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ABSTRACT. In this research work, a new derived optimal quadrature formula is discussed, which includes the sum of
the values of the function and its first and second order derivatives at the points located at the same distance on the

interval [0,1] in the LY (0,1) space. we first obtain an analytical representation of the error function norm, and a system

of equations of the Wiener-Hopf type construct using the method of Lagrange unknown multipliers for finding the

conditional extremum of multivariable functions. Optimal coefficients found by solving the system. Using the exact
form of the optimal coefficients, the norm of the error functional of the optimal quadrature formula for m=3 and
m=4 calculate and the order of approximation was shown to be O(h™). The obtain theoretical conclusions confirmed

by numerical experiments.

1. Introduction: Statement of the Problem
It is well known that numerical integration formulas or quadrature formulas are a method
of approximate estimation of definite integrals. They are used when the initial functions of the
functions under the integral cannot be expressed by elementary functions, when the integral
exists only at discrete points, or when some special types of integrals with the property of

singularity are approximated, for example:
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The effectiveness of quadrature formulas is usually classified according to its degree of accuracy
and the order of approximation of the error. Most problems of applied sciences and mathematical
physics are brought to the calculation of integrals. In particular, in the numerical-analytical
solution of integral equations, in the calculation of the center of mass, the moment of inertia or
various properties of physical systems, in the calculation of integrals related to image and signal
analysis and filtering, the construction of quadrature formulas and the evaluation of their errors

is one of the targeted scientific studies.

We consider the following quadrature formula
i(p(x)dx zgco BlA1+ 00 o) + ;c [1"15] )

with error functional
£ (9 = 210, 00— ;c [P+ - sx-1) - ﬁZc Ac-[8) (2

where '9[0,1](X) is the indicator of the interval [0,1], J(x) is the Dirac’s delta-function,

b p=on,

ColBl=12
h, Ag=1N-1

are known coefficients, C,[3], f= O,_N are unknown coefficients of the

quadrature formula (1.1), [8]=hg, ¢(X) is an element of the space L (0,1) .

The norm in space Ly (0,1) is defined by the following form:

1 dm( ) 2 2
L(zm) :{.([( dxfj dX} .

In addition, the error functional (1.2) is required to satisfy the following conditions ([1,2])

lo

(ly(x),x*)=0, «=0,1,2,..,m-1. (1.3)
So, for the existence of a quadrature formula of the form (1.1), condition N>m-2 must be
fulfilled, that is, starting from m =3, unknown coefficients of the quadrature formula C,[f] can

be found.

From the definition of the functional norm
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= qp [0

"ﬁN T
g [l

L |
from this equality we get the Cauchy-Schwarz inequality
[(Cy. ) |SH§0”|L(2m> A 4x ngm» .

It can be seen from this inequality that the error of the quadrature formula (1.1) is estimated by
the norm of the error functional ¢, (x) obtained from the conjunction space LY""(0,1) from above.
Therefore, the estimation of the error of the quadrature formula (1.1) is related to the
minimization of the norm of the error functional /¢ (x). In computational mathematics,

quadrature formulas are constructed mainly in three directions: the spline method, the method

of ¢— functions, and the Sobolev method is based on using discrete analog of the linear
differential operator.
1. ]. Shoenberg ([3,4]) constructed a quadrature formula in the Ly (0,n) space by spline method.
From among the following formulas:
1 N «
[o0adx=3"> K0 (x,)
0 7=01t=0
a) In the work of S.A. Michelli [5] it was shown that W™ is the best formula, when m is an
odd natural number;
b) A.A.Jensikbayev [6] proved this formula is optimal in the LS”(0,1) space;
c) T. Catinash, G.T. Koman [7] constructed an optimal quadrature formula using ¢—

function method in the LY (0,1) space;

d) Kh.M. Shadimetov [8] constructed the optimal quadrature formula in the Ly (0,1) space
when o =0 and calculated the norm of the error function;
e) Kh.M.Shadimetov, A.R.Hayotov, F.A.Nuraliev [9] constructed the optimal quadrature
formula for & =1 and estimated its error.
Article [10] presents new and effective quadrature formulas, which merge function and first
derivative estimation at equally-spaced data points, with a particular emphasis on improving
computational efficiency in terms of both cost and time. The objective of the research presented
in work [11] is to simplify the computation of the components involved in the integral
transformation, denoted as F™ and m>0.The analytical expressions for these components

encompass definite integrals. Instead of the Newton-Cotes formulas, it is proposed to use non-
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trivial quadrature formulas with unevenly distributed integration points. The quadrature method
is essential in the approximate solution of integral equations. In [12], the trapezoidal numerical
integration formula is used to solve the Fredholm-Hammerstein integral equations. In [13], the
perturbed Milne quadrature rule was derived for n-fold differentiable functions.

Thus, in order to construct an optimal quadrature formula of the form (1.1), we need to solve the
following problems.

Problem 1. Find the norm of the error functional (1.2) of the quadrature formula (1.1).
Problem 2. Finding the coefficients C,[5], S =0,N, which give the smallest value to the norm

¢y |||_(2m)* of the error functional (1.2), that is, calculating the value

(1.4)

[en

It is important to mention that, the coefficients C [#], f= 0,N satisfying the quantity (1.4) of the

g+ LQI} e "L(zm)* :

error functional (1.2), i.e., specifying the minimum norm |/¢,, ||L(2m)* . If such coefficients exist, these

are called optimal coefficients, denoted as él[ﬂ].

2. Known Definitions and Theorems
In this section, we provide definitions and formulas necessary to prove the main results.

Assume that ¢ and y are real-valued functions of real variable and are defined in real line R.
Definition 2.1. Function ¢(hg) is a function of a discrete argument if it is defined for a set of
integer values of S .

Definition 2.2. The inner product of two discrete functions ¢(hf) and ¢(hg) is defined following

[0.6]= 3 o(hp)-4(hB)

p==

Definition 2.3. The convolution of two discrete functions ¢(hf) and ¢(hp) is defined following
p(hB)*p(hp) = > o(hy)-¢(hp —hy)
y=—0

The Euler-Frobenius polynomials E, (x), k=1,2,... are defined by the following formula [5]

(1_ X)k+2

E.(x)= X

d) x _
(x&j T E,(x) =1. 2.1)
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Theorem 2.1. Polynomial Q, (x) which is defined by the formula [2]
k+1 Ai Ok+1

X)=(x-1)"y ——— 22

Q= (-DE s 22)

is the Euler-Frobenius polynomial (2.1) of degree k, ie., Q/(x)=E(x), where
ik = N i1~k
A'0 —lel(—l) Gl

When calculating sums, we use the following equations derived from the sum formula of

geometric progression [14]

z(ﬁj NV | (23)

where A'y* is the finite difference of order i of y*.

We use the following formula to calculate some sums [15]

y-1 " a+l CZIB . i
D=y iy (2.4)
B=0 i=1 |!(a+1—|)!

here B,,, ; are Bernoulli numbers

X" =) CPA“0PX"P.

p=0

For any continuous functions, the operation of convolution is defined as follows

P * 40 = [P(x— Ay = [P(yd(x—Y)dy.

a + 1 t+1 N+t . o m-3 a + 1 t+1 N+1
Lemma 2.1. Zaqu ( ) t+E.)qu Alo ( 1) 1zzaka ( ) t+?kq A 0*
k=1 t=0 (@ -1 k=1t=0 (1-q,)

where g, are the roots of the Euler-Frobenius polynomial E,, 4(q), A'0“ =A'y“| _, is given by

in(22), NeN, aeZ".

The proof of this Lemma is given in [9].

3. The Expression of the Error Functional Norm
In this section, we find general representation of the norm of the (1.2). We utilize the

extremal function for this purpose ([1,2]). The function y, is called an extremal function of the

error functional (1.2) if the following equality holds

(£nU,)=

(3.1)

/

o
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In the LY (0,1) space it is defined as follows

U,(x)=(=1)" () *G, (X) + P, (x) 3.2)
where
__Ixp
G (¥) =2 2m -1 (3.3)

is a solution of the equation

dZm

g on (%) = 9(x), (3.4)

P, =a,x""+a, X" +..+a,Xx+a,.

m-1

In addition, the extremal function satisfies the following relationships. (Riesz theorem) [16]

ar

=[v,

and (¢,,U,)=]¢

(m) 01) (35)

L™ (03 L™ (0.1)

Based on equations (3.2) and (3.5), the square of the norm of any linear continuous ¢, (X) error

function in the LS”"(0,1) space can be written as follows

163 1= (04U,) = (44 00, (D)™ 04 (0 Gy, () + Py () = (400, (-1)" (1) * G, (X))

= IEN (x)[(—l)m JEN (y)G,, (x— y)dyjdx

Using this equation, we get a general representation of the square of the norm of the error

functional (1.2)

2m-5

nl < I[ﬂ 7] (=18, [ﬂ]l
o =(=D) {Zq Z 7Y e ﬂ]f 2Gm

$=0

2m-3

lewl:

h2 2m-4 12m4
Z [ﬁ]{[ﬂ] +([A1-1) }

6 = 2(2m—4)!

2m-3

2m-2 _1 2m-2
+2Zc s> c []I[Zﬁ(2 7] ——Z c, 4] {[ﬂ] 2(;;[@]2)!) }

7=0

2m-1

_ZZCO[’BH');(ZM]' dx +ZC [/B]Z Co[7] |[2ﬂ(2 7]

y=0

2m-1

h? 1 h*
+ + + :
6(2m-1)! (2m+1)! 144(2m-3)!

Thus, Problem 1 was resolved.
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4. Optimal Coefficients of the Optimal Quadrature Formula Form (1)
In this section, we will consider the problem of finding the minimum of the equation (3.6)

under the conditions (1.3) for coefficients C,[f#], #=0,1...,N. Using the method of Lagrange

unknown multipliers, we find the conditional extremum of multivariable functions. Therefore,

we construct the Lagrange function
m-1
2 m .
V=[] =2 (1" DA (X,
a=0

where 4, unknown multipliers. The ¥ function is a multivariable function with respect to the
coefficients of C,[£] and 4,. By equalizing the derivatives of the function ¥ with respect to

C.[£] and A, to zero, we obtain the following system of equations

ZC (7160 [B-71+PLIBI=F, [, B=0N, @.1)
ZC y][ﬂ“——;“(a:;’ i, g=0m-3, 42)

where

2m-5 [ﬁ]Zm—S—i B h|+3+ ( 1) B|+31 hi+3—j . 2m 2th 2

F.[A]= L2 4.3
LAl ;(Zm—S—i). (i+3)! F2ji+3-j) (2m-2)! (43)
) ) _ | X |2m—5
P, ;(hp) is a polynomial of degree m—3, G, ,(X) = m, B,s ; are Bernoulli numbers.

The system of equations (4.1)-(4.2) is the discrete Wiener-Hopf system used to find optimal
coefficients. This system has a unique solution, and this solution gives a minimum value to || ¢, ||
. To solve this system, we use an approach based on the D, ,(hf) discrete analogue of the

d*™* /dx*™* operator, which constracted in [17].

To do this, we rewrite equation (4.1) in the form of convolution, taking into C,[]=0 for

p<0and f>N.
G, (WA *CLAI+ P, (WA = F,(hB), B=0L..N. (4.4)
Also, instead of the left side of equation (4.4), we introduce functions
4(hp) =G, _,(hB)*C,[A] (4.5)

u(hpg) =v(hp)+ P, s(hp). (4-6)
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First of all, C,[f] coefficients should be expressed by u(hf) function. For this we need the
D, _,(hB) operator satistying the equality hD,_,(hB3)*G, _,(hp)=d(hp).

The following theorems are valid for the d*™*/dx’™* discrete analogue of the D, ,(hp)
operator.

Theorem 4.1. The discrete analogue of the differential operator d°™*/dx*™* has the form

m-3(1_ 2m-3 ||
Z(lq d) (qQ)k , 1812,

D,.(hp) = (2:;;45 ! +Z(1 ka 3 | B1=1, 4.7)
22m5 mS(l qk)2m3 ,BZO,

k=1 qk 2m- S(qk)
where E,, (q) is the Euler-Frobenius polynomial of degree 2m—5, ¢, are the roots of the Euler-

Frobenius polynomial E,, +(q), |q, |<1.

Theorem 4.2. The monomials (hf3)* have the following relation with the discrete operator

Dy, »(h7)

Zsz(hﬁ)(hﬂ) : for 0<k<2m-5, 4.8)

fe {(Zm 4! for k=2m-6.
Considering these theorems, we obtain the following equality for the C,[/£] optimal coefficients

D, .(hB) *u(hp) =D, ,("B) *(G, . (hB) *C[Al+ R, ;(hB))

=CIAI*(D, ,(WA)*G, ,(hR) =CLAI*S(hB) =LAl (4.9)

So, we need overview of the function u(hg) all integer values of £ to calculate the (4.5)
convolution. If hg €[0,1], then u(hpg)=F,(hp).
We find the u(hg) overview of the function when <0 and f>N.
Suppose £ <0 , then considering (4.2), we have

0 =CIAIG, (D) =CLA o i et

2(2m-5)! 5 2(2m-5)!
A 1By RS M N i
Z 2(2m-5-i)!- ||;j'(l+3 J)Ih .§22(2m 5_i)il zo Lr1(hy)

for >N



Int. J. Anal. Appl. (2024), 22:25 9

- SOOI S By ey K OATTCY
- Zz(zm S5-it- ";J'(l+3 " +i;zz(Zm—s i)l ,.Z Ay

we enter the following function

ATED - MBusy s
= 2(2m—-5-i)!- I'lel(H—B j)'h '
T ()" (D)

Qualh)= 3 oo i 2CA) (410)

Roms(NB) = Z

Then,

lg(hﬂ) _ R2m—5(hﬂ) _Qm—s (hﬁ), ﬂ < 01 (4 11)
| Rans (A +Q(B),  B>N. :

So, the general representation of the u(hf) function is as follows
Ry s (NB)+Q, 5(hp), B <0,
uthp) =4 f_(hp), 0<pB<N, (4.12)
—Ry 5 (NB) +Qp5(hP), B<0

where

Qr;—s (hﬁ) = Pm—3 (hﬁ) - Qm—3 (h,B),
Qns(hpB) = PR, 5(hB) +Q, 5(hp)

And Q, ;(hp), Q,_s(hp) are polynomial of degree m—3.

(4.13)

By finding Q,_;(hB) and Q,_;(hf), we obtain from (4.13)
Pa(M8) =2 (Qis(08) +Q; s (5)),
Q1) = 2(Qu s (1) - QL2 (A),

Now we find the C,[f] optimal coefficients when £ =1,2,...,N —1 using the form (4.7) and
(4.12) of functions with discrete arguments D, ,(hg) and u(hp).

We introduce the following equalities

e 3 (R o)+ Q0 ()~ (),

_(am- 5; (1 qk(qz””iqk( Run s(1+ ) + Q) s (L) = f,(1+hy))  (414)
k 2m5 k r=l

h2m 4

=
h2m4
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Theorem 4.3. The coefficients C,[5], f=1,2,...,N -1 of the optimal quadrature formulas of the

form (1.1) for m>3 in the space L} (0,1) have the following form

AE h3mf(qu{ +par ), £=1,2,.,N-1, (4.15)

k=1
where a,,b, are defined by (4.14), g, are given in Theorem 4.2.
Proof. When £ =1,2,...,N -1, using equations (4.3), (4.7), (4.9) and (4.12), we can write the

following for C,[5]

C.LB1=hD, ,(hA)*u(hB) =h> D, ,(hB—hy)u(hy)

y==

- h[ > Do (V8 =) R 5 () + Qr o (17) |+ 2D, o (0B =) ()

53 Dmz(hﬂ—hy)[—Rms(hy)+Q;3(hy)]].

7=N+1
After some simplifications, we get the following

CLAl=MD, ,(hB)* T, (hA)

D UGN A RN

mz 2I’r]T;m 45) c(|1 qk)(q )ick [Ron-s (1+hy) + Q5 (1+hy) = £, (1+hy)l}

Considering Theorem 4.2 and D, _,(hg)* f,(hf) =0, we completely proved the Theorem 4.3.
Theorem 4.4. The coefficients of the optimal quadrature formula of the form (1.1) for m>3 in

LY (0,1) space are determined as follows

C,[0]= h3Zak , (4.16)
= 1- qk
m-3
ClA=h">a (af +a'”), B=1N-1, (4.17)
k=1
_ & gl —q
CIN]=h">a, (4.18)
o 1-0,

where a, satisfy the following system of m—3 linear equations

m-3 a qli\l+| +( 1)I+lqk B a B
A'0* a =1,m-3. 4.19
Z:‘akz ) (a +1)(a+2)(ax+3)’ @=Lm (419)
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Proof. First we use equation (4.2) to find the representation of the coefficients C,[0] and C,[N]

for =0 and =1

c101= S cIAmp) - Scis .20)
p=1 B=1
CINI= -5 CLAIMA). @21)
B=1

Equations (4.20) and (4.21) show that C,[0] and C,[N] coefficients depend on C,[#], f=1,N -1
coefficients. C,[], #=1,N —1 is represented by coefficients a, and b, (k=1,m—3).So we need

to determine the unknowns a, and b, to find the optimal coefficients C,[£5], = ON.

We first calculate the sum of (4.1)

B (hﬂ h},)2m5 N (hﬂ hy)zms
Z:(; []— Z(; [y ]—2(2 5

From equalities (2.2), (4.2) and (4.15) and taking into account that ¢, is the root of the Euler-

Frobenius polynomial of degree (2m—6) , we get the following for S

_ (B o D (hpy e [ 2, Z[Lj -

"~ (2m-5)! clol- Z(2m 5—i)L.il

k=1 qu a0\ g —1
g ) e [ BB () & Bl s
A“Q hi+e-] 422
+zpk1 qk;ﬁ(l qkj ]+;2(2m—5—i)!-i!jz;j!(l+3—])! (422)

RS () (D) 8 .
i§22(2m 5oL Z(;l[y](hy)

Substituting the expression (4.22) into (4.1), we get the following equation with respect to hg
S+P, ,(hp)=f.(hp) (4.23)
From (4.23) we get the system of equations to find the coefficient C, [0] and the unknowns a,

and b, by equating the respective levels of (h3)*"*" when i=0,1,...,m-3 and (h3)*™®
k by €q g P

g ¢
Cl01=h*>a, 1k k, (4.24)
k=1 T Mk
m-3 « N-+i i+1 _—
szqu + pqu D™ jige = Buis a=1,m-3. (4.25)

i i (@ +D)(a+2)(a+3)’
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2m-5-i

By equating the corresponding degrees of (h/3) when i=m-2,m,...,2m-5, we find the

exact form of the polynomial P, ,(hg)

2m-5 2m-5-i i+3 m-3 i N+a a+l
Pm—s(hﬂ) — Z (hﬂ) h ZZ qu + pqu ( 1) A%Q

izme2 (2M—5-1)! k=La=1 -1)“
(-1 i N B,+3h'+3 (1)’ Bi.s., Bzm_zh2m72
2_2;C [ithyY - (i+3)! +,Z=;‘21!(|+3 j)!}+ em—2) (4.26)

From (4.2), we get the following for o =0
N
Y C.[r]=0.
y=0
Using (4.17) and (4.24), we find C,[N]
m-3 N _
CIN]=h*Y 3, S
k=1 1- k
Thus, to find the unknowns a, and b, (k=1,2,..,m-3) from equation (4.23), we obtained the

system of equations (4.25), and we find the remaining m -3 using equation (4.2)

a

ZC [5] (hﬁ)“——;“( +”3* i he®i,  g=1m-3 (4.27)

Using (2.2) and (4.15) for the left side of equation (4.27), we get the following

m-3N-1

SCIAINA) =3 3 h* (8,0 +b,a ) (hA)* +C,[N]=C,[N]
=0

k=1 p=1

s m-3 «a i N+1 i+l
WS S o AL

k=1| =1 k=1i=0 (1- qk)Hl

a alht+3 m-3 a akqli\lﬂ +( 1)|+1bqu -
A0 +C[N], =1,m-3 4.28
Lt 0z @a)” Gl et 2

Taking equality (4.28) into account, we subtract the left and right sides of (4.27)

m-2 a N+1 i+l a 1 t+3 m-3 « N+i i+1
he? Zzaqu +bk D vo-y ,a'h_ >y Ak +_( L B8 yigy
k=1i=0 —0y) ol U (22 § Lreryeny (1-q,)
+C,[N]+ ZM a3 =Oisa-hj =0 a=1m-3 (4.29)
7 N a+3-])! i=3 : ’ ,

Equating the corresponding degrees of h from (4.29), we get the following system
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m—3iak N+| +( 1)H1h<qk ngiaqu +( 1)|+1bqu+1 ioa a:1 m_3 (430)
= (1-qg)" k=1i=0 (1-g)™ , , ,
m-3_j N*' i+ B. 5
334 +(= 1)lbquA0 =8 j=lg-1 a=1m-3  (431)
i (L-g)" (J+D(+2)(j+3)

It can be seen that (4.31) is a part of system (4.25). Thus, using (4.30), (4.25) and Lemma 2.1, we
obtain the new system for the unknowns a, and b,

m-3

N ak ! +( 1)I+lbqu a+l Ba+3 -1 m_A
2.2 iq)" = @@y TR G2

B,.; =0 when « is even numbers, from this the equation (4.32) can be written as follows

m-3 « N-+i i+l
Zaqu FED DA i By . a=1m-3 (4.33)
k1170 —G) (@)@ +2(a+3)

If we subtract (4.33) from (4.25), we get the following system of equations

Z(ak k)quNH %D g =0, a=1,m-3 (4.34)

k)|+1
(4.34) from equality a, =b,, k=1,2,..,m-3.

So, from (4.25) we will have a system of equations

S qIL\HI ( 1)I+1qk Ba+3 —
Ea1 E A'0” a=1,m-3 4.35
Hl ((Z +1)((Z + 2)(a +3) ’ , ’ ( )

to find a, unknowns.
Theorem 4.4 is proved. From Theorem 4.4, we get the following results:
Result 4.1. The coefficients of the optimal quadrature formula (1.1) in the L (0,1) space are
determined as follows
ClAl=0, p=0N
Result 4.2. The coefficients of the optimal quadrature formula (1.1) in the LY (0,1) space are

determined as follows
a _ N
Cl[O] = h3 M'
g-1
Clpl=an’ (¢’ +q"7), B=1N-1

Cl[N]:hSM,
q_
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1
here a=——~—, q=+3-2.
Where 4= o+ qt) V3

5. High Estimate of the Error of the Optimal Quadrature Formula
In this section, we calculate the square of the norm of the error function.

Theorem 5.1. The squared norm of the error functional (1.3) of the optimal quadrature formula

(1.1) in LY(0,1) space has the following form

3 - 51
I ”” "~ 30240 1)

Theorem 5.2. The squared norm of the error functional (1.3) of the optimal quadrature formula

(1.1) in LY(0,1) space has the following form

h® h®(3q+1)(q" -1
||€N||2(4)* — + ( q )(q . ) ' (52)
L7 1209600 518400(5q-+1)(q" +1)
here q =3-2.
Now we give the proof of Theorem 5.2.
Proof. To do this, we simplify the expression (3.6)
* 2 m N
w0 = {ch [B]{(~P <[ A1-F, 181}
=0
g 04 ML V2 SR (7 VS L V)
YNNG 2(2m D6 2emo2n T amey
=0 y=0 - 0 :
2 4
+ h + 1 + h 5.3)
6(2m-1)! (2m+1)! 144(2m-3)!
We calculate the following sums
|[ |2m -1 N |[IB |2m -1
C
Z S g (2m-1)! yzo ol7] 2(2m-1)!
2m 2m-1 2m-2 2 2m-2 2m
B VS V) O V. il il V) - 1 64

@2m)! 22m-1)! 4(2m-2)! 12 (2m-2)! (2m)!

ST B (D) () B 1
= (2m-3-i)! (|+3)! 2(|+3)! 2 T +3-))!
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_ [ﬂ]Zm—Z + ([ﬂ] _1)2m—2 _ [ﬁ]Zm—Z N 2m-3 [ﬂ]Zm—fS—i (_1)i+l

2 2(2m-2)! (2m-2)! < 2(2m-3—i)!(i +1)!
IV[mﬁl B N V1 V) < V- G G Vs
2(2m-1)! (2m)! 22m-1)! 4(2m-2)! < 2(2m-3-i)!(i+3)!

Putting (5.4), (5.5) and (5.6) into (5.3), we get the following

N {zcl[ﬂ]{—lamsm— 1A
$=0

+ZCUﬂ VNV N V. V)l -
@m) 22m-1! 42m-2)1 12 (2m-2)1 (2m)!

2m-3 [IB]Zm—3—i BI+3hI+3 (_1)i |+1( 1) B|+3 Jh|+3 i h? (_1)”1
+ Z |)||: — :|}

& om—3-0)1| (i+3)!  20+3)! & 2ji+3-))! 12 (i+D)

h? 1 h*
+ + +
6(2m-1)! (2m+1)! 144(2m-3)!

Now we simplify the equation (5.7) for m=4

lenlfer {ZC (-RIA1-F,IA1}

o7 V. N V- .V L
° 40320 10080 2880 8640 1209600

=0

. 5 [ﬂ]S—i l: |+3h|+3 (_1)i |+1( 1) B|+3 Jh|+3 i hz ( 1)|+l il}

= G- (i+3)! 2(i+3)! = 2j1(i+3-))! 12(|+1)'
h? 1 h*
+ + +
30240 362880 17280

From (4.2) we get the following for ¢ =0 and a =1

Zi;cl[V]:O,

> ¢ [t =0

taking above equations into account, we simplify (5.8) the

. b ., NP
[uligr == 1440Z [AIIAT + 362880

We calculate the optimal coefficients found in Result 4.2. by putting them in (5.9)
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h7 N-1 h8
tlfr =—————|h2Y C ?+C
5]l 172800(q" +1){ ;‘ (P15 l[ﬂ]}sezsso
:_h—7 thz_ll(qﬁ_'_qN-/f)le_i_q_qN . h®
172800(q" +1)| 4= q-1 | 362880

. h’ aN+D(@" -q) +@-N)(@"*-q) | b’
~172800(q" +1) 3N2(5q+1) 362880

__h 1 @genE -y ], b
172800 3N 3N2(5q+1)(q" +1) | 362880

__ P hGa+D(e" -1
1209600  518400(5q +1)(q" +1)

Theorem 5.2 is completely proved.The proof of the Theorem 5.1 is similarly.

6. Numerical Results
We numerically analyze the analytical results obtained in this section and compare them

with other works.

Determining the absolute value of ||€||L(24)* which constructed in the L$(0,1) space by |RN (@), we

obtain the following from the Cauchy-Schwarz inequality

Ry (@) <l - 1€ull o -

The square of the |/ error functional norm of the optimal quadrature formula considered in

0

the L3’ (0,1) space and the square of the ||¢] . error functional norm of the quadrature formula

constructed in the LY(0,1) space in [9] are numerically analyzed in TABLE 1 below.

TABLE 1. Squared norm of error functional of optimal quadrature formula

N=10 N=50 N=100 N=500 N=1000
[ | 993*107(¢15) | 219%107(-20) | 8.427107(23) | 212"107(-28) | 229*10°(-31)
LZ
G 9.38*10°(-15) | 2.17*10°(-20) | 8.37*10°(-23) | 2.02*10°(-28) | 8.27*10"(-31)
N
L(24)*
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When the nodes are N =10;50;100;150, we calculate the integral value of the functions
p(X)=x>+In (X2 +1) (TABLE 2) and f(x)= Cos(x2 ) +e?* (TABLE 3) using the Hermite-type
optimal quadrature formula built in the L}’(0,1) space and denote it as O» EM.

At the same time, we calculate the integral value of the functions ¢(x)=x° +In (Xz +1) (TABLE 2)
and f(x)= COS(X2 ) +e 2 (TABLE 3) using the optimal quadrature formula [9] built in the L$(0,1)

space when N =10;50;100;150 is present and denote it as O EM.

1
The exact value of the integral |, = jgo(x)dx and |, =|f(x)dx.
0

O ey

TABLE 2. Error of optimal quadrature formula

N I: (Exact value) Ii- O1 EM I;- O EM
10 0.430601017 6.40*10"(-7) 4.45*10"(-7)
50 0.430601017 2.05*107(-10) 1.42*107(-10)
100 0.430601017 6.41*107(-12) 4.45*10"(-12)
150 0.430601017 8.55*107(-13) 5.95¥107(-13)
TABLE 3. Error of optimal quadrature formula

N I, (Exact value) I>- O EM I»- O EM
10 1.33685640 2.57*¥107(-7) 1.88*107(-7)
50 1.33685640 8.84*10"(-11) 6.20*107(-11)
100 1.33685640 2.79*107(-12) 1.93*107(-12)
150 1.33685640 3.72*10"(-13) 2.38*10"(-13)

Result 4.2 in the L%(0,1) space and the error of the derivative formula constructed in the work
[10] are numerically analyzed in TABLE 4 using the following 5 functions.

Example1: f(x)=¢e™

1
Example 2: f(X)=—
xamp ) 1+ X

Example 3: f(x) =1+ x°

In(L+ X)
1+ x?

Example 4: f(x)=
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— e—(x+cosx)

Example 5: f(x)
1

where | = [  (x)dx
0

TABLE 4. Error of optimal quadrature formula

Error Example 1 Example 2 Example 3 Example 4 Example 5
I- MSONC4 0.00096 0.00796 0.001277 0.01425 0.00198
I-0:EM 0.00085 0.00564 0.000387 0.00753 0.00151

7. Conclusion
In this research work, the derivative optimal quadrature formula was built using the values
of the function up to the second derivative at the nodal points for the approximate calculation of

the exact integrals. We found the representation of the error functional corresponding to the

difference between the quadrature sum and the exact integral. The error functional C,[f] is a

multivariate function with respect to the coefficients. To find the conditional extremum of a
multivariable function, we constructed the Lagrange function and obtained the system of
equations. By solving the system of equations, we found the analytical representation of the
coefficients. Using the optimal coefficients, we calculated the norm of the error function and
numerically analyzed the order of its approximation. We proved that this quadrature formula

accurately integrates polynomials of m-1 degree. We analyzed the error of the proposed

quadrature formula in numerical experiments using degree, exponential and logarithmic
functions.
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