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Abstract. This paper is concerned with the concept of weakly (71, 72)-continuous multifunctions. Moreover, several

characterizations of weakly (71, 7 )-continuous multifunctions are investigated.

1. INTRODUCTION

The concept of weakly continuous functions was introduced by Levine [12]. Furthermore,
Levine [11] introduced the notion of semi-continuous functions. Neubrunnova [14] showed that
semi-continuity is equivalent to quasi-continuity due to Marcus [13]. Popa and Stan [19] introduced
and studied the concept of weakly quasi-continuous functions. Weak quasi-continuity is implied
by both quasi-continuity and weak continuity which are independent of each other. Rose [20]
introduced the notion of subweakly continuous functions and investigated the relationships be-
tween subweak continuity and weak continuity. Noiri [15] studied properties of some weak forms
of continuity. In 2002, Popa and Noiri [16] introduced the concept of weakly (7, m)-continuous
functions as functions from a topological space into a set satisfying some minimal conditions and
investigated several characterizations of weakly (7, m)-continuous functions. Popa and Noiri [17]
introduced and investigated the notion of weakly M-continuous functions as functions from a set
satisfying some minimal conditions into a set satisfying some minimal conditions. In particular,
several characterizations of pairwise weakly M-continuous functions were presented in [8]. Ekici
etal. [9] introduced a new class of functions called weakly A-continuous functions which is weaker

than A-continuous functions and studied some fundamental properties of weakly A-continuous
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functions. In [3], the present author introduced the concept of weakly *-continuous functions and
investigated the relationships between weak *-continuity and 6(x)-continuity. Moreover, some
characterizations of f(x)-continuous multifunctions were studied in [5]. Popa and Noiri [18]
introduced the concept of weakly m-continuous multifunctions and discussed the relationships
between almost m-continuity and weak m-continuity. Laprom et al. [10] introduced and inves-
tigated the notion of almost (71, 72)-continuous multifunctions. Viriyapong and Boonpok [21]
introduced and studied the concept of weakly (71, T2)a-continuous multifunctions. Furthermore,
several characterizations of weakly (71, 72)0-semicontinuous multifunctions and almost weakly
(71, T2)-continuous multifunctions were established in [6] and [4], respectively. In this paper, we
introduce the concept of weakly (71, 72)-continuous multifunctions. We also investigate several

characterizations of weakly (71, 72)-continuous multifunctions.

2. PRELIMINARIES

Throughout the present paper, spaces (X, 71, 72) and (Y, 01, 02) (or simply X and Y) always mean
bitopological spaces on which no separation axioms are assumed unless explicitly stated. Let A
be a subset of a bitopological space (X, 71, 72). The closure of A and the interior of A with respect
to 7; are denoted by 7,-Cl(A) and 7;-Int(A), respectively, for i = 1,2. A subset A of a bitopological
space (X, 71, T2) is called t172-closed [7] if A = 11-Cl(12-CI(A)). The complement of a 717,-closed
set is called t172-0pen. Let A be a subset of a bitopological space (X, 71, 72). The intersection of all
1172-closed sets of X containing A is called the 7172-closure [7] of A and is denoted by 717,-Cl(A).
The union of all 7;7;-open sets of X contained in A is called the 71 1p-interior [7] of A and is denoted
by 7172-Int(A).

Lemma 2.1. [7] Let A and B be subsets of a bitopological space (X, t1,7t2). For the t11o-closure, the
following properties hold:

(1) A € 1112-Cl(A) and t172-Cl(1172-CI(A)) = 1172-CI(A).

(2) If A C B, then t175-CI(A) C 1172-CI(B).

(3) t172-Cl(A) is T1T2-closed.

(4) A is ty1o-closed if and only if A = t17,-CI(A).

(5) 1112-Cl(X - A) = X — ty72-Int(A).

A subset A of a bitopological space (X,71,72) is said to be (t1,72)r-open [21] (resp.
(11, T2)s-open [6], (71, 72)p-open [6], (11, 72)B-open [6]) if A = 1172-Int(7172-Cl(A)) (resp. A C
1172-Cl(7172-Int(A)), A C T172-Int(1172-Cl(A)), A C 7172-Cl(7172-Int(7172-CI(A)))). The comple-
ment of a (71, 72)r-open (resp. (71, T2)s-open, (71, T2)p-open, (71, 72)B-open) set is called (71, 72)1-
closed, (11, 72)s-closed, (71, 72)p-closed, (11, 72)B-closed. Let A be a subset of a bitopological space
(X,11,72). A point x € X is called a (71, 72)O-cluster point [21] of A if 1172-Cl(U) N A # 0 for every
1172-0pen set U of X containing x. The set of all (71, 72) O-cluster points of A is called the (71, 72)6-
closure [21] of A and is denoted by (71, 72)0-CI1(A). A subset A of a bitopological space (X, 11,72)
is said to be (71, 72)6-closed [21] if (71, 72)0-Cl(A) = A. The complement of a (71, 72)6-closed set
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is said to be (71, 72)60-0pen. The union of all (71, T2)0-open sets of X contained in A is called the
(71, T2)O-interior [21] of A and is denoted by (71, 72)0-Int(A).

Lemma 2.2. [21] For a subset A of a bitopological space (X, t1,72), the following properties hold:
(1) If Ais ty12-open in X, then 1112-Cl(A) = (11, 72)0-CI(A).
(2) (t1,712)0-CI(A) is T1T2-closed in X.

By a multifunction F : X — Y, we mean a point-to-set correspondence from X into Y, and we
always assume that F(x) # 0 for all x € X. For a multifunction F : X — Y, following [1] we
shall denote the upper and lower inverse of a set B of Y by F(B) and F~(B), respectively, that is,
F*(B) ={xe X|F(x) CB}and F(B) = {x € X | F(x) N B # 0}. In particular,

F~(y) ={x e X |y € F(x)} for each point y € Y. For each A C X, F(A) = UyeaF(x).

3. WEAKLY (71, T2)-CONTINUOUS MULTIFUNCTIONS

In this section, we introduce the notion of weakly (71, 72 )-continuous multifunctions. Moreover,

some characterizations of weakly (71, T2)-continuous multifunctions are discussed.

Definition 3.1. A multifunction F : (X, t1,72) — (Y, 01,02) is said to be weakly (71, T2)-continuous if
for each x € X and each g102-open sets V1, Vo of Y such that F(x) C V1 and F(x) NV, # 0, there exists a
T172-0pen set U of X containing x such that F(U) C 0102-Cl(V1) and 6102-Cl(V2) NF(z) # O for every
z € U.

Theorem 3.1. For a multifunction F : (X,11,72) — (Y, 01,02), the following properties are equivalent:
(1) Fis weakly (11, T2)-continuous;
(2) FH(V1) NF(Va) € t11o-Int(F"(0102-Cl(V1)) N F~(0102-Cl(V2))) for every c102-open sets
Vi, Vaof Y;
(3) t172-CI(F~(0102-Int(K7)) U F (0102-Int(K3))) € F~(Ky) UFT(Ky) for every g10p-closed sets
Kl, K2 Of Y,‘
4)
1172-CI(F~ (0102-Int(0102-CI(B1))) U F (0102-Int(0102-Cl(B3))))
C F(0102-CI(B1)) U F*(0102-Cl(B,))

for every subsets By, B of Y;

(5) Ft(o102-Int(By)) N F~(0102-Int(By)) C t172-Int(F* (0102-Cl(B1)) N F~(0102-Cl(By))) for ev-
ery subsets By, By of Y;

(6) T172-CI(F~ (V1) UFt(V3)) € F (0102-Cl(V1)) U Ft(0102-CI(V2)) for every ci02-open sets
Vi, Vaof Y.

Proof. (1) = (2): Let V1, V2 be any g102-open sets of Y and x € F* (V1) N F~(V3). Then, F(x) € V4
and F(x) NV, # 0. By (1), there exists a 0102-open set U of X containing x such that F(U) C
0102-Cl(V1) and 0102-Cl(V,) N F(z) # 0 for each z € U. Thus,
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x € U C F(0102-Cl(V1)) NF~(0102-Cl(V3)) and hence
x € T1To-Int(F* (0102-C1(V1)) N F~(0102-C1(V3))). Therefore,

FH (V1) NF~(Vy) € t1to-Int(F 1 (0102-C1(V1)) N F~(0102-C1(V72))).

(2) = (3): Let Ky, Ky be any 0102-closed sets of Y. Then Y — K; and Y — K are 102-0open sets in
Y. By (2), we have

X = (F(Ki) UF* (K)) = (X—F~(Ky)) N (X = F*(Ka))
— FH(Y-K) NF (Y - Ky)
C 1172-Int(F" (0102-CL(Y = K7)) N F~(0102-C1(Y = K3)))
= 1172-Int((X = F~ (0102-Int(K7))) N (X = F (0102-Int(K3))))
= 117o-Int(X — (F(0102-Int(K7)) U F (102-Int(K>))))
= X — 1172-Cl(F~ (0102-Int(K1)) U F" (5102-Int(K>)))

and hence 7172-Cl(F~ (0102-Int(K7)) U F* (0102-Int(K3))) € F~(K;) UFT(KR).
(3) = (4): Let By, B; be any subsets of Y. Then 0102-Cl(B;) and 0102-Cl(B2) are o102-closed in
Y and by (3),

1172-CL(F~ (0102-Int(0102-C1(By))) U F* (0102-Int(0102-Cl1(B2)))) € F~(0102-C1(B1)) U F" (5102-C1(By)).

(4) = (5): Let By, B, be any subsets of Y. By (4), we have
F~(0102-Int(B1)) N F' (0102-Int(By))
= X = (F"(0102-CI(Y = B1)) UF (0102-C1(Y — Bp)
C X — 1172-C1(F* (0102-Int(0102-CI1(Y — By)
= X - 1172-CI(F" (Y = 6102-Cl(0102-Int(B1)

)

a102-Int(0102-C1(Y — Ba))))

)
))UE( )
( )) UF~ (Y = 0102-Cl(0102-Int(B3))))
= X - 1172-Cl((X = F~ (0102-Cl(0102-Int(By)))) U (X — F (0102-Cl(0102-Int(B3)))))
= X — 1172-Cl(X = (F (0102-Int(0102-C1(B1))) N F* (6102-Cl(0102-Int(By)))))

(

= T1T2-Int< 0102~ C1(0102-Int(31))) ﬂF+<G102—Cl(0102-lnt(32>))).

Thus, F~(0102-Int(B1)) N F* (0102-Int(By)) € 1172-Int(F~(0102-CL(B1)) N FT (0102-C1(B2))).

(5) = (2): This is obvious.

(2) = (1): Let V1, V2 be any 0102-open sets of Y such that F(x) € V; and F(x) NV, # 0.
Then, x € F* (V1) NF~(V3). By (2), we have
Ft (V1) NF~(V3) € 1112-Int(F ' (0102-Cl(V1)) N F~(0102-Cl(V2))). Then, there exists a 7172-open
set U of X such that x € U C F'(0102-Cl(V7)) N F~(0102-Cl(V3)). Therefore, F(U) C 010,-Cl(V7)
and 0102-C1(V3) N F(z) # 0 for every z € U. This shows that F is weakly (71, 72)-continuous.
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(4) = (6): Let V1, V3 be any g102-open sets of Y. By (4), we have

1172-CL(F~ (V1) UFT(V3)) C 1112-CI(F~ (0102-Int(0102-C1(V1))) U F (0102-Int(5102-C1(V2))))
- F_<6102-C1(V1>) UF+(0102-C1(V2)).

(6) = (2): Let V1, V3 be any g102-open sets of Y. By (6), we have

F (V1) NF~ (V) € Ff(0102-Int(0102-C1(V1))) N F~(0102-Int(0102-C1(V3)))
= X — (F (0102-C1(Y = 6102-C1(V1))) U F (0102-CL(Y — 0102-C1(V))))
C X —1112-CI(F~ (Y = 0102-C1(V1)) UF (Y — 6102-Cl(V)))
= 1172-Int(F* (6102-C1(V1)) N F~ (0102-C1(V2))).

O

Definition 3.2. [2] A function f : (X,11,72) — (Y, 01,02) is said to be weakly (71, T2)-continuous
at a point x € X if for each t1Tp-open set V of Y containing f(x), there exists a 111p-open set U of X
containing x such that f(U) C 0101-CI(V). A function f : (X, t1,72) — (Y, 01,02) is said to be weakly
(71, T2)-continuous if f has this property at each point of X.

Corollary 3.1. [2] For a function f : (X, t1,72) — (Y, 01,02), the following properties are equivalent:

(1) f is weakly (71, T2)-continuous;

() FYV) € ty1a-Int(f(0102-CI(V))) for every a102-0pen set V of Y;

(3) T112-Cl(f~Y(0102-Int(K))) € f~1(K) for every o102-closed set K of Y;

(4) 1172-Cl(fY(0102-Int(51062-CI(B)))) C f~'(0102-CI(B)) for every subset B of Y;
(5) fY(0102-Int(B)) C 1172-Int(f~*(0102-Cl(B))) for every subset B of Y;

(6) T172-CL(f~1(V)) C f1(0102-CI(V)) for every a102-0pen set V of Y.

Theorem 3.2. For a multifunction F : (X,11,72) — (Y, 01,02), the following properties are equivalent:

(1) Fis weakly (t1,72)-continuous;

)

T170-CI(F~ (0109-Int((01,02)0-Cl(B1))) N E* (0102-Int((01, 062)6-Cl(By))))
C I~ ((01,02)6-Cl(By)) UF* ((01,02)6-CI(By))

for every subsets By, By of Y;
®)

T]Tz-Cl(P_ (Glo‘z-Iﬂt(O‘le-Cl(Bl))) U P+(Gldz-lnt(dldz-Cl(Bz))))
C F((01,02)0-CI(B1)) UF"((01,02)6-Cl(B,))

for every subsets By, B of Y;
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(4)

1172-CI(F~ (6102-Int(0102-CI(V1))) U FT (0102-Int(0102-Cl(V3))))
C F (0102-Cl(V1)) UF*(0102-Cl(V3))
for every o102-open sets V1, Vo of Y;
©)
1172-Cl(F~ (0102-Int(0102-Cl(V1))) U F* (0102-Int(0102-CI(V))))
C F (0102-Cl(V1)) UF*(0102-CL(V3))
for every (01, 02)p-open sets V1, Vo of Y;

(6) T172-CI(F~ (0102-Int(K1)) U F*(0102-Int(K2))) € F~ (K1) UFT(Ky) for every (o1, 02)r-closed
sets K1, Ky of Y.

Proof. (1) = (2): Let By, By be any subset of Y. Then (01,02)0-Cl(B1) and (01,02)0-Cl(B;) are
o102-closed in Y. By Theorem 3.1, we have
T1T2-C1(F_ (O1O’2-Il’1t((01,0'2)6—(:1(31))) UFt (0'102-11‘1’(((01,02)9-(:1(32))))
- F_((Ol,Gz)Q-Cl(Bl)) U P+((O‘1, GQ)Q-CI(Bz)).
(2) = (3): This is obvious since d102-Cl(B) C (01, 02)0-Cl(B) for every subset B of Y.
(3) = (4): This is obvious since d102-Cl(V') = (01, 02)0-Cl(V) for every o102-open set V of Y.
(4) = (5): Let V1, V be any (01, 02)p-open sets of Y. Since V; C g102-Int(0102-C1(V;)), we have

0102-Cl(V;) = 0102-Cl(0102-Int(0102-C1(V;))) for i = 1,2. Now, put U; = o102-Int(0102-CL(V;)),
then Uj is 0102-open in Y and 0102-Cl(U;) = 0102-Cl(V;). Then by (4), we have

T1T2-C1(F_(6102-Il’1t(0102-C1(V1))) UF+(0102—Int(0102-C1(V2)))) - F_(O102—C1(V1)) UF+(0102-C1(V2)).

(5) = (6): Let Ky, Ky be any (01, 02)r-closed sets of Y. Then 0102-Int(K; ) and o102-Int(K3) are
(01,02)p-open in Y and by (5),
7172-CL(F~ (0102-Int(K7) ) U F* (0102-Int(K3)))
= 1172-Cl(F~ (0102-Int(0102-Cl(0102-Int(K7)))) U F* (0102-Int(0102-Cl(0102-Int(K>) ) ) ) )
C F (Ky) UFT(Ka).
(6) = (1): Let V1, V; be any oj0z-open sets of Y. Then 0102-Cl(V4) and 010,-Cl(V7) are
(01,02)r-closed in Y and by (6), we have
1172-Cl(F~ (V1) UFT(V3)) € 1172-Cl(F~ (0102-Int(0102-C1(V1))) U F* (0102-Int(0102-C1(V2))))
C F (0102-C1(V1)) UF T (0102-C1(V)).

It follows from Theorem 3.1 that F is weakly (71, 72)-continuous. O

Corollary 3.2. For a function f : (X, 11,72) = (Y, 01,02), the following properties are equivalent:
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(1) f is weakly (71, T2)-continuous;
(2) T172-CI(f~
(3) 1172-CI(
(4) T112-Cl(
(
(

a102-Int((01,02)

-CI(B)))) € f~'((01,02)0-Cl(B)) for every subset B of Y;
1
)

N
X ( ) € f~1((01,02)0-CI(B)) for every subset B of Y;
fYo102-Int(0102-CL(V)))) € f~1(0102-CI(V)) for every a102-open set V of Y;

fYo102-Int(0102-CL(V)))) € f~1(0102-CI(V)) for every (a1, 02)p-open set V of Y;
fY(o102-Int(K))) € fY(K) for every (o1, 02)r-closed set K of Y.

0
0102-Int(a102-CI(B))
(V)
(6) 1112-Cl (V)
(6) T172-Cl
Theorem 3.3. For a multifunction F : (X,11,72) — (Y, 01,02), the following properties are equivalent:
(1) Fis weakly (11, T2)-continuous;
2)
1172-CI(F~ (0102-Int(0102-Cl(V1))) U FT (0102-Int(0102-Cl(V3))))
C F(0102-Cl(V1)) UF T (5102-Cl(V3))
for every (01, 02)B-open sets V1, Vo of Y;
(©)
1172-CI(F~ (6102-Int(0102-CI(V1))) U FT (0102-Int(0102-Cl(V))))
C F (0102-Cl(V1)) UF*(0102-CL(V3))
for every (o1, 02)s-open sets V1,V of Y.

Proof. (1) = (2): Let V3, V3 be any (01, 02)B-open sets of Y. Then,
Vi € 0102-Cl(0102-Int(0102-C1(V;))) and 0102-CL(V;) = 0102-Cl(0102-Int(0102-CL(V}))) fori = 1,2.
Since 0102-Cl(V1) and 0102-C1(V3) are (01, 02)r-closed in Y and by Theorem 3.2,

T1T2-C1(F_(0'10'2-11’1t(0'102-C1(V1))) UF+(Olaz-lnt(ﬁlaz-CI(Vz)))) c F_(Oldz—CI(Vl)) UF+(0102-C1(V2)).

(2) = (3): This is obvious since every (o1, 02)s-open set is (01, 02 ) B-open.

(3) = (1): Let V4, V; be any (01, 02)p-open sets of Y. Then 0102-Cl(V7) and 0102-Cl(V3) are
(01,02)r-closed sets of Y and hence 0102-Cl(V7) and 0102-C1(V>) are (01,02)s-open in Y. By (3),
we have

Tl’Cz-Cl(F_(G10’2-II‘1t(G10'2-C1(V1))) U F+(0102—Int(0102-Cl(V2)))) CF (6162-C1(V1)) UF" (0'162-C1(V2))

and by Theorem 3.2, F is weakly (71, 72)-continuous. O

Corollary 3.3. For a function f : (X, t1,72) — (Y, 01,02), the following properties are equivalent:
(1) f is weakly (71, T2)-continuous;
(2) T112-Cl(f~Y(0102-Int(0102-CI(V))))
(3) T112-Cl(f~Y(0102-Int(0102-CI(V))))

Y(0102-CI(V')) for every (o1,02)B-open set V of Y;

cf
C fY(0102-CI(V)) for every (o1,02)s-open set V of Y.
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