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Abstract. We looked at and illustrated a few axioms of #DEMS (Neutrosophic double controlled metric space) in this
article. As a way to generalise the Banach contraction principle in the earlier mentioned spaces, we employed %t DEIMMES.
For the purpose of reviewing what we discovered, we graphically validated several examples and supported some
findings. Furthermore, we provide evidence of usage and implemented it by proving their presence with a distinctive

and integrative solution.

1. INTRODUCTION

Banach [3] reached some important discoveries that laid the framework for the abstraction of
FP hypothesis. The idea of a fuzzy set was initially coined by Zadeh [16]. The fuzzy set term
aided us in understanding the degree of ambiguity in items using a mathematical technique.The
term fuzzy metric space (FMS) was invented by Kramosil and Michalek [11]. Schweizer and
Sklar [15] invented the term “continuous (CTS) t- norms". The Banach contraction principle is
widely acknowledged for playing a significant role in the conceptualization of FIMES. Grabiec [7]
talked about a hazy interpretation of the Banach contraction principle. Park [13] created a fantastic
effort intuitionistic fuzzy metric space. In 1998, Smarandache developed the term “neuosophic
set" and showed it with Sowndrarajan [17], they demonstrated some important findings from
NME. Kirisci and Simsek [9] then devised the topic of MINS in 2019. Some FP findings in NINS
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were confirmed by Sowdrarajan and Jeyaraman et al [10] in 2020. Although the Neutrosophic
tackles naturalness, the intuitionistic and fuzzy do not. Milaiki [1] presented the abstract of
controlled metric space (EMS), and Sezen [16] described the term controlled fuzzy metric space
(EFIMS), and both demonstrated various contraction mappings outcomes. Abdeljawad et al. [1]
characterised Double controlled metric space (DEME) as a space that comprises two irreconcilable
transformations. Some further extensions of contraction mappings and metric spaces can be found
in [4,8,14].

This research looked at the conviction of NMDEIMMS. Graphics were utilised to show some
outcomes and validate many examples. We also provide execution of the results. We utilised it to

show the significance of an integral solutions as well as the occurrence of a unique solution.

2. PRELIMINARIES

Authors provide an essential context for the lucidity of the content along with to make it simpler

for people to work by comprehending the major portion in this section.

Definition 2.1. [10] A 6-tuple (], A, I, D, %, <) is called NINS if K is an arbitrary non empty set, *
neutrosophic CTN, <& neutrosophic CTC and U,'3, D are neutrosophic sets on K X & x (0, oo) satisfying the
following condition: Forall ¢,®,1n € K,3 € (0,)

2)0<A0,3)<1,0<3(¢,0,3) <1,0<D(¢,0,3) < 1;

b)A(c,0,3) +3(¢,0,3) + (¢, 0,3) < 3;

A)U(,0,3) =1,¥3>0,o¢c=0;

d)A(c,0,3) =A(O,c,3), for3>0

e) A(c,0,3) * A(O,n,x) > A(c,n,3+%)V3,x>0

NAE,O,.):(0,+00) — [0,1] is neutrosophic CTS and SETM‘JI(Q, 0,3) =1

2)3(¢,0,3) =0,¥3>0,¢c=0;

h)3(c,©,3) =3(0,c,3); for3 >0

)3(c,0,3) *3(0,n,%) <3(¢,n,3+%)V3,x>0

7)3(c,0,.) : (0,40c0) — [0,1] is neutrosophic CTS and 3li)rfm(g, 0,3) =0

k) D(¢,0,3) =0,¥3>0,& ¢ =0;

) ®(c,0,3) =D(0O,c,3); for3>0

m) D(c,0,3) *x D(0,1,%) <D(¢,n,3+¥)V3x>0

n) ®(¢,0,.) : (0,+00) — [0,1] is neutrosophic CTS and SETOO D(¢,0,3) =0

Then, (], A, 3, D, %, O) is called a NINC.

)1»

Definition 2.2. [17]Given 7, let & be a non empty set and 7 : } X ] — [1, +00) are incompetent mapping,
ifo: )% 8K — (0,+00) is called as a Controlled metric type (CMS) if

1)6(c,®) =0iffc =0

b) 5(c,®) = 5(0,¢);

c)6(c,®) <T(c,n)o(c,n) + (1, ©)6(n, ®); for every ¢, O, n € K.
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Definition 2.3. [5] Let & be a non empty set and 7 : K X ] — [1,400), % neutrosophic CTN, &
neutrosophic CTC and A, 3, D are neutrosophic sets on | X & x (0, o) satisfying the following condition:
Forallc,®,n € R,

2)0<Ac®,3)<1,0<3(¢,0,3) <1,0<D(,0,3) < 1;
b)A(c,0,3) +3(¢,0,3) +D(c,0,3) <3

c)U(¢,0,00=0

dAc,0,3) =1,¥3>0,0¢c=0;

e) A(c,0,3) = A(O,¢,3);

H A, m,3+x%) > ﬂ(g,@,ﬁ)*‘ﬂ(@,n,w@;’n)),’

2 U(c,®,.):(0,+0c0) — [0,1] is CTS and SETw%(g, 0,3) =
h) 3(c,0,0) =1

)3(¢,0,3) =0,V3>0¢c=0;

)3(c,0,3) =3(0,¢,3);

k) 3(c,n,3+%) <3 (g, o, ﬁ)OS (@, 1, (“((;W)’.
D)3(¢,0,.):(0,+00) — [0,1] is CTS and 3ETooS(C’ ©,3) =0;
m) D(¢,0,0) =1

n)9(,0,3) =0,¥3>0e¢=0;

0) D(c,0,3) = 3(0,¢,3);

p) D(c,n,3+%) <3 (g, o, ﬁ) O3 (@, n, ﬁ);

9) (¢,0,.): (0,4+00) — [0,1] is CTS and 32{{1003(@, 0,3) =0;
Then, (], A, 3, D, x,O) is called a NEMS.

Definition 2.4. [17] Given 7, ¢ : R X & — [1, +00) are incompetent mapping, if 6 : K X ] — [1, +c0)
fulfils the required prerequisite:

a)6(c,®) =0iffc =0

b) 6(c,®) = 6(09,¢);

c)6(c,®) <(c,n)o(c,n) + @(n,®) for every ¢, O, n € K, then, (K, 0) is termed as DCMS.

Definition 2.5. [17] Suppose & # 0 and 7, : K X]& — [1,+00) provided incomparable mappings,
where  is a CTS t-norm and W is a fuzzy set on ] X | X (0, 00) is identified as FDEMS on K, for every

c,®,neRif

1. 9(c,®,0) = 0;

2.U(c,0,3) =1forall3>0,iff c =0

3.U(c,0,3) = AO,c,3);

4. A(c,n,3+%) > ‘ZI(Q,@), 1(;g))**ﬂ(c,@, (g@))

5.U(c,0,.): (0,400) — [0,1] is CTS. Then, (], A, T, %) is named as a FDEMS.
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3. MAIN RESULTS

We have now clarified the meaning of the TDEINS and included illustrations to support certain
of the arguments.

Definition 3.1. [15] Suppose & # 0 and T, : KX K] — [1,+00) are considered as a incompetant
mappings, * as t-norm, < as t-conorm, and A, I, D are neutrosophic sets on ] X ] X (0, +00) is characterised
NDEMES on K, if for each one (], A, I, D, %, O) fulfills all E,©, n € K holds the following:
@0<AEO,0)<1,0<3(E0,0)<1;0< D(u,@) Q) <1,

b AE,0,0) +3(5,0,0)+D(E,0,0) <

AEO,0)=1,Y(>0, = E=0;

(d)AE,0,0) =A0,E,0);

() A(Z,n,C+1) = U (: 0, ﬁ) * 91(@, n, W)

(PHAE,O,.): (0,400) = [0,1]is CTS and_ lim %(,0,0) =1,
(2 3(5,0,0) =0,V(>0 ¢ E =0;
3(E,0,0)

=3(0,&,0);
¥) < 3(?,@ = ))OJ(® n, (ng))
(G)3(E,0,.) : (0,400) = [0,1] is CTS and lim I(E,O,C) =0;
—>+oo
(k) D(E,0,0) =0,Y(>0&= E=0;
M DEO,0) =9(0,8,0);
= = & )
(n) D(8,0,.) : (0,+00) — [0,1] is CTS and . lim )TS(E, ©,0) =0;
— 400
(0) IfC <0, then A(E, ©,C) = 0,3(E,0,0) = 1and D(E,©,() = 1.
Then, (], A, 3, D, x,O) is called a NDEMES.

Example 3.1. Let & # Qand & = MUP, where M = (0,3) and P = [3,00) and T, : K XK — [1, +00)
1 if,© € M
max{E, ®} otherwise

are given incomparable mappings defined as follows: 7(E,0) = { and

[3]DS)

_ ifE,®eM
(P(‘:‘/ A) = .
1 otherwise

* is a CTS t-norm @ *x h = @h, & be a CTS t-conorm as @Oh = @h. Define U, 3, D : K X K X (0, +00) —
[0,1] as follows :
1 if2=0

-3
eo  fEeMand® € P
AEANQ) =4 = f
e ifEePand© e M

=3 .
eT  otherwise

0 ifE =
1-e8 ifEeMand© € P
1-e% ifEePand® e M

=3

1-ec

J(E,A,Q) =

otherwise
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0 fE=0
-1 ifEeMand® € P
e —1 ifEePand® e M

e% —1  otherwise
Then, (],U,3,D, %, <) is called a RDEMS.

(3}
i

D(E,A Q) =

Here, the results except (e), (i) and (m) of above definition are trivially true. Hence, it is essential to

prove the exceptional results for to say it as a NDEMES.
Now, we show that the results for the following cases to show that the condition (e), (i) and (m) holds.
Case I: If n = E and n = ©, then the respective conditions satisfied.

Case II: Suppose N # E and 1 # ©, subsequently the conditions (e), (i),(m) holds when E = ©.
If 5 # O then we get & # © # 1. Now, the conditions (e), (i), (m) satisfied in the following cases:

values t-norm & t-conorm A(E,O,0) 3(E,0,0) D(E,0,0)
EOneMor|C = Lz =|7(E0) = e P >e7” (1-e19) < | (e -1) <
E,0,n€P LE = 3,0 =190, =% (1-e7) (¢7 =1)
5 _ 1
2N=3
EneMOe|l = Lx =|7(E0) =|e04>eB38 | (1-e0) < | (24-1) <
B LE = 3,0 =490, =1 (1-e38) | (B8-1)
4,n = %
EneBOe|l = 1Lx =|7(E0O) = e 04 >eB30 | (1-¢04) < | (04-1) <
0 LE = 3,0 =490, =1 (1-e736) | (0-1)
5 -7
2N=3
EePBOne|C = Lx =|7E0O) =|e 0> | (1-e) < | (2-1) <
m 1,8 = %,@ = %,(p(@,n)zl (1-e%9) (49— 1)
5,-3
2N=3
E@eMne|l = Lx =|7(E0O) =|eP>e® | (1-e)<|(eP-1) <
P LE = 3,0 =|1L¢@n) =% (1-e®) | (®-1)
31=3
EeP,One|l = Lx =|7(E0O) = e 04 >eB39 | (1-e04) <] (P4-1) <
M LE = 3,0 =| 5,900, =1 (1-e39) | (39-1)
Z =2
2N=3
E®@ePne|l = 1x 1(E,0) =|e 152105 | (1-e1d) < | (e1P-1) <
M LE = 3,0 = | 3,901 =1 (1-e7165) | (e165-1)
9 _ 1
2N=3
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Example 3.2. Let 9 = {1,2,3} and §,7: 9 xY — [1, 00) be duplet incomparable mappings stated as
1(y,e) =9 +e+1andi(y,e) = 2+ €*— 1. Define A, I, D : Y XY X (0, +00) — [0,1] as
max{y, e} —min{y, e} + ¢

uy.et) = max(7, €]
- _ min{y, e} -t
(et = max{ ), €}
S
o7, e0) = e

max{y, e} —min{¥, e} + {
Now, the following conditions to be hold with product t-norm y" % € = V'€ and t-conorm as

yoe = Yye

A5, 0t +5) z‘ll(j)',e, ! )*m(e’o'f(efo))

. t 5
3(y,0,t+s) < (7/ €, )03(6,0, )

D(V,M-FS)SD(V,G,%..% )03(6,0, ° )

Then, (], A, 3, D, %, O) is described as a RDEIMNS.
If all Cauchy sequence convergent in &, then (], A, I, D, x, <) is said to be a Complete NDEMS.

Theorem 3.1. Consider ¢,& : K X ] — [1,1/8") where B € (0,1) and n € N are provided with
non-comparison functions and (], A, I, D, *x, &) be a complete NFDEMS and consider that

ChT AE,r,C) =1, 11m \s(u,r C) =0, 11m D(E,r,0) =0.. (3.1)

in which E,x € K for each and every C > 0. Now, let q : & — R be a self mapping satisfying
A(qE, qr, BL) > min{A(E, v, ), A(E, qF, C), A(x, qr, C), A(aE, v, 0), A(E, ar, )}
3J(aE, qr, BC) < max{3I(E,1,C), I(E, qF, C), 3(r, v, 0), I(aE, 1, ), I(E, qr, 0)}
D(0E, ar, BC) < max{D(E, 1, (), B(E, 0&, ), D(v, ar, €), D(aZ, v, C), D(E, av, )} (3.2)

For each and every &, € K. Let lim (2, t) and lim &(v, E,) exist. Then q has a unique FIP in K.
y—oo

y—oo

Proof. Let Eg be a point of K. If ¢5¢ = Eo, then & is the required FIP and we define a sequence &,
by &, = q"Eo = qE,-1, y € N. By utilizing (3.2) for every C > 0, we obtain

9I(E‘y/ Ey+1/ C) = 91(C"Ey—ll qu/ C)

. - C - - - - C - - C
> mln{m(‘:‘y—ll"—‘y/ _)/Ql(dy—ll q‘:‘y—l/ _)Im(":‘yl q":‘]/I _)/Q’I(qd‘y—ll :"yl _)Im(‘:‘y—ll q":‘yl _)}
B B B B B
C

= = C -
)/Q’I(E‘y—ll Sy+1s g)} 2 ?I(an, Sy+1s E) (33)
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< max{3(E,-1, 5, %), 3(Ey-1, 0Byt %), 3(E,, 4E,, %), S(4Zy-1, En, %), (Zy-1, 95, %)}
— max({N(Eyo1, Ey, %),S(Ey_l,Ey, %),S(Ey, Z,41, é),S(Ey, z,, Z%),S(Ey_l, Z,41, %)}
= max(3(Ey-1, B ), (B By ), SEy By, )
< 3(Ey By, %) (3.4)
D(Ey, Eyt1,0) = D(aE,-1,0Ey, )
< max{D(Ey-1, Ey, %), D(Ey-1, aEy1, %), D(E,, 4E,, %), D(aEy1, Ey, %), D(Ey1, Ey, %)}
— max{D(E,1, &y, %), D(Ey1 &y, %), D&y, By, %), D(E, 5, %), DEyo1, Eyets %)}
— max{D(Ey1, &y, %), D(Ey By, %), D(Eyor, Eyits %)}
< D&y, By, %) (35)

Now, U(Ey, Ey11,0) = A&y, Eyar,5),  I(E

N
[11
<
+
<
™
~
IA

D (E‘yl Ey+1/ %)/
then, we conclude that £, = &, forall y € N and ZE,is a FIP of g. It implies that,

- = = C - = C
QI(EJ]/, s:dy—',-l/ C) > m(‘-:dy—lr ‘:-'y/ %) > QI (‘-:Jy—Z/ :"y—ll g)
- - C - = C
>U (dy—s, Sy, @) > A (&0, =1, @) ’
- ~/(m — C ~ (= = C
\S(‘:‘yl ‘:‘y+1/ C) < ‘S(‘:"y—ll ‘-:‘y/ %) <3 ‘:‘y—Z/ ‘:"y—ll g
<J (‘-zy—?)/ :"y_ZI @) <3 (:‘0/ —1, @) 7
S -~ = C -~ - C
D(d‘yl ‘:‘y—‘r]/ C) < D(‘:‘y—ll ‘:‘y/ %) < D (d‘y—Ql ‘:‘y—lr g)
- C - = C
<D|Ey-3, Ey-2, @) .. <D (dol =1, @)

For any y,z € N, then
m(Ey/ Ey+21 C)

> A=

>AIE

[1]

a C
- 2 - 22
Byt == | * Q| By, Eyt2, - ——
Y ’4’(%'“%1)) ( e ,¢(ﬁy+1/ﬁy+z)5(ﬁy+1,dy+z))

£
* A Ey+2, )
y+z)

S(Ey, Ey+1,%>, D(Ey; E‘]/4»1/ C) <

(3.6)

(3.7)

(3.8)
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\%
=
—
[1]
T
[x]

y+1s ¢(

-
[
—

C
2

1S
— * A E 1, Zyt2 = p— — —
yr ﬂyﬂ)) ( e ‘P(dyﬂrﬂyﬂ)é(dyﬂrﬂyﬂ)

<
23

+3 — — = e e e
e Y (‘iy+2r ﬂ‘y+3)5(5y+1/ 5y+2) < (3y+2/ E‘erZ>

~

23
+ — — — — = =
e 5(5y+2/ :,erz)E(:,y_,_l hiyqtz)é('-ier?n 5y+z) )
£
22

¢
2

By Byt 7= | X | Byt By, =75 —
( vy ,¢<dy,ay+1>J ( yrey /¢(dy+1,ﬂy+2>€(ﬁy+lzﬂy+z)]

£
23
E‘y+1/ Ey+z)5(3y+21 Ey+z)1/)(3y+2/ Ey+3) ]

*ek A (Ey+z—2/ E"y+z—1r

* A (Eerz—l/ Ey—i—z,

<
24
Ey+1/ Ey-l—z)é(Ey-i-Z/ Ey—&-z)g(ay—&-& Ey+z)¢(3y+3/ Ey+4) ]

2y+z-1
& (Ey+1/ Ey-i—z)g(Ey—i-Z/ Ey+z) e é(Ey—i-z—Z/ Ey—o—z)ﬁb (Ey+z—2z Ey+z—1) )

[1]

E(Ey—&-l/ y+z)£(Ey+2, Ey+z) . é(Ey-i-z—l/ Eerz))

<
23
EerZ/ Ey+3)5(£y+1/ Ey+z)£(3y+2/ Eerz) ]

£ J
23

vy Z/5(&y+2,dy+z)5(5y+1/dy+z)g(ﬂy+3f‘:‘y+z)
¢ 5
<3|, 81, —2—— 03| Eys1, Bprp ————F
( VT (B, By1a) T (B, By2)E(Bya, Byez)
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[1]

—
H
—

OJ|By43, Eyra, o= —— 2 —— ——
[y Y ’é(ﬂ‘y—l—l/5y+z)£(5y+2/‘5y+z)é(ﬂy+3rc‘y+z)ﬂb(5y+3/ﬂy+4)

<> <>C\§ —_ —_ 2y+z—1
O | By z—2, Eytz—1 p— - - - = - p— p—
yrEme Ty €<dy+1/ 5y+z)5(~:‘y+2/ Qy—i—z) . "5(‘:‘}/+Z—21 ay-ﬁ-z)l;b(*:*y—o—z—Z/ 5y+z—1)
¢ T
RS] [ — 27 — —
yrammyTE é(ﬁay-ﬁ-l/ h:4y4r2)5(34y+2/ dy+z) . --é(ﬂy—s-z—l/ L:'erz)
D(‘E“}/l Ey+Z/ C)
¢ 9
< D&y, Eyp1, ——==— [OD|Eyi1, By 7=
Hb(‘:‘y/ Sy+1 é(ﬂerlz ﬂy+z)

Ey+2/ Ey+3)€ (Ey+1r Ey+z)5(5y+2/ Ey+z) ]

y+2s Ey+z)5<3y+l/ Ey—o—z)g(Ey—o—Sz Ey—i—z) ]

<
<D|Ey, Byt ———— | OD| Eyi1, Byrr, ——o————
[y’ Y ,I’D(dy,derl)) (y 7Y ,lp(by+1,ﬂy+2)£(dy+llﬂy+z)

- ¥
(I é(hﬁy-i-l/ dy+z)§(5y+2r 5y+z)¢(‘:y+2' :‘y+3)

%

— — 2

Sy+3, Sy+4r T = = = p = = =
e &E ‘:'yﬂLZ)E(derZr 2‘y+z)£(£‘y+3r \:'y+z)l,b(5y+3, \iy+4) ]

— — 2y+z—1
O...OD|Eysz-2, Eyta1, £ ]

Ey+1/ Ey+z)£ (Ey+2/ Ey-ﬁ-z) vee 5 (Ey+z—2/ Ey-}—z)#’(ay—i—z—Z/ Ey+z—1)

C
— — 2y+z+1
OD|Eytz-1, Eytz,
Y Yy 5(

Ey+1z Ey—i—z)é(Ey—&-Z/ Ey+z) I 5(Ey+z—1/ Ey+z)

Using (3.6),(3.7),(3.8) in the above inequalities, we deduce

QI (Ey/ Ey+21 C)

[1]

. L1
2 22 " gy+l

C 1
> A| o, By, ———— | * A| B, Ey, ——= ——
( ’ Eb( v 5y+1)] Y ¢(5y+l/ y+2)£(h5y+1/ h:Jy—l—z)



10 Int. ]. Anal. Appl. (2025), 23:96

¢ 1
—_ - 73 " By+2
* W By, By, == L ———
( T é(dy—&-l/ ﬂy+z)é<ﬂy+2/ 5y+z)§b(ﬂly+2/ E‘er?:)

C 1
_ - 24 " By+3
* WAl Eo, &1, 75— =5 ——
( T 5(5y+1/ ay-ﬁ-z)é(ﬂ‘y—m/ Qy—o—z)é(-iy-q—& 5y+z)¢(‘5y+3/ 5y+4)

c 1
- 1’ BZy+z—2
*---*QI ;:40 Lidl — — — — 2 — — — —
( Y 5(5y+1/ ﬂy+z)£(ﬂy+2/ dy—&-z) - E(C‘y—i-z—Zr ﬁy—&—z)w(ﬂy—o—z—b h:*erz—l)

_c 1
—_ - -1 B2y+z-1
* A B, B, -0 KA = =
( Y 5(5y+1/ ﬂy-ﬁ-z)é(ﬂy—m/ L:4y—0—z) cee é(ﬂerz—l/ L:'y—o—z)

—_ - 2 By N 22 Byt
<3| Eg, B, ———————— | O3 | Eo, E1, —= = = =
+1) ¢(5y+1;ﬂy+2)5(‘:‘y+lrdy+z)

L1
= = 28 pyi2

v+ 1 Eytz) E(Eyr2, Ey )P (Ey sz, Eyy3)

S
[r—! = 24 RBy+3 ]

y+1, Eerz)é (Ey+2/ Ey+z)5(3y+3/ \Ey+z)1/)(3y+3/ Ey+4)

C 1
—_ - y+z—1 : B2y+z-2
OLLOTEp, By ———= B A = = =
[ Y é(\i‘erl/ dy—&-z)g(ﬁy—ﬂ/ Cﬂy-i—z) e é(ﬁy—&-z—Z/ \iy-l-z)l,b(\:‘y—&-z—Z/ d'y+z—1)

_t . _1
2y+z-1  g2y+z-1
y+z)§(3y+2/ Eerz) cee CE(E"jw—z—l/ Eerz) ]

Py
B3]

<
L
[x]

C 1
BY - = 22" gyl
———|OD|Ep, &y, ———= ——
4’(ﬂyrﬂy+1)) [ ' ’¢(5y+1/‘5y+2)5(‘5y+1/5y+2))

S
= = 25 pyt?
=0, 1 = = - =
Y é(ﬂerl/ dyﬁ—z)g(ﬁy—ﬂ/d‘y—l—z)l}b( y+2/ y+3)]

c .1
4 +3
oD [30, By, r B ]

[1]

E(By+1, Eyt2)E(Byr2, Eyi2)E(Ey+3, Eyiz) P (Eyt3, Eyta)

oytz—1 " gly+z—2

1
O...OD[EO,E1 ]

’ é(Ey—i-l/ Ey+z)§(3y+2/ Ey+z) o é(Ey+z—2/ Eerz)Eb(Eerz—Z/ Ey+z—1)

c 1
- - -1 | gy+a1
OD| By, 81, == = 2 = =
[ Y 5(E‘y+1/ dy—&-z)g(ﬂy—&-z/ h54y+z) e 5(5y+z—1/ hEﬂy—i—z)

Applying (3.1) for y — +00, we suggest that

lim A(Ey, Ty C) =1k 1k x1=1

y—o0
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lim 3(Ey, 42, C) = 0000...00 =0

y—)OO

lim D(Ey, Ey42, 0) = 0000...00 = 0

y—00

Which recommend that the sequence {Z,} is a Cauchy sequence in . Already, & is complete
FDEME, accordingly others do exist.

E € & like that lim, e A(E,, E, 0) = 1, limy I(Ey, E, () = 0, lim, oo D(E,, &, () = 0.

From (3.2) we have

= max i~} ‘-—iy/ng 7~ Hy/‘-—*y-l-lrg 7~ l-—-'/CIH'IE A ‘—‘y+l/HI§ 7~ ‘—"y/q‘—‘lg

D(‘Ey-‘rll qE/ C) = D(qu, qE/ C)

Smax{D(Ey,E,%),Q(Ey,qu,%),D(E,q&,%),D(qu,E,%),D(
- - C - = C - = C - - C - - C

= max {E (ay,:,,g),@(ay,ayﬂ,g),ﬁ(a, qa,g),ﬁ(ayﬂ,a,g),ﬁ(ay, :.,—)}

Since, (], A, 3, D, *,<¢) is NDEMS and taking limit y — co there exist lir+n gy
Y—>+00

I

=

m
Sl
SN—
——

= 5. Then, we
rewrite the above equation as

AE, 42, ) > mm{m(::%)m(::%)u ) q:%)ﬂl(::%)ﬂl(: q.:.,%)}
— min {‘21 (: T, %)91(: 4, %) > 91(: 62, %)

(8, 45,0) < max{S (::%)S(::Z%)S(: q:%)ﬁ(::%)i‘s(: qa,%)}
= max {S (E,E,%),T(E, qE,%) < S(E, q=, %),

D(E, 05, 7) Smax{D(E,E,%),D(E,E,%),CD E,qE,%),D(E,E,%),Q(E,qa,%)}
= max {D (E,E, %),D(E, qE, %)} < D(E, qE,Z%)

Which concludes = is the IFIP of q.

We must now demonstrate that Z is unique. Assume for the moment that Z is a IFIP of g as well.
Then,

A(E,%,C) = A(oZ, g2, {) > min {A(E,Z,

Bk
N—
=
—
o
o
@
Bk
N—
=
—
\N(
o
\N(
R
N—
=
—
[z
o
\N(
Bk

),‘ZI(qE,Z',

Gl
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Since q is &P of E, the above equation becomes
>min{¥(5,% 5) A(EE §),U(2%5) U(EL5)AEz 5) 2 U(E2 5)
(25)3E£0)=<3(82%5),D(
T

@
\N(
IA
)
—_
[
\N(
[V et
~—~—

=
0
\f'ﬁ
R
o
\Y
2.
]
=
@
:ﬁ
B!
=2
o
Ew)
i
o
=
=
o
\F‘%
B
=2
0
o
\f'(
S
=
Eej
i
\H
B

3(E,1, BC) < max{

D(E, 1, BC) < max{

R
o
B
o
B

L
=
o
Kyl
B

o
™
o
Kyd
B
z
o
[0
Ry
B

O

Corollary 3.1. Consider ,& : K X ] — [1,1/8") where B € (0,1) and n € IN are designated incom-
parable functions and (K,A,3,D, %, ) be a complete NRFDEMS and assume that Clim AE,r, Q) =
— 400
1,Clim 3(E,1,C) = O,Clim D(E,1,0) = 0in which E,x € & forall C > 0. Now, let : & — K be a self
— 400 —+00
mapping satisfying
A(qE, qr, BC) = A(E, 1, C), I(aE, ar, BC) < I(E, 1, C), D(aE, ar, BC) < D(E,1,(),C >0,

for each and every ¢,x € K. Then g has a unique FIP.

Example 3.3. Let & = [0,1] and ¢, & : K X ] — [1,1/B") be interpret as ¢(g,h) = 2(g + h) and

’ ’ . ~(3-1)? —(g-1? (g=h)?
&(g,h) = 2(g" +h=+1). Define N(g,h,0) =e T ,3(g,h,)=1-e" T ,D(gh{) =T -1,

forall g,h e ], C> 0.
Then (], A, I, D, %, ) is a complete FDEMS with product t-norm and t-conorm.
Define q: & — K by q(g) = =22, Then,

1-278 1-27"
QI(CIg/ qh/BC) = m /—/BC
3 3
g e_ BC
—@82M2  (g-h? (g=h)*

—e B ek >e T =A(gh )

> min{A(g,h, C),A(g, ah, C), A(h, ah, C), A(g, ah, C), A(ag, h, C)}
[(1-278 1-27"

3(ag, ah, BC) =3 , , BC
3 3
(@_@)Z
3 3
- —
-(278-27h)2 —(g-I)? ~(g-h)?
—eT <o <e T =3(gh0)

<max{3(g h,C),3(g ah,C),3(h,ah,C),3(g, ah,C),3(ag h,C)}
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1-278 1-27"
D(ag, ah, BL) =D , ,BC
3 3
(1—2*8 _1-27h )2
3 3
g e BC —_ 1
(278272 (s=h)2 (g=h)?

=e 9 -—1<e9 —1<e T —-1=9(g,h0)
< max{D(gh,C), (g, ah,C), D(h, ah,C), D(g, ah,C), D(ag, b, )}

For every g,h € &, where B € [1/9,1). Thus, all of the theorem’s parameters are verified. Consequently, g

has a unique FIP.

Corollary 3.2. Consider ,& : K X & — [1,1/8") where B € (0,1) and n € IN are specified functions
which are impossible to compare and (K], A, I, D, x, ) be a complete NDEFIMS and consider that

lim A(E,r,0) =1, lim J(E,1,0) =0, lim D(Er,{) =0
{—+o0 (=~ C—o+o0
in which E,t € K for every C > 0. Now, let : ] — K is a self mapping satisfying
A(qE, qr, BC) > (&, 1, (), I(aE, ar, BC) < 3(E,1,C), D(aE, ar, BC) < D(E,1, (), > 0.

For each and every &, v € K. Finally proves q has a unique FIP.

Example 3.4. Let & = MU W where M = (0,2) and W = (2, 0). Define A, I, D : K X ] x (0, +0) —
[0,1] as

1 ife =
o7 fEeMandre W
AE,x,C) = Y
&0 77 FEeWandreM
o otherwise
0 ifE =1
2
S if EeMandr e W
3(E,1,0) = CE“
oz if& €W andr € M
C% otherwise
0 ifE=r
2 m
= fEeandr € W
vEn =] U
7 fEeWandreM
C  otherwise

For CTS product t-norm and t-conorm. Consider 1, & : R X ] — [1,1/8") where B € (0,1) andn € N as
{1 ifZ,r e M 1+1 ifgrem

(=

Y(E, 1) = and £(E,v) = {

max{E,r} otherwise 1 otherwise
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Clearly, (], U, 3, D, x, ) be a complete RDEFINGS. Consider q: K X K by
v ifo e M
ale) =% , :
v +1 ifoels
Forallv € 8] and B = 0.5. For each of the four scenarios listed below, the disparity needs to be confirmed.

Case I: If & = 1 then there’s a& = qr. In the present case:

WA(qE, qr, BL) =1 =A(E,1,C),I(qE, qr, BL) = 0 = I(E,1, (), D(q8, qr, BC) = 0 = D(E, 1, )

CaseII: If 2 € M, x € W, we have o= € M, qr € W.
BC 0.5C C -

2 = T 7 = U4E L)

Blt+u 050+ghm Ot

qr
FIGURE 1: Fluctuation of A(qZ, qr, BL) with A(E, 1, C) of case IT on 2D view, for:
(a) A(qE, qr, BL) (green curve) vs A(E, , C)(violet dotted curve) at C = 1 and v € (3,50).
(b) W(aZ, qr, BC) (black curve) vs (B, 1, C) (red dotted curve) at C € (1,50) and x = 3

A(qZE, qr, BC) =

value of {

value of ¥

2 ZL 2
qr r2+1 141 —
= < = 3J(E,1,Q)
2 2 2
BC+ a 0.5C + o C+ o1
FIGURE 2: Fluctuation of 3(qZ, qr, BC) with I(E, 1, C) of case II on 2D view, for:
(a) 3I(qE, qr, BL) (green curve) vs I(E, r, C) (violet dotted curve) at C = 1 and r € (3,50).

(b) 3(qE, qr, BL) (black curve) vs I(E, 1, C) (red dotted curve)at C € (1,50) and v = 3

I(aE, qr, BC) =

value of {

(b)

value of ¢

(a)
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2 _ 2 < 2
qBC  05C(r24+1) = (x+1)C
FIGURE 3: Fluctuation of D(qZ, qr, BC) with D(E, 1, C) of case II on 2D view, for:

(a) D(aZ, qr, BC) (blue curve) vs D(E, r, ) (green dotted curve) at C = 1and r € (3,50).
(b) D(aZ, qr, BC) (violet curve) vs D(E, 1, C) (black dotted curve) at C € (1,50) and r = 3

D(qE, qr, BC) = =D(E,1,0Q)

aaes

value of r value of {

@) (b)

Table 1 and 2 shows the fluctuation between W(qE,qr,BL) and W(E,r,T),I(qE, qv, BL) and
3(E,1,0), D(a8, qr, BC) and D(E,r,l) as a mapping of v with relative to C. The contour for the
estimation of C is towering to 50 as a mapping of r.

At C=70,UA(qE, qr, BC) changed to 1, and after higher values of C, it changeless.

(C=1).A(E,x,C) doesn’t change till T = 100, but it arrived nearer to 1.

3I(9E, qr, BL) changed 0, and after higher values of C, it changeless. (C = 0). J(E, r,{) doesn’t change till
C = 100, but it arrived nearer to 0.

D(qE, qr, BC) changed 0, and after higher values of z , it changeless. (C = 0). D(E,r,C) doesn’t change
till C = 100, but it arrived nearer to 0.

Value of C Value of N(qE, ar, BL)| A(E, 1, Q) 3I(a&, qr, BO)| I(E,1,0) D(qE, qr, BO)| D(&, 1, L)

1 3 0.7143 0.6667 0.2857 0.4170 0.4000 0.5000
20 0.9901 0.9130 0.0099 0.0868 0.0100 0.0952
50 0.9984 0.9623 0.0016 0.0348 0.0040 0.0392

50 3 0.9921 0.9901 0.0079 0.0099 0.0080 0.0133
20 0.9998 0.9981 0.0002 0.0019 0.0002 0.0019
50 1.0000 0.9992 0.0003 0.0008 0.00003 0.0008

TABLE 1 : Fluctuation between
A(qZ, qr, BC) and A(E, v, C), I(qE, qv, BC) and I(E, 1, L), D(aE, qr, BC) and D(E, 1, C) as a mapping of r
with unchanged estimation of C = 1 and C = 50.
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Value of t Value of C A(qE, qr, BL) A(E,1,0) 3I(a&, qr, BO)| I(E,1,0) D(qE, qr, BO)| D(&,1,T)
3 1 0.7143 0.6667 0.2857 0.3333 0.4000 0.5000
20 0.9901 0.9130 0.0196 0.0244 0.0200 0.0250
50 0.9984 0.9623 0.0079 0.0099 0.0080 0.0100
50 1 0.9921 0.9901 0.0016 0.0377 0.0016 0.0392
20 0.9998 0.9981 0.0001 0.0020 0.0001 0.0020
50 1.0000 0.9992 0.0000 0.0008 0.0000 0.0008

TABLE 2: Fluctuation between

A(qZ, qr, BC) and N(E, 1, ), I(aE, qr, BC) and I(E, r, ), D(qF, qr, BC) and D(E, r, C) as a mapping of C
with unchanged value of v = 3 and v = 50.
Case III: If E € W, r € M, we have q= € W, qr € M.
_ BC 0.5C C -
A(qZ, ar, BC) = 5 — 2 — =A(E,x,Q)
Bl+E 050tz Cth

FIGURE 4: Fluctuation of (qZ, qr, BC) with A(E, v, C) of case III on 2D view, for:
(a) A(qZ, qr, BC) (green curve) vs (E, v, C) (violet dotted curve) at L = 1 and E € (3,50).
(b) A(qZ, qr, BC) (black curve) vs W(E, 1, C) (red dotted curve) at C € (1,50) and E =

valu

3(qE, ar,

eof 2

(a)

value of ¢

(b}

2 2 2
BC — q= =241 2+1
B Z st v

1, Q)

= 3(g,

FIGURE 5: Fluctuation of 3(aE, qv, BC) with I(E, 1, C) of case III on 2D view, for:

(a) I(qE, qr, BC) (green) vs
(b) 3(aE, qr, BL) (black) vs

R
3

value of 2

(@)

(2,1,Q) (violet dotted) at C = 1 and E € (3,50).
(Z,1,C) (red dotted) at C € (1,50) and & =

value of {

[G)]
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2 _ 2 < 2
GEBL  050(E2+1)  (B+1)C
FIGURE 6: Fluctuation of D(qZ, qr, BC) with D(E, 1, C) of case I1I on 2D view, for:
(a) D(aZ, qr, BC) (blue) vs D(E, 1, C) (green dotted)at C = 1 and E € (3,50).

(b) D(aE, qr, BC) (violet) vs D(E, v, C) (black dotted) at C € (1,50) and E = 3

D(qE, qr, BL) =

=D(E,1, Q)

Case IV: If B, 1 does not belongs to above any cases, then A(qE, qv, BC) and A(E, x, C), I(aE, qr, BC) and
3(E,1,0), D(aE, qr, BC) and D(E, 1, C) depends on only C, we have

- 11 (.
WoB B0 = gy “oscr1 2 a1 - UELD
3(aZ, ar, BC) c c ¢ 3(E,1,0)

T B(+1 05(+1 C+1
D(aE, qr, BL) = BL =050 <= D(E,1,0)

Which implies that all the condition of corollary (3.2) holds and B has a unique IFIP.

4. APPLICATION

In this section, we’ll look at how following Integral Equation may be solved using NDECINGS.
Now, take the Integral Equation

2(e) = te)+ [ $le,j,2())d. @)

For every e € [0, 1] there I > 0.
Let & = C([0,I],R) be the collection of all CTS real-valued operations generated on [0,I]. Keep in mind
that R is a complete metric space in terms of the sup-metric.
d(E,r) = sup |E(e) —1(e)]
e€[0,1]

Also the space (], U, 3, D, %, &) with

 supgejo, IE(0)—r(e)

AE,r,C)=e T ,

]

=(e)-+(e)l
J(E,1,0)=1-¢ T ,

|
@
c
o
o
m
S
L~
&
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SUPec ,p] [£(0)+(e)

D(E 1,0 =e C -1.
For each and every E,x € & and C > 0, with product t-norm and t-conorm ,is a complete NDEMS.
Theorem 4.1. Let q : R — R be an integral operator defined by
a@(e) = 1)+ [ 9le,j,2())d.

where t € C([0,I],R) and $ € C([0,I] x [0,I] X R,R). If there exist h : [0,1] X [0,I] — [0, c0) such that
foralle,je[0,1],h(e, j) € LY([0,1],R), and for all E,x € R, we get

15(e, 7, E(j) = (e, j, y ()l < hle, NIZ() = ()l

where foeh(e, j»)dj is bounded on [0,I] and 0 < sup,¢(g foeh(e, j,)dj < B < 1. The subsequent Integral
Equation (5) has a unique solution in K.

Proof. Take E,r € R and assume

_ supeefo) EQ)=ax)l supgig ) [ 19 E()) -9 e ()i
A(qE, qr, BC) =e 5 >e =
supee(o,1) Jo HeNIE()~t(/)ldj E()~x()lsupeefo 1) Jo e
>e” L >e B
_BEG)=() _E@=()
>e B = T
sup jefo,1] 1E() =1 ()l
>e C
A(E,1,C) 2 min{A(E,r, ), A(E, ar, C), A(x, ar, C), A(E, qv, C), A(qZ, 1, 0)}
supefo, 1) 11E(e) ~ar(e) SUPoe0,1] o 19 Z(j) -5 (e jx(j))ldj
J(q, qr,BC) =1-¢" BT <l-e B
supeejo] Jo he () —T(i)Idj IE()=(j)IsuPeefo 1 fy hlerj)dj
<l-e BC <l-e BL
_ BE()-() _E@=()I
sup je(o,1] IE() =¥ (7l
<l-e c
(&1, 0) <max{3I(&,r,C),3(E, ar,C),3(x, ar, C), I(E, ar, C), I(aE, v, C)}
sup,eo,7] 92 (e)-ar(@)l suPeo 1) o 19(e4, (1) =9 (eix()idj
D(qE, qr,BC) =e e -1<e 5 -1
supyero 1] o hleIEG)—())ld] () =¥l supeefo 1 Jo hle.d
<e BT —1<e BL -1
BE()=x()) EG)-x()I
<e B —l=e T -1

SUP je[0,1] E()-r()I
<e C -1

D(E,1,0) <max{D(E,1,0), D(E, qr,0), D(x,qr,0), D(E, qr,C), D(qE, 1, C)}

Theorem (3.1)’s criteria are all met, accordingly q has a singular solution in . m]
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TE()) .
+f0 34, (4.2)

Here t(e) = sin(e) + 3 cos(e) — 1 cos?(e) and (e, j, E(j)) = E( ) which are continuous.
Note that,

Example 4.1. Let the Integral Equation be & = C([0,1],R),

2 1
E(e) = sin(e) + 3 cos(e) — 3 cos? (e

~—

2(j) —r(j)| < (e, HIEG) —x(j)l

W =

19(e, 1, E(j)) = 9(e, j,x(j)] =

2()) rm‘ _

where (e, j) = 5; so that sup,(g fo ej)dj=1%<1.
As every requzrement of Theorem (4.1) has been achzeved, there is a unique solution to the Integral Equation
(4.2).

5. CoNCLUSIONS

By introducing MDEFMS and a number of new verifiable FIP theorems, we enhance Sezen’s
CFMES in the current investigation. We additionally addressed a few complex cases. Due to the
fact that our structure is more generic than a category of fuzzy and DEFIMS, our verdict and

notions add to a number of previously reported findings that have been more specifically applied.
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