2yuL

12 —112 2 2
IIt, — || < lkn = ®I1F = ln — vall® = llvn = tall” + 1 = valllltn — vall

< lkn - 7%”2 =l — Un”2 — vy - tn”Z + ln — Un”2

L 2
+(y” ) It — vall?
%

_2 VL 2 2
= lxp—x|I"=]1- ” [y = tall”

Further, using (3.28), we have

I 2
1C — 72”2 <|lxn — 72”2 - (1 - an) [1 - (y:j ) ]an - tn”z/

which implies that
-1

uL)’
”tn_vn“Z < (1_an) 1- VV ) (”Kn_ﬁllz_”Cn_K”Z)
; -
uL)’
= @=an 1= (EE) || o =@l =18 = &) s = -+ 1S, = 1)
i -
L 2
< |a-an|1-(& ) (e = &+ 18y = 1) b = ol

(3.27)

(3.28)

(3.29)

Again, since the sequences {x,} and {C,} are bounded and lim ||C, — x,|| = 0, it follows from (3.29)
n—oo

that
&im Ity — vull = 0.
Further, it follows from (3.26), (3.30) and the triangle Inequality that
[t = tull < i — vall + llvn — tnllz
which yields
lim ||k, — t4l| = 0.
Nn—00

Next, we have to show that lim ||St,;, — t,]| = 0. Since
n—oo

Cn = anky + (1 - a’n)Stn

(3.30)

(3.31)
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Cn—Kn = iy + (1= a,) Sty — Ky
= (1= an)Stn =K,
which implies that
(1= an)lIStn = xull < (ICn = xull.

Then, we have

(1 - C)”Stn —Knll < (1 - an)”Stn = &nll <|Cy = xull.

Since nh_r)lgo |Gy — xull = 0, we have
lim {15t —wull = 0.
Therefore by the triangle Inequality
Stn = tull < IStw = wcall + [l1cn — £all.
Since nh_r)rgo [|St,, — x| = 0 and nh_r)rgo [lxn — ta]l = 0, we have
7}1_{210 ISty — tall = 0. (3.32)

Since {t,} is bounded, there exists a subsequence {t,,} of {t,} such that t,, — % say. Therefore, it

follows from (3.30) that there also exists a subsequence {vy, } of {v,} such that v, — %.

We first show that ® € Fix(S). On contrary, we assume that & ¢ Fix(S). From (3.31) and «,,, — &,

we have t, — k. Since Sk # ®. It follows from Opial’s condition (2.5) that

liminf||t, —®|| < liminfl|t, — SK||
k—oo k—o0

IA

timinf {llty, — St + 11St, — Sl
< liin inf|t,, — R,
which is a contradiction. Thus, ® € Fix(S).

Next, we show that ® € Sol(MEP(1.2)). Since v, = Tfn (kn — tnfxn), for any v € J#, we have

1
F(vy,v) 4+ (frcn, v —vn) + @(v) —@(vy) + r—(v — U, Un— %) =0, YV € 4.
n
It follows from monotonicity of F that
1
(frn,v=v) + @) —@(vy) + — (U = Vn, U = ) 2 F(v,vy).
n

Replacing n by ny, we get

Vn — Kn
(frn, v=vn) + @) —@(vy) + <v — Uny, —kr k> > F(v, vy, ). (3.33)
Ny
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Since |[v, — k4|l — 0 and v, — &, it is easy to observe that v, — ®. Further, for any t with
0<t<landve .#,letv; =tv+ (1—-t)R. Since R € 1, v € #1, we have v; € J#1. So from (3.33),

we have
(Ut = Vn, fUr) = (U=, fU) — @(Vr) + @ (V) — (fKnp, VUt — Uny)
Vy, — K
- <vt — Up,, y> + F(vt, vp,)
[

= (vt— vnk/fvf _fKnk> + (vt — vﬂk/fvnk _fKnk> - gD(Ut) + go(vﬂk)

Up, — K
- <vt — Up,, u> + F(vt, vp,)- (3.34)
Ty
From Lipschitz continuity of f and lim [|v, — x,|| = 0, we obtain ||fv, — f«,l|l = 0 as k — oo.
n—0o0

Further, since f is monotone and the weakly lower semicontinuity of ¢ and v,, — &, it follows
that from (3.34) that

<Ut - ﬁ,fvt) > —QD(Ut) + (p(?%) + F(l)t, 1%) (335)

Hence, from Assumption 1 and (3.35), we have

0 = F(vy,vr) +@(vs) —p(vy)

< tF(uyv) + (1= )F (v, &) + to(v) + (1 - 1)p(R) — ¢ (v1)
< HF(vy,v) + @) —@(vi)] + (1= 1) [F(vr,v) + @(R) = @ (v1)]
< tF(vrv) + o) —p(v)] + (1 - H)Kv =&, for), (3.36)

which implies that F(vt, v) + @(v) —@(vs) + (1 —t){v — R, fvy) = 0. Letting t — 0, we have

F(R,v)+ @) —@R)+(v-=r, fR) 20, Yve g,
which implies that ® € Sol(GMEP(1.2)).

Next, we show that BR € Sol(GMEP(1.3)). Since |[v, — x|l = 0, v, = R as n — oo and {x,} is
bounded, there exists a subsequence {x, } of {x,} such that x,, — & and since B is a bounded linear

operator so that Bx,, — BX.
Setting e,, = by, — Tgk(bynk — 7, §byn, ). It follows that from (3.27) that kh_)n:O en, = 0 and
bYn, —en, = T, (DY, = ', &bYn,).
Therefore from Lemma 2.1, we obtain
G(byn, —en,©) + () = P(bym, = en) +(80Ym, C— (byn, —n,))
+rink(c — (byn, — ), (bYn, —€n,) = byy) =0, VC € 5. (3.37)

Since G is upper semicontinuous in first argument, taking lim sup to above Inequality as k — oo

and using condition (ii), we obtain

G(BR®,C) +(gB®,C—BR)+(v) —¢(BR) 20, V(€ %,
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which means that Bk € Sol(GMEP(1.3)). Therefore ® € S\GMEP(1.2)-(1.3).

This implies & € (). From d = Pqx, & € () and (3.22), we have

ld—x«| < IR —x|| < limki_r)lfo %y, — x| < lim sup [lx,, —«|| < ||d —«]|.

k—oo
Thus, we have
lim |1, — || = [|& = «|.
k—o0
Since x,, —k — & — x and from Kadec-Klee propertyof Hilbert space, we have k,, —x — & — x and

hence x,, — «. Since by definition of 2,, we have x, = Pg,x andd € Q C ¢, N2, C 2,, we
conclude that

—|ld = K |I* = (d = Ky, K, — K+ (d — K, k= d) = (d — K,k — d).

Letting k — oo, we obtain —||d — RI> > (d—-%,x—d) >0, sinced = Pok and ® € Q. Hence we

have ® = d. This implies that x, — d. Since by (3.23), lim ||k, — || exists and then by the above
n—oo

computation, we must have lim ||, — «|| = ||[d — x||. Now another application of the Kadec-Klee
n—oo

propertyimplies that x, — d. Then (3.25), (3.26) and (3.31) imply thatv, — d,(, = dand t, — d.

This completes the proof. m|

4. CONSEQUENCES

Now we discuss some consequences of Theorem 3.1.

Corollary 4.1. Let 4 and ¢ are real Hilbert spaces and %1 C A and J#; C 5t are nonempty, closed
and convex subsets. Let B : 74 — 7 be a bounded linear operator. Assume that F : 1 X # — R and
G : Jt X > — R are 2-monotone bifunctions satisfying Assumption 1 and G is upper semicontinuous in
first arqument. Let S : 7 — # be a nonexpansive mapping such that Q) := SpEP(1.8)-(1.9)NFix(S) # 0.
For a given ko € J# arbitrarily, let the iterative sequences (i}, {v,}, and {C,} are generated by

Ko = K € J,

Uy = Tf (kn + yuB (TS = 1)Bxy),

Cn = ankn + (1= ) ST (kn + yuB* (TS — I)Buy),

Gn =1{C€ IA : |10y — TP < llcy = TP,

Dy =1{Ce s : {(xy—Cx—x,) >0},

Kn+1 = P%HOQ,,K,

where {r,} C [a,b] for some a,b € (0,v) and {a,} C [0,c] for some c € [0,1), y, € (O,ﬁ), where

v = min{vy, va}. Then the sequences {x,}, {v,} and {C,} converge strongly to d = Pqx.

Proof. The proof follows by taking f = ¢ = ¢ = ¢ = 0 in Theorem 3.1. O
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Corollary 4.2. Let 54 and 7 are real Hilbert spaces and %1 C 74 and J#; C 7 are nonempty, closed
and convex subsets. Let f : #1 — JA4, and g : J#p — 3 are vy, vo-inverse strongly monotone mappings
and let S : 1 — J# be a nonexpansive mapping such that Q) := SpVIP(1.6)-(1.7)NFix(S) # 0. For a
given ko € J# arbitrarily, let the iterative sequences {k,}, {vn}, and {C,} are generated by

Ko = K € ],

vy = U(ky + yuB* (V= 1)Bxy),

Cn = anky + (1 —a,)SU(ky + yuB* (V —1)Bvy),
G ={C € JA 1T — TP < llcw — CIPY,

2y ={Ce A : (kn—C,x—1,) 20},

Kn+1 = P%IQQHK,

where where U := Py (I—1nf), V := Py (I—1,g), {ru} C [a,b] for somea,b € (0,v) and {a,} € [0, c] for

some ¢ € [0,1), yn € ( ), where v = min{vy,va}. Then the sequences {x,}, {v,} and {C,} converge

1
0, —=
IIBII>
strongly to d = Pqx.

Proof. The proof follows by taking F = G = 0, and ¢ = 1 = 0 in Theorem 3.1, since in this case,
we have T (k) = Py, Yk € 74 and TS (v) = P v Vi € 5. m]

The following corollary is due to Nadezhkina and Takahashi [39].

Corollary 4.3. [39] Let %1 be a nonempty, closed and convex subset of a real Hilbert space 7€, let
f 74 — A be v-inverse strongly monotone mapping and let S : ¥, — %1 be a nonexpansive mapping
such that Q3 = Sol(VIP(1.17)) N Fix(S) # 0. Let the iterative sequences {x,} and {v,} and {C,} be

generated by the following iterative scheme:

Ko = K € A,

Un = Py (K — 1 fxn)

Cn = anikn + (1= ) SP 5 (K — T fon),
G ={C€ JA 1T — TP < llcw — CIPY,
2y ={Ce A : (kn—Cx—1,) 20},

Kn+1 = PﬁrfnmgnK,

where {r,} C [a,b] for some a,b € (0,v) and {a,} C [0,c] for some ¢ € [0,1). Then the sequences {x,}, {v,}

and {C,} converge strongly to d = Pq, k.

Proof. The proof follows by taking F = G = 0, ¢ = 1 = 0 and B = 0, a nonexpansive mapping in
Theorem 3.1, since in this case, we have T;, (k) = Pk, Yk € J4. m]
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5. NUMERICAL EXAMPLE
In this section, we provide a numerical example which justify the main result.

Example 5.1. Let A4 = 7 = R, the set of all real numbers, with the inner product defined by (x,v) =
kv, Yk, v € R, and induced usual norm |.|. Let o1 = [0, +00) and 3 = (—0,0]; let F : o1 X 41 —» R
and G : Jp X #> — R be defined by F(x,v) = 3x(v—«), Yk, v € 4 and G(u,v) = (u—3)(v—
u), Yu,v € Jy; let for each x € R, we define B(x) = -2« and let, for each x € £, S(k) = %K and let
f:o — 4 and g = A5 — 5 are defined by f(x) =2k and g(x) =0, Yk € 1 and ¢ = ¢ = 0. Let

the sequences (i}, {vn}, and {C,} are generated by the iterative schemes

Pn = Tan (I - 7ng)BKn; vy, =U [Kn + %B*(pn - BKn)]r' (5.1)
1 1 1.,

Gy = n+11€n+ (1—n—+1)SU[Kn—|—6B (pn—BKn)], (5.2)

= {C€ I : 110 — TP < Iy — TU7) (5.3)

2, =1{Ce A : (xy—(,Kk—Ky) 2 0} (5.4)

Kn+1 = anﬂQnK (55)

1
where a, = 1 and r, = 1. Then {x,} converges strongly to 0 € Q).

Proof. The verification of Assumption 1 for bifunctions F and G, along with the upper semicontinu-

ity of G, can be easily demonstrated. The operator B is bounded and linear on R, and has an adjoint

1
operator B*, both having a norm of 2. As y, belongs to the open interval (O, 4_1)' we can choose

y = % Additionally, it is straightforward to notice that Q) := SpGMEP(1.2)-(1.3)NFix(S) # {0}.

After simplification, schemes (5.1)-(5.5) reduce to

171-11 -3
Uy = — [_Kn + _];

41 3 3
1 1 1 20
e L (e - ]
+ x
an:[an n/oo]

2, = [Kn/ 00]

Kni1 = Pgno,x
Following the steps of proof of Theorem 3.1, we obtain that {x,} and {v,} converge strongly to
0 € Q). The proof is completed. m]
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Using Matlab 7.0 software, we conducted a study to analyze the convergence behavior of the
sequence k, for various initial values. The results of our analysis, depicted in the following figures,

demonstrate the strong convergence of x, towards the limit 0.

5 10 15 20 25 30 0 5 10 15 20 25 30
No. of iterations No. of iterations

Ficure 1. Convergence of {x,} for different initial values

Example 5.2. We consider an example in infinite dimensional Hilbert spaces. Let s = 5 = L*[0,1],

1

1
with the inner product defined by (x,v) = f k(t)v(t)dt, and induced usual norm ||x|| = f |1<(t)|2dt,
0 0

for all x,v € L?[0,1]. Let F : L?[0,1] X L2[0,1] = R and G : L*[0,1] X L?[0,1] — R be defined by
F(x,v) = (x(t) =2t)(v(t) = x(t)), ¥x,v € L?[0,1] and G(u,v) = (u(t) + 4t)(o(t) —u(t)), Yu,v €
L?[0,1]. Then F and G satisfies Assumption 2.1; let for each x € L*[0, 1], we define B(x) = —ZK(t) and let,

for each x € L?[0,1], S(x) = %K(t) and let f : 12[0,1] — L2[0,1] and g : L?[0,1] — L?[0,1] are defined
by f(x) = 2x(t) and g(x) = 3x(t), Y« € L2[0,1]. Then f is 2-inverse strongly monotone mapping and g

is 3-inverse strongly monotone mapping and assume that ¢ = 1 = 0.
Further, let B : L2[0,1] — L?[0, 1] be abounded linear operator defined by B(x(t)) = —ZK(t) such
that|B|| = ||B*|| = Z Let S(x(t) = x(t) forallt € [0,1], then clearly S is nonexpansive mapping with

Fix(S) = (—o0,0). Let X =: {u € Lz[o,l];fl u(t)dt = 0},thenPX(u) = u—fl u(s)ds, u € L*[0,1].
0 0

Furthermore, take a;, = ] and r, = 1 and following the steps of proof of Theorem 3.1, we

obtain that {x,} and {v,} converge strongly to 0 € ().
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Ficure 2. Convergence of {k,} for different initial values
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Ficure 3. Convergence of {k,} for different initial values

Conclusion: The present study introduces an extension to the split Generalized Mixed Equilib-
rium Problem, along with a proposed iterative method based on the hybrid extragradient method.
This method is utilized to obtain a common solution for the split Generalized Mixed Equilibrium
Problem and the Fixed Point Problem for a nonexpansive mapping in the context of real Hilbert
spaces. Our proposed method is shown to achieve strong convergence, given certain mild con-
ditions. These results are a generalization and expansion of previously known findings in the
field.
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