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Abstract. The aim of this paper is to define pointwise semi-slant conformal submersions from locally product Rie-
mannian manifolds onto Riemannian manifolds. We investigated the conditions under which the distributions are
integrable and the leaves of the distributions defines totally geodesic foliation. Additionally, we examined the concept
of pluriharmonicity of pointwise semi-slant conformal submersions. In support of the results we obtained, we present

non-trivial examples.

1. INTRODUCTION

In this contribution, T. W. Lee and B. Sahin [19] expanded the notion of slant submersion to in-
clude pointwise slant submersions from almost Hermitian manifolds onto Riemannian manifolds,
thus taking it a step further. In the process, they found a way to illustrate examples of this type of
submersions. They also established the characterizations of pointwise slant submersions.

As a generalized case of Riemannian submersion, B. Fuglede [13] and T. Ishihara [17] defined
conformal submersions and studied their geometric properties. It is clear that conformal submer-
sion with dilation A = 1 is a Riemannian submersion. A step forward, conformal holomorphic
submersion defined by Gudmundsson and Wood [14] as generalization of holomorphic submer-
sions. They also studied the necessary and sufficient conditions for harmonic morphisms of
conformal holomorphic submersions. In this contribution, Akyol and Sahin investigated confor-
mal anti-invariant submersions [28], [24], conformal semi-invariant submersions [4], conformal
slant submersions [2], and conformal semi-slant submersions [1]. Conformal hemi-slant submer-

sions [30], [31], conformal bi-slant submersions [5] and quasi bi-slant conformal submersions [6]
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have all been studied geometrically recently and several decomposition theorems have been cov-
ered.

The focus of this study is on pointwise semi-slant conformal submersions from locally product
Riemannian manifold onto a Riemannian manifold. The sequence of the paper is as follows.
We introduce almost product Riemannian manifolds in Section 2, specifically the locally product
Riemannian manifold with the required properties for our study. We define pointwise semi-slant
conformal submersion in the third section of the paper and uncover some interesting results. The
requirements for distribution integrability and the total geodesicness of its leaves were thoroughly
covered in Section 4.

Note: In this paper, we will use abbreviation as follows:

Pointwise semi-slant conformal submersion- PWSSCS
Locally product Riemannian manifold- LPRM
Riemannian manifold-RM

Almost product Riemannian manifold- APRM

2. PRELIMINARIES

This section will deal with the concept of an APRM, in addition to Riemannian submersions
and pointwise semi-slant conformal submersions between two RMs, along with a few essential
facts and findings. We cited these ideas because they were previously addressed in prior studies in
this area, and appropriate citations were included to recognize their contributions. Moreover, the
definitions have been restated here to ensure clarity and facilitate a comprehensive understanding
of the concepts presented in this study.

“An n-dimensional manifold B with (1,1) type tensor field F such that

F>=1,(F#I), (2.1)

is called an almost product manifold with almost structure F. Let g is a Riemannian metric on an
almost product RM B such that
g(FX,FY) = g(X,Y), (22)

for X,Y € T(TB), then (B, g, F) is said to be an APRM. The covariant derivative of F is defined by
(VxFY) = VxFY — FVyY, (2.3)

for any vector fields X, Y € T(TB). If F is parallel with respect to connection V, then the manifold
B is said to be a LPR manifold, i.e.,
(VxF)Y =0, (2.4)

forany X,Y € T'(TB).

Definition 2.1. [34] “A smooth map B between two RMs (B, g) and (By, §') with dimensions m and n
is said to be a horizontally weakly conformal or semi conformal at x € By if either

(i) Bx =0, 0r
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(i) Pex maps horizontal space hy = (ker(fi.y))* conformally onto Tg.(B2) i.e., Pu is surjective and
there exits a number A(x) # 0 such that
g/ (ﬁ*xX; ﬁ*xY) = A(X)g(X, Y), (2.5)
forany X,Y € hy.
Equation (2.5) can be re-written as

(B8 )x Ingscn, = A (%) 8(X) lnyscny -

A point xis a critical point of f if and only if it satisfies (i) in the definition above and at that point,
B« has rank 0. A point is called a regular point if (ii) holds good at which the rank of ., has rank .
The square dilation (of § at x) is denoted by the number A(x), which is inescapably non-negative.
A(x) = /A(x), its square root, is referred to as the dilation of § at x. If the map f is horizontally
weakly conformal at each point of By, it is referred to as semi-conformal or horizontally weakly
conformal on Bj. It is evident that 8 is a (horizontally) conformal submersion if it is missing any

critical points."

Definition 2.2. [7] Let B be a Riemannian submersions between two RMs. If A is a positive function,

then B is referred to as a horizontally conformal submersion such that

g1(Uy, V) = %g’(ﬁ*ul,ﬁ*vl), (2.6)

for any Uy, V1 € T'(kerB.)*. It is easy to seen that Riemannian submersions is particularly horizontally
conformal submersions with A = 1.

Let B : (B1,91) — (B2, ¢’) be a Riemannian submersion. A vector field X on By is called a basic
vector field if X € I'(kerf.)* and B-related with a vector field X on B, i.e B.(X(q)) = XB(q) for
q € By.

The two formulae of (1,2) tensor fields 7~ and A are given by O’Neill as:

A, F1 = thEIUF1 + thEthI/ (2.7)

TElpl = hva1UP1 + UVUE1hF1/ (2.8)

for any E1,F; € I'(TB;) and V is Levi-Civita connection of g. From equations (2.7) and (2.8), we

can deduce that

VLI1 Vi = 7-1,[1 Vi+ UVU1 V (2.9)
Vule = TU1X1 + hVu1X1 (2.10)
VXl U, = ﬂxl u; + U1VX1 U (2.11)

Vx, Y1 = hVy, Y1 + Ay, Y; (2.12)
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for any vector fields Uj, V1 € I'(kerB,) and X3, Y7 € I'(kerB,)* [11].
It is obvious that 7 and A are skew-symmetric, that is

Q(AxE1, F1) = —g(E1, AxF1), §(TvE1, F1) = —g(E1, TvF1), (2.13)

for any vector fields E1, F; € I'(TB;). The Riemannian submersion B has totally geodesic fibres if
and only if 7 = 0. For the special case when f is horizontally conformal submersion, we have

Proposition 2.1. Let B : (B1,g) — (Ba, §’) be a horizontally conformal submersion with dilation A and

X, Y be the horizontal vectors, then
1 y 1
AxY = E{v[x, Y] - 2g(X, Y)grady,()) (2.14)
measures the obstruction integrability of the horizontal distribution.

The formula of second fundamental form of smooth map g is given by
(VB.)(X,Y) = VEB.Y - B.VxY, 2.15)
and the map be totally geodesic if (VB.)(X,Y) = 0 for all X,Y € I'(TB;) where V and V¥ are

Levi-Civita and pullback connections.

Lemma 2.1. Let B : By — By be a horizontal conformal submersion. Then, we have

1) (VB.)(X1,Y1) = X1(InA)B(Y1) + Y1(InA)B.(X1) — §1(X1, Y1)B«(grad InA)
(ii) (VB.)(U1, V1) = —B(Tu, V1)
(iil) (VB.)(X1,U1) = =B(Vx,U1) = —B.(Ax, Us)
for any horizontal vector fields X1, Y1 and vertical vector fields Uy, V1 [7].

Now, we recall the definition of pointwise slant submersion defined by S. A. Sepet and M.
Ergut [29].

Definition 2.3. Let 8 be a Riemannian submersion from almost contact metric manifold (B1,F, g) onto
RM (By, §’). If at each given point q € By, the wirtinger angle O(X) between FX and the space kerp. is
independent of choice of the non-zero vector field X € T(kerf.), then we say that B is a pointwise slant
submersion. In this case, the angle O can be regarded as a function on By, which is called slant function of
the pointwise slant submersion.

A pointwise slant submersion called slant submersion if its slant function O is independent of the choice
of the point on By. Then 6 is called the slant angle of the slant submersions.

Now, we extended the concept of F-pluriharmonicity from almost Hermitian manifolds to
APRM which was once studied and defined by Y. Ohnita [21]. Let f be a PWSSCS from
APRM (B1,F,g) onto a RM (B, g’). Then PWSSCS is F-pluriharmonic, D-F-pluriharmonic,
DO-F-pluriharmonic, (D — DY)-F pluriharmonic, kerf,-F-pluriharmonic, (kerg,)*-F-pluriharmonic
and ((kerp.)* — kerp.)-F-pluriharmonic if

(VB.)(X,Y) + (VB.)(FX,FY) =0, (2.16)
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for any X,Y € T'(D), for any X, Y € I['(D?), for any X € T'(D),Y € T'(DY), for any X, Y € I'(kerp.),
forany X, Y € I'(kerB.)* and for any X € I'(kerf.)*, Y € I'(kerp.).

3. POINTWISE SEMI-SLANT CONFORMAL SUBMERSIONS (P WSSCS)

The definitions necessary to comprehend and explore the idea of pointwise semi-slant conformal
submersions from APRMs onto RMs will be covered in this section. We'll also talk about a few

fundamental outcomes and findings that are pertinent to our research paper.

Definition 3.1. Let f : (B1,F,g) — (Ba,§’) be a horizontal conformal submersion where (By,F,g) is
an APRM and (B, §') is a RM. A horizontal conformal submersion B is called a pointwise semi-slant
conformal submersion if there exists a distribution D such that (kerf,) = D@ DY, F(D) = D and for any
given point q € By and X € (DY), the angle 6 = 0(X) between FX and space (D), is independent of
choice of non-zero vector X € (D?),, where DY is the orthogonal complement of D in (kerp.). In this case,
the angle O can be regarded as a semi-slant function and called pointwise semi-slant function of submersion.

If we suppose m7 and m1, are the dimensions of D and DY, then we have the following:

(i) If my =0, my # 0and 0 < 6 < 7, then f§ is a pointwise slant submersion.
(i) If my # 0 and mp = 0, then g is a invariant submersion

(ii) If my #0,my # 0and 0 < 6 < 7, then B is a pointwise semi-slant submersion.
Let B be a PWSSCS from an APRM (B, F, g) onto a RM (B3, ¢’). Then, for any U € (kerp.),

we have
U=RU+RU (3.1)

where R and R are the projections morphism onto ® and DY. Now, for any U € (kerf.), we have
FU = ¢U+nU (3.2)
where ¢pU € T'(kerf,) and nU € T'(kerB,)*. From equations (3.1) and (3.2), we have
FU =¢(RU) + ¢(RU)
=¢(RU) +n(RU) + $(RU) + n(RU).
Since FD = D, we have n(RU) = 0, we have
FU = ¢(RU) + ¢(RU) + n(RU).
Now, we have the following decomposition
(kerf)t = nD ey, (3.3)

where p is the orthogonal complement to nD? in (kerf.)* such that y is invariant with respect to
¢. Now, for any X € T'(kerf.)*, we have

FX = BX + €X (3.4)

where 8X € I'(kerp.) and €X € I'(kerp.)*.
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Lemma 3.1. Let (By,F,g) be APRM and (By, ') be a RM. If B : By — By is a PWSSCS, then we
have

U = ¢*U + BnU, npU + Enld = 0, X = nBX + €?X, ¢pBX + BEX = 0,
for any U € T'(kerB.) and X € I'(kerB.)*.

Proof. By considering the equations (2.1), (3.2) and (3.4), the proof of Lemma exists. O

Let us now present some beneficial results that will be used throughout the study since g : By —

B, is a PWSSCS.

Lemma 3.2. Let B be a PWSSCS from an APRM (B4, F, g) ontoa RM (B, §’), then we have
H*W = (cos® )W,

for any W € T(D?).

Lemma 3.3. Let B be a PWSSCS from an APRM (B1,F, g) ontoa RM (B, §'), then we have
(i) g(¢X,9Y) = cos>* g(X,Y),
(i) g(nX,nY) =sin?0g(X,Y),

forany X,Y € T(DY).

Proof. The proof of the earlier Lemmas is precisely the same as the proof of [9]’s Theorem (2.2). As

a result, the proofs were deleted. m]

Assuming that (By,F, g) is an APRM and (B, g’) is a RM. The effect of the APRM on the
tensor fields 7~ and A of PWSSCS B : (B1,F, g) — (Ba, §’) is presently being examined.

Lemma 3.4. Let  : By — By be PWSSCS with semi-slant function O where, (By1,F,g) LPRM and
(Ba,§’) be a RM, then we have
(i) AxCY + oVyBY = BhVxY + EAxY
(ii) hVxCY + AxBY = ChVxY + JAxY
(iii) 0VxCEW + AxgW = BAxW + EoVxW
(iv) AxOW + hVxgW = CAxW + joVx W
) OViwBX + TwEX = ETwX + BhViy X
(vi) TwBX + hVwEX = [TwX + ChVX
(vii) OVZEW + T W = EoV, W + BTz W
(viil) TzoW + iV W = €TZW + oV W,
for any vector fields Z, W € T (kerB.) and X, Y € I (kerp.)*.
Proof. By using (2.4), (2.3) and (2.12) (3.4), we get first two relations (i) and (if). Similarly, by

considering equations (2.4), (2.3) (2.12), (2.9)-(2.12) and (3.2) (3.4), the desired results holds good.
O
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We will now go through some key conclusions that can be utilised to examine the geometry of
PWSSCS B : By — By. From the direct calculations, we can conclude the following:
(a) (Vzo)W = oVzEW - CEoVzIW
(b) (Vzn)W = hVzgW — oV W
(c) (VxB)Y = oVxBY - BhVxY
(d) (Vx®)Y = hVxCY — ChVyY,
forany Z, W € T'(kerB.) and X, Y € I'(ker B.)*.

Lemma 3.5. Let B : By — By be a PWSSCS with semi-slant function 0 from APRMSs onto a RMs,

then we have
(1) (Vzp)W = BT ,W —TznW
(i) (VzT]>W = (S‘TZW - Tz(i)w
(@) (VxB)Y = ¢AxY — AxCY
(@) (Vx€)Y = nAxY — AxBY,
forall Z, W € T (kerfi.) and X, Y € T'(kerfi,)™*.
Proof. By using equations (2.3), (2.9)- (2.12) and formulae (a) — (d) from above, we can obtained

the results. O

The tensor fields ¢ and 7, if they are parallel with regard to the Levi-Civita connection V of By,

then we obtain
%Tuv = TunV, (STuV = Tu(]i)v

forany U,V € I['(TBy).
4. INTEGRABILITY AND TOTALLY GEODESICNESS

This section examines the integrability of both slant and invariant distributions when analyzing
the PWSSCS from LPRMs onto RMs. Furthermore, we examine the necessary and sufficient

conditions under which the distributions’ leaves characterize complete geodesic foliation. :

Theorem 4.1. Let B : (B1,F,g) — (Ba, g’) be a PWSSCS where, (By,F,g) isa LPRMand (By, ') is
a RM with semi-slant function 0. Then the invariant distribution D is integrable if and only if

(0VuGEW + TigW) € I'(D ) and (vVyEW + TyjW) € T(D), (4.1)
forany U,V € T(D) and W € T(DY).

Proof. For all vector fields U, V € T(D), W € T(D?) and by using equations (2.1), (2.4) and (2.3), we

have
(U, v],W) = g(VvFW, FU) — g(VuFW, FV).

By using (2.9), (2.10) and (3.2), we get
(U, V],W) = g(oVyEW + TviW, CEU) — g(vVuGEW + TuyW, EV).
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From this, we get desired result. O

Theorem 4.2. Let B : (By,F,g) — (Ba, g') be a PWSSCS from a Kenmotsu manifold onto a RM with
semi-slant function 0. Then DY is integrable if and only if

O(TznW = TwnZ) = (TwnoZ + TznpW), (4.2)
forany Z,W € T(D9) and U € T(D).
Proof. By using equation (2.1), (2.4) and (2.3), we may yield
¢([Z, W], U) = g(VZFW,FU) - g(VwFZ,FU),

for every Z, W € T(D?) and U € T(D). In the light of equation (3.2), we can write

§([Z, W], U) = g(V26W, FU) - g(Vw$Z, FU) + g(VznW, FU) — g(ViynZ, FU).
By using (2.1) and (2.10) in third and fourth terms, above equation can be written as

g([Z, W, U) = g(VzFpW, U) — g(VwFQZ, U) + g(TznW, FU) — g(TwnZ, FU).
Taking account the fact from equation (3.2) and Lemma 3.2, finally above equations takes the form

sin” 0g([Z, W], U) = g(TwnoZ, U) - g(TzngW, U) + g(TznW = TwnZ, FU).

From which, we can conclude the result. O

After talking about the integrability condition of the distributions, we will examine the necessary
and sufficient conditions under which the leaves of the distributions can form a totally geodesic

foliation on Bj.

Theorem 4.3. Let 8 : (By,F,g) — (B2, g’) be PWSSCS from LPRM (By,F,g) ontoa RM (By, g')
with semi-slant function 0. Then D defines totally geodesic foliation on By if and only if

TunpZ = ¢(TunZ) and g(vVyuEV,BX) + g(TuEV,EX) =0, (4.3)
forany U,V € T(D),Z e T(DY) and X € T (kerp.)*.

Proof. Forany U,V € T(D), Z € T(DY) and by using orthogonality of V and Z, we get g(Vi/V,Z) =
—-g(VuZ,V). Further, in the light of equations (2.1), (2.4), (2.3) and (3.2) (2.10), we get

$(VuV,2) = g(Vud®Z, V) + (VundZ, V) + g(TunZ, FV).

Since, fis a PWSSCS with semi-slant function 0, then by using Lemma 3.2 in first term of above

equation, finally this will takes the form
sin® 0g(VuV, Z) = §(Vun¢Z, V) + g(TunZ,EV).

From this we can get the first part of theorem. Now, for any vector fields U,V € T'(D) and
X € I'(kerB.)* with using equation (2.1), (2.4), (2.3) (2.9) and (3.4), (3.2), we can write

g(VuV,X) = g(vVuEV,8X) + g(TuEV, €X).
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from which the second part of theorem holds good. This concludes the proof of theorem. m]

The invariant distribution and the slant distribution are mutually orthogonal. Following the
discussion of the geometry of the leaves of the invariant distribution, it is fascinating to investigate

the leaves of the slant distribution from a geometric perspective in the way that follows.

Theorem 4.4. Let B : (B1,F,g) — (B2, §') be PWSSCS with semi-slant function O where, (B1,F, g) is
a LPRMand (B2, g") a RM. Then DO defines totally geodesic foliation on By if and only if

O(TznRW) = TznpRW and
sin20X(0)g(RZ, W) - cos? 0¢(VxRZ, W) + g(VxnpRZ, W) + g(AxnRZ, pW)
= —g(X,gradInA)¢(nRZ,nW) — ¢(nRZ, gradIn 1) g(X, nW) + ¢([Z, X], W)
- 1 _
+8(nW, grad In \)g(X, 1RZ) + 58 (Vyp-(1RZ), B (nW)).

forany Z, W € T(D9),U € T(D) and X € T (kerp.)*.

Proof. Let us consider for any Z, W € T(DY) and U € I'(D). In light of equation (2.1), (2.4), (2.3)

with decomposition (3.1) and (3.2), we have
g(VzW, U) = g(VzoRW, FU) + ¢(VznRW, FU)
+ g(Vz¢RW, FU) + g(VznRW, FU).

From equations (2.9), (2.10) with D is invariant, i.e., FD = D and W = RW if W € [(D’), we may
yields

g(VzW, U) = g(Vz¢?RW, U) + g(VznRW, FU) + g(VznpRW, U). (4.4)

By using Lemma 3.2 in third term of above equation, we can write as: g(Vzp?RW,U) =
¢(Vz(cos? O)RW, U). Then the equation (4.4) and using the orthogonality of W and U, will takes

the form as
¢(VzW,U) =¢(VznRW, FU) + cos? 0g(VzRW, U) + g(VznoRW, U).

From which the first part of theorem holds good. For other part of theorem, let us suppose for any
vector fields Z, W € T'(DY) and X € T(kerf.)*. By using equation (2.1), (2.4), (2.9) and (2.3), we

arrive at
g(VzW, X) = —¢([Z, X], W) — g(Vx¢pRZ,FW) — ¢(VxdRZ,FW) — g(VxnRZ,FW).
By using equations (2.1), (2.9) and (2.10) with fact that RZ = 0if Z € T(D)?, we have

§(VzW,X) =-g(Z,X], W) - g(Vx¢*RZ, W) — g(Vxn$RZ, W)
— §(AxNRZ, W) — g(hVx)RZ,jW).
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Since, f is a PWSSCS with semi-slant function 0 then with simple steps of calculations, we can

write
g(VzW, X) = —sin20X(0)g(RZ, W) - g([Z, X], W) + cos® 6g(VxRZ, W)
_ _ j (4.6)
—8(Vxn¢RZ, W) — g(AxnRZ, W) — g(hVxjRZ,jW).

Now, using the conformality of f from Lemma 2.1 and equation (2.15), we get
2(VzW, X)
= —g([Z,X], W) + cos? 0g(VxRZ, W) — g(VxnpRZ, W) — g(AxnRZ, pW)
- g(X,gradInA)g(nRZ,nW) — ¢(nRZ, grad In 1) g(X, nW) + ¢(nW, grad In 1) ¢(X, nRZ)
. = 1 -
= sin20X(0)3(RZ, W) + ~58(Vip.(1RZ), B.(q1W)).

Hence, this proves the theorem completely. m]

We start our discussion with necessary and sufficient conditions for vertical distributions kerp.

is totally geodesic.

Theorem 4.5. Let us suppose that B : (B1,F,g) — (Ba, §’) be a PWSSCS with semi-slant function 0
where, (B1,F, g) a LPRMand (By, g') a RM. Then kerB. defines totally geodesic foliation if and only if

1 _ _
= ¢ (VEBARU, BV) + g(AxpRU, V) + g(vVxERU, EV) + g(AxyRU, EV)

= sin20X(0)g(RU, V) — cos® g(VxRU, V) + g(nV, grad In 1) g(X, nRU)

- 8(X, gradIn A)g(nRU, nV) — g(nRU, grad In A)g(X, nV) - g([U, X], V) - g(Axn¢RU, V),

forany U,V € T'(kerB.) and X € I'(kerp.)* .

Proof. From simple steps of calculations with using (2.1), (2.4), (2.3) and decompositions (3.1), (3.2),

we can write
g(vuvl X) = —g([ll, X], V) - g(VquIRu/ FV) - g(VX¢Rur FV) - g(VXnIRLI, PV)/ (47)

for any U,V € I'(kerp.) and X € I'(kerB.)*. In the light of equation (3.2) and (2.11), second term
of above equation become g(Vx¢RU,FV) = g(Ax¢RU,nV) + g(vVxERU, (EV). Similarly, by
using equation (2.1), (2.4) and (2.11), third term turns into: —¢(Vx¢RU,FV) = —¢(Vx¢*RU, V) —
¢(Vxn¢oRU, V). In last term, taking account the fact from decomposition (3.2) and equation (2.12),
this will take place as —¢g(VxnRU,FV) = —g(hVxjRU, V) — g(AxjRU, (EV). By using all these

facts in equation (4.7), we get

§(VuV,X) == g([U,X], V) - g(AxpRU, nV) - g (0VxERU, EV) - g(VxE'RU, V)
- g(VxnoRU, V) — g¢(hVxRU, V) — g(AxRU, CEV).
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Since, B is a PWSSCS with semi-slant function 0, using Lemma 3.2 in fourth term and considering

equation (2.15) in second last term, above equation finally turns into
g§(VuV, X) =-g([U,X], V) - g(Ax¢RU, nV) - g(vVxERU, CEV) - g(Ax)ERU, V)
+5in20X(0)g(RU, V) - cos? 0g(VxRU, V) — g(AxnRU, pV)
- 8(X, grad In A)g(nRU, nV) - g(nRU, grad In A)g(X, nV)

_ 1, _
+8(X, IRU)g(1V, grad In ) = —¢'(VpiRU, V),
from which we can get the result. m]

Theorem 4.6. Let B : (B1,F,g) — (B2, §') be a PWSSCS with semi-slant function 6 where, (B1,F, g)
a locally product Riemannian manifold and (Ba, g') a RM. Then the map B is totally geodesic map if and
only if
() §(TZ$*W,X) + 128 (Vo1 W, p.X) = 0,
(ii) cos?0g(vVyU, V) —sin2°Y(V)g(U, V) + g(AyyEU, V) +¢([Y, U], V)
= —g(AyU, EV) = 5¢' (Y(In")fiyU + jU(In")fi.Y - fi(grad In "), fi.Y),
(iii) g(AxPRU, €Y) + g(0VxERU, BY) + g(Ax/RU, BY) + cos? ¢(VxRU, Y)
= -1 (X(In ")figRU + jRU(In *)fi. X — (X, jRU)fi. (grad”), fi.CY)
~g1(WVxgGERU, Y) + Lg’ (Vi fiyRU, fi.€Y),
forany U,V e T(DY),X,Y €T (kerfi.)* and Z, W € T(D), Uy € T (kerp.).

Proof. Let us consider ¢'((VB.)(Z, W), B:(X)), for any Z, W € T'(D) and X € I'(kerB.)*. By using
(2.9), (2.10), (2.15), (2.1) and (3.2) with definition 2.2, we get

58 (VB (Z, W), Bu(X)) = ~g(T27W, X) - (V71 EW, X).

Since f is a PWSSCS, by using definition 2.2, the second term in the right hand side of above
equation can be turn into: g(hVz/(EW,X) = —L¢'((Vfi.)(Z,1CEW), fi.X) + %g’(VfZlﬁ*]@W,ﬁ*X).

By using this in above equation, we may have
8 ((VB.) (2, W), (X)) == g(T79PW, X) + 28 ((V.) (Z, 16 W), B (X))

- %g’(ﬁﬁmw, B.(X))-

Finally using the conformality of g with Lemma 3.3, we get
1 /
128 (VB)(Z, W), p(X))
L
=28 (Z(InA)BnpW 4+ npW(In A)B.Z — g(Z,npW)B.(grad In A), B.X)

- (26" W, X) = 25 (Voo W, 6.(X)),

from which we can get the is part (i) of the theorem. For part (ii), take into consideration
¢ ((VB)(U,V),B.(Y)), for any U,V € T(DY) and Y € T'(kerB.)*. From equations (2.15) with
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definition 2.2, we can write ¢’ ((VB.)(U, V), B.(Y)) = =A?¢(VyV,Y). In the light of relation (2.1),
(2.4), (3.4) and (3.2), we get

%g'((vﬁ*) (U, V),B(Y)) = =g([Y, U], V) - g(Vy$*U, V) = g(AyneU, V)

—8(hVyl,jV) = g(AyU, EV).
Taking account the fact from equation (2.10) with Lemma 3.3, we may have

%g’((Vﬁ*) (U, V),B.(Y)) = —g([Y, U], V) +sin20Y(0)g(U, V) — cos*0g(vVyU, V)

- g(AnPU, V) — g(AynU, §V) — g(hVyjU, V).

By using equation (2.15), Lemma 2.1 and horizontal conformality of 5, we may have

58 (VB (U, V), B.(¥)) == g(([¥, U], V) + sin20Y (0)g(UL, V) ~ cos?Og (0¥, V)

1,
—8(AyNPU, V) = g(AynU, §V) — 558" (Y(In )l
+nU(InA)B.Y — g(nU, Y)B.(gradIn 1), B.Y).
This is the proof of part (ii). For (iii) part, by using equations (2.1), (2.4), (3.1), (3.2) and consider

Lemma 3.3, we can write
1, ]
8 ((VB) (X, Un), B.Y) = ~g(Ax@RU, ) - g(0VxERU, BY) - g(AyRU, BY)
— ¢(VxFoRU, Y) - g(hVx)ERU, Y),
forany U € T'(D?%) and X, Y € I'(kerfi,)*. Since PWSSCS, then by using Lemma 3.3 and definition

of conformality 2.2, the above equation turn into

58 (VB (X, ), .)

= —¢(AxPRU, €Y) — g(vVxERU, BY) — g(Ax/RU, BY)
+5in20X(0)g(RU, Y) — cos?0g(VxRRU, Y) — ¢1(VxnpRU, Y)

1 _ _ _
- ﬁg’(X(ln AM)BnRU + nRU(In A)B.X — g(X, nRU)B.(gradA ), B.EY)

1, _
+ 38 (V5 B.IRU, B.EY).
This completes the proof of theorem. m]

Theorem 4.7. Let f: (By,F,g) — (B2, g’) be a PWSSCS with emi-slant function 6 such that LPRM
(By,F,g) and (B, g') a RM. Suppose that p is DO-F-pluriharmonic. Then D defines totally geodesic
foliation on By if and only if
V'I‘leﬁ*Plﬁ + Vixlﬁd]yl =p. (hVCEX1]Y1 + ﬂpg CEY: + TCEXI @ZIR@Y1 + ]’ZVQ;XI]GIRGSYl)
+ B(Tox, P RPY1 + hV x, JEREY ] + Tex, EJRCEY7)
—cos® 0.(Vyx, R Y1),
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for any X1, Y1 € T(DY).
Proof. For any Xj, Y1 € T(D?) and using the pluriharmonicity of F with equation (2.15), we get
BVx, Y1 = Vi BFY1 - BVEx, FY1. (4.8)

By using equation (3.2), second term reduces as: ﬁ*V(pxl(le + ﬁ*V¢quY1 +B:Vyx, Y1 + ﬁ*V(lenYl.
Now, equation (4.8) can be write as
ﬁ*le Yl :Vinﬁ*Fyl - ﬁ*V¢X1¢Y1 - ﬁ*V¢XlT]Y1
= B:Vix Y1 = f:Vox, V1.
Taking account the fact that  is PWSSCS with using equations (2.10), (2.11), (2.15) and (3.1), we

have
BV, Y1 == Bu(ToxinY1 + hVex, Y1 + Ax, EY1 + 0V x, EY7)
+ (nXa(InA)B.nY1 + nY1(InA)BnXy — g(nXy, nY1)B«(grad In A)}
— Vi BFY1 = Vi BY1 + B.(FVgx, F(RGY1 + RPY1)).

In the last term in the right hand side of above equation with Lemma 3.2 and equations (2.10) and

(2.11), we may have
B:Vx, Y1 ={nX1i(InA)B.nY1 + nY1(InA)B.nXy — g(nX1,nY1)B«(gradIn 1)}
+ B (Tox, "R Y1 + vV ey, E'RCEY7 + Tex, JEREY: + hV ey, JERCEY7)
+5in20¢9X1 (0)B.(RpY1) — cos® OB (Vox, RPY1) + B(Toox, nPRPY1
+ hVax,JEREY7) + fio(Tex, ERCEY + vV gy, EJREY] + Tex, ) REY;
+ 0Vax, ) REY7) + fis(Tax,) Y1 + WV ax,) Y1 + Ax, EY1 + 0V x,EY7)
— Vi BFY1 = Vi, By,

O
Theorem4.8. Let B : (B1,F,g) — (B2, §') bea PWSSCS with semi-slant function 6 such that (B1,F, g)

a LPRMand (By, g') a RM. Suppose that B is ((kerB.)* —kerp.)-F-pluriharmonic. Then the horizontal
distribution (kerB.)* defines totally geodesic foliation on By if and only if

Ve B RU + cos?0(moVexRU — €AgxRU) — sin2" €X (°)fijRU
= Vi Bn¢RU + €X(In A)B.ndRU + npRU(In 1)8.6X — g(€X, npRU)B. (grad In 1)
+ €X(InA)B.npRU + noRU(In 1)B.EX — g(€X, npRU ) B.(grad In A)
+ BACAsx*RU + nuVexE*RU + 1 Asx)ERU + 1 Acx) ERU}
+ BAAXU + hVgx EU + CTuxBjU + joVsxBjU} + Vi figU,

for any X € T'(kerp.)* and U € T (kerp.).
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Proof. For any X € T'(kerf,)*,U € T'(kerf,) and using equations (2.15), (3.1), (3.2), (2.9) with
considering the fact of pluriharminicity of F, we can write
B.(VexnU) = —B.VxU + VE B.FU — B.(TaxdU + hVyx CEU)
- ﬁ*(VQ;XnU + V(gx(z)U)
The second last term of the above equation, by using the equations (2.1) and (2.2) turn into:

B.(VaxnU) = B.(FVyxFnlU) whereas, the last term reduces into: .(FVex¢U) = B.(FVexFopU). B
using these facts into (4.9) reduces to

(4.9)

B.(VexnU) = — B.VxU + VE B.FU — B.(TuxdU + hVysx CEU)
+ Bu(EVexEU) + . (FVgxFnl).
Now, by using equation (3.1), (3.2), (3.4), (2.15) with Lemma 3.2, we can write
B.(VexnU) =B.(UxU + vV xU — Tysx CEU + hVax CEU + 1 A¢xERU)
+ BABT wxBnU + CT uxBnU + ¢pvVexBjU + joVex BiU]
+ BABAsx*RU + CAcxp*RU + pvVexERU + oVexE*RU)
+ BApAcxnPRU + 1 AcxnPRU + BhVx)ERU + EAgx)ERU)
+ V8 Ba¢RU + (VB.) (CX, noRU) + VE, B¢ RU + (VB.) (€X, o RU)
+ Bu[~sin2 €X(6)NRU + cos> FVexRUJ + V5 B.npRUVE, B.FU.
Since B is a PWSSCS, then by using Lemma 2.1, above equation finally turn into
B(VexnU)
= cos20(nuVexRU + CAgxRU) — sin2 €X(*)fijRU - V! /i) ERU — v Sy ERU
+ EX(In A)B.oRU + noRU(In A)B.EX — g(€X, npRU)B. (grad In 1)
+ €X(In A)B.npRU + npRU(In 1)B.EX — g(€X, noRU ). (gradIn A)
+ BACAcxP*RU + nuVexE*RU + jAsx)ERU + 1 Acx)ER U]}
+ Bd AU + hVxEU + ETuxBU + joVasx BiU) + Vo, figU,

from which we can get the desired result. m|

Now, at last we show how to prove the existence of PWSSCS from APRM onto a RM using
non-trivial example.

Example 4.1. Consider a map 8 : R1® — R* such that
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Moreover,

TR (Y Y DRI I R O Sy (AN A I
(kerfi)™ = <X1 VAT + dwg X2 = 8w1’X3 VAT + dwe Xa = dwio |
Then B is a PWSSCS from LPRMan manifold onto Riemannian manifold with semi-slant angle
0 = T and dilation A = m.

5. DECLARATIONS

e Data Availability statement : Not applicable.

e Funding statement: No funding was received to assist with the preparation of this manu-
script.

e Author’s Contribution : All authors contributed to the study conception and analysis were
performed by Mohammad Shuaib and Mohd Bilal. All authors read and approved the final

manuscript.

Conlflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.

REFERENCES

[1] M.A. Akyol, Conformal Semi-Slant Submersions, Int. J. Geom. Methods Mod. Phys. 14 (2017), 1750114. https:
//doi.org/10.1142/s0219887817501146.
[2] M.A. Akyol, B. Sahin, Conformal Slant Submersions, Hacettepe J. Math. Stat. 48 (2019), 28—44. https://doi.org/10.
15672/hjms.2017.506.
[3] M.A. Akyol, B. Sahin, Conformal Anti-Invariant Submersions From Almost Hermitian Manifolds, Turk. J. Math.
40 (2016), 43-70. https://doi.org/10.3906/mat-1408-20.
[4] M.A. Akyol, B. Sahin, Conformal Semi-Invariant Submersions, Commun. Contemp. Math. 19 (2017), 1650011.
https://doi.org/10.1142/s0219199716500115.
[5] I. Al-Dayel, T. Fatima, S. Deshmukh, M. Shuaib, A Note on Conformal Bi-Slant Submersion From Kenmotsu
Manifold, J. Geom. Phys. 190 (2023), 104864. https://doi.org/10.1016/j.geomphys.2023.104864.
[6] I. Al-Dayel, M. Shuaib, S. Deshmukh, T. Fatima, ¢-Pluriharmonicity in Quasi Bi-Slant Conformal & 1_Submersions:
A Comprehensive Study, AIMS Math. 8 (2023), 21746-21768. https://doi.org/10.3934/math.20231109.
[7] P. Baird, J.C. Wood, Harmonic Morphisms Between Riemannian Manifolds, Oxford University Press, Oxford,
(2003).
[8] J.P. Bourguignon, H.B. Lawson Jr., Stability and Isolation Phenomena for Yang-Mills Fields, Comm. Math. Phys. 79
(1981), 189-230.
[9] J.L. Cabrerizo, A. Carriazo, L.M. Fernandez, M. Ferndndez, Slant Submanifolds in Sasakian Manifolds, Glasgow
Math. J. 42 (2000), 125-138. https://doi.org/10.1017/s0017089500010156.
[10] LK. Erken, C. Murathan, On Slant Riemannian Submersions for Cosymplectic Manifolds, Bull. Korean Math. Soc.
51 (2014), 1749-1771.
[11] M. Falcitelli, S. Ianus, A.M. Pastore, Riemannian submersions and Related Topics, World Scientific, Singapore,
(2004).
[12] A. Gray, Pseudo-Riemannian Almost Product Manifolds and Submersions, J. Math. Mech. 16 (1967), 715-737.
https://www.jstor.org/stable/45277107.
[13] B. Fuglede, Harmonic Morphisms Between Riemannian Manifolds, Ann. l'institut Fourier, 28 (1978), 107-144.


https://doi.org/10.1142/s0219887817501146
https://doi.org/10.1142/s0219887817501146
https://doi.org/10.15672/hjms.2017.506
https://doi.org/10.15672/hjms.2017.506
https://doi.org/10.3906/mat-1408-20
https://doi.org/10.1142/s0219199716500115
https://doi.org/10.1016/j.geomphys.2023.104864
https://doi.org/10.3934/math.20231109
https://doi.org/10.1017/s0017089500010156
https://www.jstor.org/stable/45277107

16 Int. J. Anal. Appl. (2024), 22:60

[14] S. Gudmundsson, J.C. Wood, Harmonic Morphisms Between Almost Hermitian Manifolds, Boll. Un. Mat. Ital. B
(7) 11 (1997), 185-197.

[15] Y. Giindtizalp, Semi-Slant Submersions from Almost Product Riemannian Manifolds, Demonstr. Math. 49 (2016),
345-356. https://doi.org/10.1515/dema-2016-0029.

[16] S.Ianus, M. Visinescu, Kaluza-Klein Theory With Scalar Fields and Generalised Hopf Manifolds, Class. Quantum
Grav. 4 (1987), 1317-1325. https://doi.org/10.1088/0264-9381/4/5/026.

[17] T. Ishihara, A Mapping of Riemannian Manifolds Which Preserves Harmonic Functions, J. Math. Kyoto Univ. 19
(1979), 215-229.

[18] K. Kenmotsu, A Class of Almost Contact Riemannian Manifolds, Tohoku Math. J. 24 (1972), 93-103. https://doi.
org/10.2748/tmj/1178241594.

[19] T.W. Lee, B. Sahin, Pointwise Slant Submersions, Bull. Korean Math. Soc. 51 (2014), 1115-1126. https://doi.org/10.
4134/BKMS.2014.51.4.1115.

[20] M. T. Mustafa, Applications of Harmonic Morphisms to Gravity, J. Math. Phys. 41 (2000), 6918-6929.

[21] Y. Ohnita, On Pluriharmonicity of Stable Harmonic Maps, J. Lond. Math. Soc. s2-35 (1987), 563-568. https://doi.
org/10.1112/jlms/s2-35.3.563.

[22] B. O’Neill, The Fundamental Equations of a Submersion, Michigan Math. J. 13 (1966), 459-469. https://doi.org/10.
1307/mm;j/1028999604.

[23] K.S. Park, R. Prasad, Semi-Slant Submersions, Bull. Korean Math. Soc. 50 (2013), 951-962.

[24] R. Prasad, S. Kumar, Conformal Anti-Invariant Submersions From Nearly Kaehler Manifolds, Palestine J. Math. 8
(2019), 234-247.

[25] B.Sahin, Anti-Invariant Riemannian Submersions From Almost Hermitian Manifolds, Centr. Eur. J. Math. 8 (2010),
437-447. https://doi.org/10.2478/s11533-010-0023-6.

[26] B. Sahin, Semi-invariant Submersions from Almost Hermitian Manifolds, Can. Math. Bull. 56 (2013), 173-183.
https://doi.org/10.4153/cmb-2011-144-8.

[27] B. Sahin, Slant Submersions From Almost Hermitian Manifolds, Bull. Math. Soc. Sci. Math. Roum. 1 (2011), 93-105.
https://www.jstor.org/stable/43679206.

[28] M.A. Akyol, B. SAhin, Conformal Anti-Invariant Submersions From Almost Hermitian Manifolds, Turk. J. Math.
40 (2016), 43-70. https://doi.org/10.3906/mat-1408-20.

[29] S.A.Sepet, M. Ergiit, Pointwise Slant Submersions From Cosymplectic Manifolds, Turk. J. Math. 40 (2016), 582-593.
https://doi.org/10.3906/mat-1503-98.

[30] M. Shuaib, T. Fatima, A Note on Conformal Hemi-Slant Submersions, Afr. Mat. 34 (2022), 4. https://doi.org/10.1007/
s13370-022-01036-2.

[31] S.Kumar, S. Kumar, S. Pandey, R. Prasad, Conformal Hemi-Slant Submersions From Almost Hermitian Manifolds,
Comm. Korean Math. Soc. 35 (2020), 999-1018. https://doi.org/10.4134/CKMS.C190448.

[32] S. Tanno, The Automorphism Groups of Almost Contact Metric Manifolds, Tohoku Math. J. 21 (1969), 21-38.

[33] H.M. Tastan, B. Sahin, S. Yanan, Hemi-Slant Submersions, Mediterr. J. Math. 13 (2015), 2171-2184. https://doi.org/
10.1007/s00009-015-0602-7.

[34] B. Watson, Almost Hermitian Submersions, J. Differ. Geom. 11 (1976), 147-165.

[35] B. Watson, G, G’-Riemannian Submersions and Nonlinear Gauge Field Equations of General Relativity, In: T.
Rassias, (ed.) Global Analysis—analysis on Manifolds, Dedicated M. Morse. Teubner-Texte Math., vol. 57, pp.
324-349. Teubner, Leipzig, (1983).


https://doi.org/10.1515/dema-2016-0029
https://doi.org/10.1088/0264-9381/4/5/026
https://doi.org/10.2748/tmj/1178241594
https://doi.org/10.2748/tmj/1178241594
https://doi.org/10.4134/BKMS.2014.51.4.1115
https://doi.org/10.4134/BKMS.2014.51.4.1115
https://doi.org/10.1112/jlms/s2-35.3.563
https://doi.org/10.1112/jlms/s2-35.3.563
https://doi.org/10.1307/mmj/1028999604
https://doi.org/10.1307/mmj/1028999604
https://doi.org/10.2478/s11533-010-0023-6
https://doi.org/10.4153/cmb-2011-144-8
https://www.jstor.org/stable/43679206
https://doi.org/10.3906/mat-1408-20
https://doi.org/10.3906/mat-1503-98
https://doi.org/10.1007/s13370-022-01036-2
https://doi.org/10.1007/s13370-022-01036-2
https://doi.org/10.4134/CKMS.C190448
https://doi.org/10.1007/s00009-015-0602-7
https://doi.org/10.1007/s00009-015-0602-7

	1. Introduction
	2. Preliminaries
	3. Pointwise semi-slant conformal submersions (PWSSCS)
	4. Integrability and totally geodesicness
	5. Declarations
	References

