Int. J. Anal. Appl. (2024), 22:62

International Journal of Analysis and Applications

Paley Wiener Theorem on a Reductive Lie Group

Neantien Claudio Zoto Bi*, Kangni Kinvi

UFR de Mathématiques et Informatique, Université Félix Houphouét Boigny-Abidjan, 22 BP 582 Abidjan
22, Cote d’Ivoire

*Corresponding author: zotobineantien@gmail.com

Abstract. Let G be a locally compact group, K a maximal compact subgroup of G and 6 on arbitrary class of irreducible
unitary representations of K. The spherical Grassmannian G, is an equivalence class of spherical functions of type
0—positive of height p. In this work, we give an extension of orbital integral with respect to 6, when G is reductive
Lie group. Moreover, if the discret serie is not empty, we give an extension of Paley-Wiener theorem using a compact

Cartan subgroup of G.

1. INTRODUCTION

Let G be a reductive Lie group with non empty discret serie, and K be a compact subgroup of G.
We denote by K the unitary dual of K and by K (G) the subspace of continuous complex functions
on G with compact support.

For all class 6 of K, we denote by I.5(G), the subspace of K(G) containing K-6— invariant central
functions on G.

Let E be a space of representation of 0.

Let set x5 = d(0)Cswhere d(9) is the degree of 6 and (s the character of 6 .

A spherical function of type 6 is a quasi-bounded continuous and central function ¢ on G with
values in Endc (E) such that:

Xs* @ = @ = ¢ * x5 and the map the

wps froup(F) = [ FIp
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is an irreducible representation of the algebra I 5(G).
The spherical Grassmannian G, ;(G) of order p according to 0 is the set of classes of spherical
functions on G of type 6 of height p.

2. THE 6-ORBITAL INTEGRAL

Let G be areductive Lie group with non-empty discret serie, G the Lie algebra of G (G = Lie(G)).
Let H be a Cartan compact subgroup of G and H the associated Cartan subalgebra, U C G a
completely invariant open set, y a regular element of U (y € Uyy).

One denotes by H' the identity component of H and K = yH?. K = Lie(K), K is a compact and
normal Cartan subgroup of G and the Weyl group W(G, K) acts on G/K X Ky, dg a measure of G
which is invariant on G/K

If § is the class of contragredient representation of 6 in K, we have 5 = X and we can verify easily,
thanks to Schur orthogonality relationships, that xz * x5 = x;.

Let K'(U) be the subspace of continuous complex functions on U with compact support and D(U)
the subspace of indefinitely differentiable functions on U.

Identifyting x5 to a bounded measure on G, we put, for any function f € K(U),
o) = T % £0) = [ s ko)

f(x) = f*xs(x) = f X (K1) £ (k) dk
and Is(U) = (f e K(U) : f = f = fs).

Let J.(U) be the set of the K—central functions of K(U) (ie f(kx) = f(xk), Yx € U,k € K).
I55(U) = I5(U) N D(U) where [5(U) = Is(U) N T(U).

Remark 2.1. Denote by uz an irreducible unitary representation of K in the dual class & on a space
Ej; for an arbitrary endomorphism T of Ey defined by the number o(T) = d(5)tr(T) then, thanks
to Schur Orthogonality Relations, for any

T € F; = Homc (Eg, Ez) one has
T = fuév(k_l)o(us(k)T)dk
K

In the sequel, we assume that U, = U.
Let f € D(Ureg), the function y - J(f)(y) defined by .

Jo() () =] det(1 - Ad(y™))g s 2 fG I

is the classical orbital integral of f. The function y — Jg(f)(y) is G- invariant distribution on
C™ (Ureg)-
The map Jg : D(U) — I(U)=]c(U) is linear, continuous and its transpose !J; is a bijection of
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I(U) on D(U)’ the space of the G- invariant distribution on U.
Jo JI(U) — D(UY
0 I—>t ]G(Q)

YO € I(U),"]c(0) is a G- invariant distribution on U.
If f € I7(Ureg) and thanks to the isomorphism f — ‘I’? of I75(U) onto UZ(U),

we can put: J3(f)(7) = det(l — AdG) g 12 fG/ (5y)dg
where ‘F" (8y) = fK uz (k™) f(k8y)dk. The 6— orbital 1ntegral J2(f) of f is defined by

)0 =l det(1 = Ad g V2 [ ot asy)agae
Remark 2.2. If 6 is trivial and one dimension, we obtain the classical orbital integral.

Theorem 2.3. Let f € I (U). The map:

J2(f) U - Fs

Y I H)
is K — d—invariant.
proof.
Let's put M(y) = |det(1 - Ad(y™1))g !>
we have:
-1 —17-1 1/2
M(kyk™) = |det<1—Ad<ky K")g/x]
= det(Ad DA Ad(KY) = Ad(ky 'k |1/2
Y G/K
J— -1 _ 1 1
= |det (Ad(k)Ad(k™") Ad (k) Ad (k") — Ad(k)Ad(y ™) Ad(k g/7<|
1 3 1/2
= Jdet (Ad(k [ Ad(k) - Ad(™)] AdG) ]

M(kyk™") = |det(1 - Ad(y™! >>g/«|”2
so M(kyk™) = M(y)

Let’s show that ] (f) is K-central

Rk = My) [ ¥k g

— M(y) fG B f ug(k) f (kgkyk 1 g™V )dklg

— M) f fG ) F(k(k) kg
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]G ) (kyk™) f L < dgdk, dgisa G — invariant mesure on G/K

ZMfo us (k™) f (kg.y)dgdk
K JG/K

i [ f us (K1) (k)| i
=) [ EEE= 10
0 () (k™) = (A ()

Let's show that x5 * J&(f)(y) = J&(f) (7)-

Xo % JE(F) () = f Xo (K (F) (61 )k

xs(k) [M(k™'.y) f@ /K‘F?(gk‘l.y)dg)dk

!
= fK xo(k) (M) fG /K‘If?(gk—l-watg)dk
!

(M) [ ¥y y)dg)dk

= M(y) f)(é ffG/Kub F(k(gk™).y)dgdkdk
f’“ IL/K (k(3-)))dgdkdk
f fc/K”V v ( f xo(k) f (K -<k<g-y))))dkd§d7<
f f/ Do * ) (k(g.y)dgdk

xo % 120 () = M(y) f fc ) f(Ry )5k

= M(y) fc /K‘I’?(g-y)dzf
=Je ()

then x5 % J&,(f) = J& (f)-
Therefore J2(f) is K — 6-invariant.

In addition we have ¥ f € D(U), JA(f) € I35 (U, Fy).

Consider the space Ts(U, Fs) = I75(U, Fs) N1(U, Fy) with I(U, Fs) = J2(D(U, Fs)) mi
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Theorem 2.4. The map J2. : Is(U) — Ts(U, Fs)
)
is linear and surjective.
proof.
]g is linear because of the linearity of integral M(k.y) = M(y)
Let’s show that ]g is surjective.
If o € T's(U,Fs) then ¢ € I(U, Fy) and there exists f € D(U, Fs) such that
JL(f) = @, fi is K—central and x5 % fi € I (U)
Xo*x fk € IT5(U) = xo x fk € D(U).

12(xs * i) (7) = M(y) fc o f()ag
— M(y) fc 0% ) 8)4F
-m0) [ ( [ m(k)fK(k-l.(g.y))dk)dg
— M(y) fG B f X5 () fic((K19). () dkdg
09 [ [0 ( [ f(iq((k-lg).y)k-l)dkl)dkdg
— M(y) f X (k) fc B f Flka (g5 )k gk
— M(y) f xo(k) f  F(ag) (657) g
fK X (OM(y) fc ) f Flka (5. (k™)) dkodgdk
f vs(OM() [ Flg.(ky))dgdk
K G/K
_ fK x5 (6) (J.(F) (k1))
J
J
X6

X5 (k)IG (f) (K y ) dk

12 (xs * fx)(y) = @(y), because @ € Ts(U,Fs) then d—invariant.
Thus, [ (xs * f) = @, then | is surjective.

We have 'J2 : I% (U, F5)" — I, (U)’ its transpose
Clearly if T € I.,5(U, F5)’ then J%(T) is a G- invariant distribution of type 6.
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IfT € IX(U), then T is K — 6—invariant.
Let us put ]g([;’/"é('l/{)) = I5(U,Fs).

Theorem 2.5. Let H be a Cartan subgroup of G and A its vector subgroup such that H = KA. Let A be
the Lie algebra of A.

Let & € K such that fug(k)dk = Idg,, then the mapping (uz,v) € K x A defined by (ug,v)(kh) =
K

f ug (kik) (ky.h)"dky is K — 5—invariant.
K
Proof. Let’s show that (u3,v) is K-central.
(15, V) (RF) = f (115, v) (KEik )k
K
= f (ug, v) (kkk~ k™) dk
K
= f (ug, v) (kkk™ (k.))dk
K
- f f ug (kekkk™) (ky. (k.lt) )™ dky dk
K JK
= f f ug (kek)ug (kk™) (ky k.n)™ diy dk
K JK

f ( f f ug (H)ug (k™ s) ™) o (us (k™ ks )ug (k) )dkdks | (t.1r) " dt
:fug(t)ug(l%)(tfz)ivdt
K
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=:‘[;x5<k><ua, v) (k-1 dk

_ fK () ( fK s (kik ™) (K. h)ivdkl)dk

:fd(S)tr(ué(k))(fué(klk %) (K h)ivdkl)dk

f f o (ug (k) g (ko k1K) (Fy 7o) Yk dk

= f f us (kp)ug (kK)o (ug (k) (ky.J0) "k, dk.
K JK

:ffng(]q)ug(t)(f(u(g(lzt_l))(kl.fl)ivdkldt
ffué kn Yus (£)o (ug (£ Yug (k) (ko)™ diy dt
=ﬂ%mwﬂ%w%wmm®wthwl
:jl;ug(kl)ug(f()(klﬁ)ivdkl
:fué(kllz)(klﬁ)i"dkl

K

= (5, v) (kh).

Then X, * (u5,v) (ki) = (ug, v)(kh).
Therefore (ug,v) € Ios(H). m]

If (ug,v) € Gp5(H) then the spherical Fourier transform of type ¢ is defined by this relation:

F(f)(uz,v) = Lf(kh)(u(;,v)((kh)_l)dkdh, where f € I.5(H)

Let G be a reductive Lie group, H a Cartan subgroup of G, = Lie(H) and M = Z(G, HRr). the
centralizer of Hr € G

Let P = MN a parabolic subgroup of G containing M, N nilradical and K a compact maximal
subgroup of G and 1 = Lie(N).
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Let X(M) be the set of characters of M.
Put

‘M= () ker(lc)

CeX(M)

where |C|(x) = [C(x)| (x € M), M =MA is a Langlands decomposition of M.

Let M =°MA be the Langland decomposition of M and A a positive root system of the pair

(Ge, Ke). @?ﬁﬁ A) the invariant distribution associated to (13, A)

let put

M _ 16 [@'M
Ousma) = (®(u5,A) ®V)

3. PALEY-WIENER THEOREM OF TYPE O

We denote by pa one half the sum of positive roots associated to lie algebra of G. ¢ the sigature
of Weyl group, and A a positive root system.

For all » > 0, and we denote by PW;(H), the space of function
F:Gys(H) — End(E) such that:

(1) v+ F(ug,v) is holomorphic on A¥
-N
(2) YN € IN; 3Cn > 0 : such that | F(ug,v) < Cn (1 + ||(u5,v)||) e/l

3) F(w.(ug, v)Ca,_pA_pA) = ¢(w)F(uz,v), Vo eW.

Let put: PWs(H) = U PWs(H),. We endow PW;(H), with the topology defined by these semi-

norms :

S(F) = sup (1+11(uz, )" | F(ug,v) |

(us.v)

with inductive limit topology.
PWs(H)* = {F € PWs(H)/F((u5,v) (0™ he)Cavpy—ps (1)) = €()F(uz,v)}
155 (H)™ = {f € I5(H)/ f(87hg) = e(8)Cpumgipnf(); 1t € Heg)
Theorem 3.1.
F (I55(H) ™) = PW;(H)
where the map f v F f is the spherical Fourier transform of type 6.

Proof. PW;s(H) is a closed subspace of PW(H, Endc(E)), then PWs(H) is a Frechet space.
Let put Zs p(H) the subspace of functions ¢ of G, s(H).
There exists z € (End(E))* such that

Yei,00,-- ,c,€Cox;€G and i€ L_n;<Z c,'c_]'(p(xi;xjfl),z) >0
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Thanks to the Bochner theorem, there exists a measure ﬁ such that:

F(kh) = f 3 Fts ) o ) ()

VF € PWs(H); wehave F f = F
F f(ug,v) :L (H)f(kh)(ug,v)‘l(kh)dkdh.

¢ €Gps(H) & (uz,v) € Gps(H)

felw) = f P, v) (1, v) ()i (g, v).
Zsp(H)

As (ug,v)k(x) = (uz,v)(x)

i) = [ Bl v) g v) )G, ).

and f*)ﬁ(x):ﬁ)(é(k_l)f(xk)dk
£k = [ Fg ) g, ) () v

Zs,p(H)

f= Fug,v)(us, v)du(us,v)

Zsp(H)

Fai) = ([ ) o) ) T )

T

F(ug,v)(ug,v) * X5 (x)du(ug, v).
Zs,p(H)

Moreover, (u3,v) € Gp,s(H) then (u3,v) % x5(x) = (ug,v)(x) then
(f *X5) (x) = (f Fug, V)(”gfv)dﬁ(”éﬁ)) (x)
Zs,p(H)

then f x x5(x) = f(x).

So we have f € I7S (H).

If F € PWs(H)?, Yw € W, we have
F(X-(”SIV)Cg.pA—pA) = ¢(g)F(u5,v),8€G

fgh) = )F (ug,v) (ug, v) (8-h)dp (g, v)

5,P

F(g.(ug, v)) (us, v) (h)du(ug, v)
p(H)

0 €(8)Cpa-gpa (W F (15, v) (us, v) () dp(us, v).

(g)CpA,—g-pA (h)f(h).

I

Il
™
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Thus, f € I%(H)™* and the surjection is proved..
Let fix some conjugacy classes of Cartan subgroup of G, Hy, ..., Hy € Car(G) and Aq, ..., A the
correspondant positive root system. Then ¥ f € I (G), and F (f)n, € PWs(H;)™. mi

Let T be a torus and let A be a positive root system in the set of roots of T.
Let H be a compact Cartan subgroup.
For any ¢ € I, (H) ™, there exists f € I%(G) such that

0

(b-sJ3()) () = p(t) VtcHug and  (J3(f)r
for any non compact Cartan subgroup.

Theorem 3.2. The map F given by

is surjective.

k
Proof. Letput F = Z Fie @ PWe (H;)™.
i=1

Thanks to theorem 3.1, there exists ¢; € I (H;)* such that ¥ (¢;) = F;.
Let put Con,(y) =l Hi/Z(G,yH;) | .
The function Cg g,¢i € I%(H;) ™ and there exists f € I (G) such that

b-a,J2(f)H; = Co i

where by is the projection of I%, (G) onto I%,(G)* defined by
1-Ca(y™)

—— = Wehave
|1- Ca(y_l) |

ba(y) = aea

Caly (-8 2(F)r)
F (C(_;,lH,- (b_A,-]((S; (f)Hr))
7 (Col (b-al&(F)s))

Then 7 : IS (G) — EBL PWs(H;)% is surjective m

i
F (i)
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