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Abstract. In this paper, we present tripling fixed point results for extended contractive mappings in the context of a

generalized metric space. Many publications in the literature are improved, unified, and generalized by our theoretical

results. Furthermore, the Ulam-Hyers stability problem for the tripled fixed point problem in vector-valued metric

spaces has been examined as a stability analysis for fixed point approaches. Finally, as a type of application to support

our research, the theoretical conclusions are used to explore the existence and uniqueness of solutions to a periodic

boundary value problem.

1. Introduction

The existence and uniqueness of solutions to various types of integral and integro-differential

equations, as well as methods for obtaining explicit or approximative solutions for these sorts of

equations, are becoming increasingly important. A lot of writers have recently considered the

problem of the existence of a fixed point (FP) for mappings with specific conditions within the

context of generalized metric spaces, and some applications to delay integro-differential equations
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arising in infectious diseases from biomathematics, population growth, integral equations, and

matrix equations are presented; for more details, see [1–3].

The solution to the given problem is similar to determining the FP of a specific self-mapping

or non-self-mapping when it is expressed using FP approaches. FP theory is one of the most

significant sections of nonlinear analysis due to its numerous applications in major fields including

operational equations, fractal theory, optimization theory, etc.

In 1964, Perov [4] introduced the concept of vector-valued metrics for single-valued mappings,

while in 2004, Petruşel [5] introduced the same idea for multi-valued mappings as a generalization

of the Banach FP theorem [6]. It is useful to look at a more thorough concept called tripled fixed

points (TFPs, for short) while investigating the existence of FPs for an operator. In 1987, Guo

and Lakshmikantham [7] presented the concept of a coupled FP for continuous and discontinuous

operators in reference to triple quasi solutions of an initial value problem for ordinary differential

equations. Several authors concentrated on these ideas and utilized the findings to discuss if

certain problems have solutions; for more information, see [8–21].

The stability problem of functional equations originated from a question of Stanisław Ulam [22],

posed in 1940, concerning the stability of group homomorphisms. In 1941, Donald H. Hyers [23]

gave a partial affirmative answer to the question of Ulam in the context of Banach spaces in the

case of additive mappings. Thus, the chronological contribution to the problem of stability is

Ulam-Hyers (HU). For more details, see [24–27].

Throughout this paper, we denote Mm,m(R+), 0 and I by the set of all m ×m matrices with

components in R+, zero and identity matrices, respectively. Further, N∗ = N∪ {0}.

A converging matrix is one whose power sequence converges to the null matrix. The spectral

radius is the maximum modulus of the eigenvaues. Thus, if it is less than one ,then all the

eigenvalues have modulus less than one. The fact that convergent matrices are stable in a discrete

context should be highlighted. This means that for every set of finite initial conditions, a discrete

linear system whose dynamics are defined by convergent matrices is globally asymptotically

stable to the zero equilibrium. The convergence of matrices is quite similar to the convergence of

sequences or vectors, i.e., let Q ∈ Mm×m(R+), a matrix Q is said to be convergent if and only if

limn→∞Qn = 0, for more details in this regards; see [28].

The following are some examples of convergent matrices to zero:

Example 1.1. The matrix

Q =

 `1 `1

`2 `2

 or Q =

 `1 `2

`1 `2

 ,

in M2,2(R+) with `1 + `2 < 1 is convergent.

Example 1.2. Any matrix in M2,2(R+) in the shape

Q =

 `1 `2

0 `3

 ,
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is convergent, provided that max{`1, `3
} < 1.

Example 1.3. The matrix

Q =


Γ1 0 · · · 0

0 Γ2 · · · 0
...

...
. . .

...

0 0 . . . Γm


m×m

,

in Mm,m(R+) is convergent, provided that max{Γ j : 1 ≤ j ≤ m} < 1.

The following is an example of a non-convergent matrix:

Example 1.4. If we consider `1 + `2
≥ 1 in the matrix

Q =

 `1 `2

`3 `4

 ,

in M2,2(R+), then, it is not convergent to zero.

The definition of addition and multiplication on Rm is described as follows: Assume that

`, `∗ ∈ Rm, where ` = (`1, `2, ..., `m) and `∗ =
(
`∗1, `∗2, ...., `∗m

)
, then

`+ `∗ =
(
`1 + `∗1, `2 + `∗2, ..., `m + `∗m

)
,

and

`.`∗ =
(
`1.`∗1, `2.`∗2, ..., `m.`∗m

)
.

It should be noted that, for u ∈ R, `i ≤ `∗i (resp. `i < `∗i ) for each 1 ≤ i ≤ m, also `i ≤ u (resp.

`i < u) for all 1 ≤ i ≤ m, respectively. This subject has been thoroughly researched in academic

works [29, 30].

Definition 1.1. [4] Let Ω be a non-empty set. We say that the mapping ω : Ω2
→ Rm is a vector-valued

metric on Ω, if the following hypotheses are true:

(ω1) ω
(
`1, `2

)
≥ 0, ω

(
`1, `2

)
= 0 if and only if `1 = `2,

(ω2) ω
(
`1, `2

)
= ω

(
`2, `1

)
,

(ω3) ω
(
`1, `2

)
≤ ω

(
`1, `3

)
+ω

(
`3, `2

)
,

for all `1, `2, `3
∈ Ω. If `1, `2

∈ Rm where `1 =
(
`1

1, ..., `1
m

)
and `2 =

(
`2

1, ..., `2
m

)
, then `1

≤ `2 if and only
if `1

i ≤ `
2
i for 1 ≤ i ≤ m, and (Ω,ω) is called a generalized metric space (GMS, for short).

Lemma 1.1. [31, 32] Assume that Q is a square matrix of nonnegative numbers. Then, the following
statements are equivalent:

(1) Qn
→ 0 as n→∞.

(2) I −Q is non-singular and

(I −Q)−1 = I + Q + Q2 + ..... .

(3) |}| < 1 for each } ∈ C, with (Q− }I) is convergent to 0.



4 Int. J. Anal. Appl. (2024), 22:27

(4) I −Q is non-singular and (I −Q)−1 has non-negative elements.

In 1964, Perov [4] presented the following theorem, which was called the Perove FP theorem:

Theorem 1.1. Let (Ω,ω) be a complete GMS and< : Ω→ Ω be a given operator satisfying

ω (< (ϑ) ,< (`)) ≤ Qω (ϑ, `) , for allϑ, ` ∈ Ω,

where Q ∈Mm,m(R) is a convergent matrix to zero. Then

(p1) {ϑ∗} = Fix{<};
(p2) the approximation sequence {{ϑn}n∈N : ϑn = <n (ϑ0)} is convergent and ϑn → ϑ∗ as n→∞;

(p3) the estimation below is true

ω (ϑn,ϑ∗) ≤ Qn (I −Q)−1ω (ϑ0,ϑ1) ;

(p4) let = : Ω → Ω be an operator and there is ξ ∈
(
Rm

+

)∗
with ω (< (ϑ) ,= (ϑ)) ≤ ξ for all ϑ ∈ Ω. If

℘ ∈ Fix(=), then

ω (℘,ϑ∗) ≤ (I −Q)−1ξ;

(p5) if = : Ω→ Ω is an operator and there is ξ ∈
(
Rm

+

)∗
with ω (< (ϑ) ,= (ϑ)) ≤ ξ for all ϑ ∈ Ω, then

for the sequence `n = <n (ϑ0) , we have the following estimation:

ω (`n,ϑ∗) ≤ (I −Q)−1ξ+ Qn(I −Q)−1 (ω (`0,ϑ∗)) .

Definition 1.2. Let z : Ω→ Ω be an operator defined on a GMS (Ω,ω) . The equation of FP

υ = z (υ) , υ ∈ Ω, (1.1)

is called generalized Hyers-Ulam (GHU) stable if there is an increasing function ϕ : Rm
+ → Rm

+ and
continuous in 0 with ϕ(0) = 0 such that for any ε = (ε1, ε2, ...εm) with εi > 0 for i ∈ {1, ..., m} and any
solution η∗ of the equation

ω (η∗, z (η∗)) ≤ ε,

there is a solution υ∗ of (1.1) such that

ω (υ∗, η∗) ≤ ϕ (ε) .

Moreover, the equation of FP (1.1) is called HU stable if ϕ (`) = Q`, where ` ∈ Rm
+ and Q ∈Mm,m(R+).

The result below is considered a direct consequence of Perov’s FP theorem.

Theorem 1.2. Let (Ω,ω) be a complete GMS and z : Ω→ Ω be a given operator. If there is a convergent
matrix Q ∈ Mm,m(R) to zero, then the FP equation (1.1) is HU stable, provided that the inequality below
holds

ω (z (υ) , z (ρ)) ≤ Qω (υ,ρ) , ∀υ,ρ ∈ Ω.
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Assume that (Ω,ω) is a metric space. We shall take into consideration the following operational

equation system (OES, for simplicity): 
υ = < (υ,ρ, %)

ρ = < (ρ, %, υ)

% = < (%, υ,ρ)

,

where< : Ω3
→ Ω is a given operator and the solution (υ,ρ, %) ∈ Ω3 is called a TFP of Ω [7].

There is no doubt that the study of FPs on a generalized matrix space to study the convergence

and divergence of matrices is one of the topics that has a long history in mathematical analysis due

to its frequent application. In this paper, we will study this direction by presenting the existence

and uniqueness of TFP for two contractive-type operators in GMSs. Since the stability study of

such points opens many applications for many authors in this direction, HU stability for the TFP

of two contractive-type operators in GMSs is investigated. In order for the theoretical results to

become more efficient and effective, there is a need for supporting applications, so we apply the

theoretical results to obtain the existence and uniqueness of solutions to periodic boundary value

problems (PBVPs, for simplicity).

2. Main Results

In this section, we examine the results for the existence, uniqueness, data dependence, and HU

stability of single-valued operators for the TFP. We start this part with the following definition:

Definition 2.1. Let<i : Ω3
→ Ω, (i = 1, 2, 3) be operators defined on a GMS (Ω,ω) . We say that the

OES


υ = <1 (υ,ρ, %)

ρ = <2 (υ,ρ, %)

% = <3 (υ,ρ, %)

, (2.1)

is HU stable if there exist r j > 0, (i = 1, 2, 3, 4, 5, 6, 7, 8, 9) such that for each ε1, ε2, ε3 > 0 and for a

solution (`1, `2, `3) ∈ Ω3 to the inequalities
ω (`1,<1 (`1, `2, `3)) ≤ ε1

ω (`2,<2 (`1, `2, `3)) ≤ ε2

ω (`3,<3 (`1, `2, `3)) ≤ ε3

,

there is a solution (υ∗,ρ∗, %∗) ∈ Ω3 of (1.1) such that
ω (`1, υ∗) ≤ r1ε1 + r2ε2 + r3ε3

ω (`2,ρ∗) ≤ r4ε1 + r5ε2 + r6ε3

ω (`3, %∗) ≤ r7ε1 + r8ε2 + r9ε3

.

Now, we state and prove our main theorem.
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Theorem 2.1. Let (Ω,ω) be a complete GMS and<1,<2,<3 : Ω3
→ Ω be such that

ω (<1 (υ,ρ, %) ,<1 (`1, `2, `3)) ≤ a1ω (υ, `1) + a2ω (ρ, `2) + a3ω (%, `3)

ω (<2 (υ,ρ, %) ,<2 (`1, `2, `3)) ≤ a4ω (υ, `1) + a5ω (ρ, `2) + a6ω (%, `3)

ω (<3 (υ,ρ, %) ,<3 (`1, `2, `3)) ≤ a7ω (υ, `1) + a8ω (ρ, `2) + a9ω (%, `3)

,

for all (υ,ρ, %) , (`1, `2, `3) ∈ Ω3. If the matrix Q =


a1 a2 a3

a4 a5 a6

a7 a8 a9

 is convergent to zero, then

(♥1) there is a unique element (υ∗,ρ∗, %∗) ∈ Ω3 such that
υ∗ = <1 (υ∗,ρ∗, %∗)

ρ∗ = <2 (υ∗,ρ∗, %∗)

%∗ = <3 (υ∗,ρ∗, %∗)

;

(♥2) for each n ∈N, limn→∞
(
<

n
1 (υ,ρ, %) ,<n

2 (υ,ρ, %) ,<n
3 (υ,ρ, %)

)
= (υ∗,ρ∗, %∗) , where

<
n+1
1 (υ,ρ, %) = <n

1 (<1 (υ∗,ρ∗, %∗) ,<2 (υ∗,ρ∗, %∗) ,<3 (υ∗,ρ∗, %∗))

<
n+1
2 (υ,ρ, %) = <n

2 (<1 (υ∗,ρ∗, %∗) ,<2 (υ∗,ρ∗, %∗) ,<3 (υ∗,ρ∗, %∗))

<
n+1
3 (υ,ρ, %) = <n

3 (<1 (υ∗,ρ∗, %∗) ,<2 (υ∗,ρ∗, %∗) ,<3 (υ∗,ρ∗, %∗))

, n ≥ 0;

(♥3) the estimation below holds
ω

(
<

n
1 (υ0,ρ0, %0) , υ∗

)
ω

(
<

n
2 (υ0,ρ0, %0) ,ρ∗

)
ω

(
<

n
3 (υ0,ρ0, %0) , %∗

)
 ≤ Qn(I −Q)−1


ω (υ0,<1 (υ0,ρ0, %0))

ω (ρ0,<1 (υ0,ρ0, %0))

ω (%0,<3 (υ0,ρ0, %0))

 ;

(♥4) assume that the operators =1,=2,=3 : Ω3
→ Ω such that there exist ξ1, ξ2, ξ3 > 0 with

ω (<1 (υ,ρ, %) ,=1 (υ,ρ, %)) ≤ ξ1

ω (<2 (υ,ρ, %) ,=2 (υ,ρ, %)) ≤ ξ2

ω (<3 (υ,ρ, %) ,=3 (υ,ρ, %)) ≤ ξ3

,

for all (υ,ρ, %) ∈ Ω3. If (℘, h̄,θ) ∈ Ω3 such that
℘ = =1 (℘, h̄,θ)

h̄ = =2 (℘, h̄,θ)

θ = =3 (℘, h̄,θ)

,

then 
ω (℘, υ∗)

ω (h̄,ρ∗)

ω (θ, %∗)

 ≤ (I −Q)−1ξ,

where ξ =


ξ1

ξ2

ξ3

 ;



Int. J. Anal. Appl. (2024), 22:27 7

(♥5) by combining (♥2) − (♥4), we have
ω

(
<

n
1 (υ0,ρ0, %0) , υ∗

)
ω

(
<

n
2 (υ0,ρ0, %0) ,ρ∗

)
ω

(
<

n
3 (υ0,ρ0, %0) , %∗

)
 ≤ (I −Q)−1ξ+ Qn(I −Q)−1


ω

(
υ0,<n

1 (υ0,ρ0, %0)
)

ω
(
ρ0,<n

1 (υ0,ρ0, %0)
)

ω
(
%0,<n

3 (υ0,ρ0, %0)
)

 ;

(♥6) the OES 
υ = <1 (υ,ρ, %)

ρ = <2 (υ,ρ, %)

% = <3 (υ,ρ, %)

, (2.2)

is HU stable.

Proof. (♥1) − (♥2) Define the operator< : Ω3
→ Ω3 by

< (υ,ρ, %) =


<1 (υ,ρ, %)

<2 (υ,ρ, %)

<3 (υ,ρ, %)

 = (<1 (υ,ρ, %) ,<2 (υ,ρ, %) ,<3 (υ,ρ, %)) .

Consider Λ = Ω3 and let ω̂ : Λ ×Λ→ R+ ×R+ be described as

ω̂ (ω (υ,ρ) ,ω (`1, `2)) =

 ω (υ, `1)

ω (ρ, `2)

 .

Then, we get

ω̂ (< (υ,ρ, %) ,< (`1, `2, `3)) = ω̂



<1 (υ,ρ, %)

<2 (υ,ρ, %)

<3 (υ,ρ, %)

 ,


<1 (`1, `2, `3)

<2 (`1, `2, `3)

<3 (`1, `2, `3)




=


ω (<1 (υ,ρ, %) ,<1 (`1, `2, `3))

ω (<2 (υ,ρ, %) ,<2 (`1, `2, `3))

ω (<3 (υ,ρ, %) ,<3 (`1, `2, `3))


≤


a1ω (υ, `1) + a2ω (ρ, `2) + a3ω (%, `3)

a4ω (υ, `1) + a5ω (ρ, `2) + a6ω (%, `3)

a7ω (υ, `1) + a8ω (ρ, `2) + a9ω (%, `3)


=




a1 a2 a3

a4 a5 a6

a7 a8 a9




ω (υ, `1)

ω (ρ, `2)

ω (%, `3)


= Q.ω̂ ((υ,ρ, %) , (`1, `2, `3)) .

Put (υ,ρ, %) = ϑ and (`1, `2, `3) = `, we obtain

ω̂ (< (ϑ) ,< (`)) ≤ Q.ω̂ (ϑ, `) .

Based on Theorem 1.1 (p1), there is a unique element (υ∗,ρ∗, %∗) ∈ Ω3 such that

(υ∗,ρ∗, %∗) = <(υ∗,ρ∗, %∗),
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yields, 
υ∗ = <1 (υ∗,ρ∗, %∗)

ρ∗ = <2 (υ∗,ρ∗, %∗)

%∗ = <3 (υ∗,ρ∗, %∗)

.

In addition, for ϑ ∈ Ω3, we get<n(ϑ)→ ϑ∗ as n→∞, where

ϑ = <
0(ϑ), <1ϑ = <(υ,ρ, %) = (<1 (υ,ρ, %) ,<2 (υ,ρ, %) ,<3 (υ,ρ, %)) ,

<
2ϑ = < (<1 (υ,ρ, %) ,<2 (υ,ρ, %) ,<3 (υ,ρ, %)) =

(
<

2
1 (υ,ρ, %) ,<2

2 (υ,ρ, %) ,<2
3 (υ,ρ, %)

)
,

and in general, we can write

<
n+1
1 (υ,ρ, %) = <

n
1 (<1 (υ,ρ, %) ,<2 (υ,ρ, %) ,<3 (υ,ρ, %)) ,

<
n+1
2 (υ,ρ, %) = <

n
2 (<1 (υ,ρ, %) ,<2 (υ,ρ, %) ,<3 (υ,ρ, %)) ,

<
n+1
3 (υ,ρ, %) = <

n
3 (<1 (υ,ρ, %) ,<2 (υ,ρ, %) ,<3 (υ,ρ, %)) .

It follows that

<
n (ϑ) =

(
<

n
1 (ϑ) ,<n

2 (ϑ) ,<n
3 (ϑ)

)
→ ϑ∗ = (υ∗,ρ∗, %∗) as n→∞, ∀ϑ ∈ Ω3.

This implies that 
<

n
1 (υ,ρ, %)→ υ∗

<
n
2 (υ,ρ, %)→ ρ∗

<
n
3 (υ,ρ, %)→ %∗

, as n→∞.

(♥3) According to Theorem 1.1 (p3), we successively have
ω

(
<

n
1 (υ0,ρ0, %0) , υ∗

)
ω

(
<

n
2 (υ0,ρ0, %0) ,ρ∗

)
ω

(
<

n
3 (υ0,ρ0, %0) , %∗

)


= ω̂ (<n (υ0,ρ0, %0) , (υ∗,ρ∗, %∗))

≤ Qn(I −Q)−1ω̂ ((υ0,ρ0, %0) , (<1 (υ0,ρ0, %0) ,<2 (υ0,ρ0, %0) ,<3 (υ0,ρ0, %0)))

= Qn(I −Q)−1


ω (υ0,<1 (υ0,ρ0, %0))

ω (ρ0,<1 (υ0,ρ0, %0))

ω (%0,<3 (υ0,ρ0, %0))

 .

(♥4) Let = : Ω3
→ Ω3 be such that

= (υ,ρ, %) =


=1 (υ,ρ, %)

=2 (υ,ρ, %)

=3 (υ,ρ, %)

 ,
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and

ω̂ (< (υ,ρ, %) ,= (υ,ρ, %)) = ω̂



<1 (υ,ρ, %)

<2 (υ,ρ, %)

<3 (υ,ρ, %)

 ,


=1 (υ,ρ, %)

=2 (υ,ρ, %)

=3 (υ,ρ, %)




=


ω (<1 (υ,ρ, %) ,=1 (υ,ρ, %))

ω (<2 (υ,ρ, %) ,=2 (υ,ρ, %))

ω (<3 (υ,ρ, %) ,=3 (υ,ρ, %))

 ≤ ξ. (2.3)

Then by Theorem 1.1 (p4), we conclude that

ω̂ ((υ∗,ρ∗, %∗) , (℘, h̄,θ)) ≤ (I −Q)−1ξ.

(♥5) It follows from (2.3) that

ω̂ (< (υ,ρ, %) ,= (υ,ρ, %)) ≤ ξ,

and since =n (υ,ρ, %) = =
(
=

n−1 ((υ,ρ, %))
)

for (υ,ρ, %) ∈ Ω3, we can iteratively write

ω̂ (=n (υ0,ρ0, %0) , (υ∗,ρ∗, %∗)) ≤ ω̂ (=n (υ0,ρ0, %0) ,<n (υ0,ρ0, %0)) + ω̂ (<n (υ0,ρ0, %0) , (υ∗,ρ∗, %∗))

= ω̂ (=n (υ0,ρ0, %0) ,<n (υ0,ρ0, %0))

+Qn(I −Q)−1ω̂ (< (υ0,ρ0, %0) , (υ0,ρ0, %0)) . (2.4)

On the other hand, we get

ω̂ (=n (υ0,ρ0, %0) ,<n (υ0,ρ0, %0)) = ω̂
(
=

(
=

n−1 (υ0,ρ0, %0)
)

,<
(
<

n−1 (υ0,ρ0, %0)
))

≤ ω̂
(
=

(
=

n−1 (υ0,ρ0, %0)
)

,<
(
=

n−1 (υ0,ρ0, %0)
))

+ω̂
(
<

(
=

n−1 (υ0,ρ0, %0)
)

,<
(
<

n−1 (υ0,ρ0, %0)
))

≤ ξ+ Qω̂
(
=

n−1 (υ0,ρ0, %0) ,<n−1 (υ0,ρ0, %0)
)

≤ ξ+ Q
(
ξ+ ω̂

(
=

n−2 (υ0,ρ0, %0) ,<n−2 (υ0,ρ0, %0)
))

≤ · · ·

≤ ξ
(
I + Q + Q2 + ... + Qn + ...

)
= ξ(I −Q)−1. (2.5)

Applying (2.5) in (2.4), we have

ω̂ (=n (υ0,ρ0, %0) , (υ∗,ρ∗, %∗)) ≤ ξ(I −Q)−1 + Qn(I −Q)−1ω̂ (< (υ0,ρ0, %0) , (υ0,ρ0, %0)) .

(♥5) It follows from (♥1) and (♥2) that there is a unique element (υ∗,ρ∗, %∗) ∈ Ω3 such that (υ∗,ρ∗, %∗)

is a solution to (2.2) and limn→∞
(
<

n
1 (υ,ρ, %)

)
= (υ∗,ρ∗, %∗) . Let ε1, ε2, ε3 > 0 and (`1, `2, `3) ∈ Ω3

such that 
ω (`1,<1 (`1, `2, `3)) ≤ ε1

ω (`2,<2 (`1, `2, `3)) ≤ ε2

ω (`3,<3 (`1, `2, `3)) ≤ ε3

.
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Hence, we have

ω̂ ((`1, `2, `3) , (υ∗,ρ∗, %∗))

≤ ω̂ ((`1, `2, `3) , (<1 (`1, `2, `3) ,<2 (`1, `2, `3) ,<3 (`1, `2, `3)))

+ω̂ ((<1 (`1, `2, `3) ,<2 (`1, `2, `3) ,<3 (`1, `2, `3)) , (υ∗,ρ∗, %∗))

= ω̂ ((`1, `2, `3) , (<1 (`1, `2, `3) ,<2 (`1, `2, `3) ,<3 (`1, `2, `3)))

+ω̂ ((<1 (`1, `2, `3) ,<2 (`1, `2, `3) ,<3 (`1, `2, `3)) , (<1 (υ
∗,ρ∗, %∗) ,<2 (υ

∗,ρ∗, %∗) ,<3 (υ
∗,ρ∗, %∗)))

=


ω (`1,<1 (`1, `2, `3))

ω (`2,<2 (`1, `2, `3))

ω (`3,<3 (`1, `2, `3))

+

ω (<1 (`1, `2, `3) ,<1 (υ∗,ρ∗, %∗))

ω (<2 (`1, `2, `3) ,<2 (υ∗,ρ∗, %∗))

ω (<3 (`1, `2, `3) ,<3 (υ∗,ρ∗, %∗))


≤


ε1

ε2

ε3

+ ω̂ (< (`1, `2, `3) ,< (υ∗,ρ∗, %∗))

≤ ε+ Qω̂ ((`1, `2, `3) , (υ∗,ρ∗, %∗)) .

Because (I −Q) is invertible and (I −Q)−1 has positive elements, we can write

ω̂ ((`1, `2, `3) , (υ∗,ρ∗, %∗)) ≤ (I −Q)−1ε,

or, equivalently 
ω (`1, υ∗)

ω (`2,ρ∗)

ω (`3, %∗)

 ≤ (I −Q)−1ε.

Set (I −Q)−1 =


r1 r2 r3

r4 r5 r6

r7 r8 r9

 , then, we get


ω (`1, υ∗)

ω (`2,ρ∗)

ω (`3, %∗)

 ≤


r1 r2 r3

r4 r5 r6

r7 r8 r9



ε1

ε2

ε3

 ,

which implies that 
ω (`1, υ∗) ≤ r1ε1 + r2ε2 + r3ε3

ω (`2,ρ∗) ≤ r4ε1 + r5ε2 + r6ε3

ω (`3, %∗) ≤ r7ε1 + r8ε2 + r9ε3

,

this proves that the OES (2.2) is HU stable. �

Remark 2.1. Our theorem converts some nice papers [33–37] in coupled fixed point theorems to TFP
theorems by setting (Ω,ω) is a metric space and the operator < : Ω3

→ Ω is defined by <1(υ,ρ, %) =

<(υ,ρ, %),<2(ρ, %, υ) = <(ρ, %, υ) and<3(%, υ,ρ) = <(%, υ,ρ).
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3. Supportive Application

In fact, this part serves as the pillar of our paper, where we shall apply Theorem 1.2 to discuss

the existence, uniqueness, and HU stability of the solution to a periodic boundary value problem

(PBVP).

Consider the PBVP 
υ
′

= ℘1 (τ, υ) + ℘2 (τ,ρ) + ℘3 (τ, %)

ρ
′

= ℘1 (τ,ρ) + ℘2 (τ, %) + ℘3 (τ, υ)

%
′

= ℘1 (τ, %) + ℘2 (τ, υ) + ℘3 (τ,ρ)

υ(0) = υ(ς), ρ(0) = υ(ς), υ(0) = υ(ς)

, (3.1)

where ς > 0 and ℘1, ℘2 and ℘3 are continuous functions and fulfill the following hypothesis:

(H) there exist }1, }2, }3, η1, η2, η3 > 0 such that, for each υ,ρ,ρ ∈ R, υ ≥ ρ, ρ ≥ % and % ≥ υ,

0 ≤ (℘1 (τ, υ) + }1υ) − (℘1 (τ,ρ) + }1ρ) ≤ η1 (υ− ρ) ,

−η2 (ρ− %) ≤ (℘2 (τ,ρ) − }2ρ) − (℘2 (τ, %) − }2%) ≤ 0,

0 ≤ (℘3 (τ, %) + }3%) − (℘3 (τ, υ) + }3υ) ≤ η3 (% − υ) ,

where Q =


η1

}1+}2+}3

η2
}1+}2+}3

η3
}1+}2+}3

η2
}1+}2+}3

η3
}1+}2+}3

η1
}1+}2+}3

η3
}1+}2+}3

η1
}1+}2+}3

η2
}1+}2+}3

 is a matrix convergent to zero.

To facilitate our study, we discuss the existence of a solution to the periodic problem below.


υ
′

+ }1υ− }2ρ+ }3% = ℘1 (τ, υ) + ℘2 (τ,ρ) + ℘3 (τ, %) + }1υ− }2ρ+ }3%,

ρ
′

+ }1ρ− }2%+ }3υ = ℘1 (τ,ρ) + ℘2 (τ, %) + ℘3 (τ, υ) + }1ρ− }2%+ }3υ

%
′

+ }1% − }2υ+ }3ρ = ℘1 (τ, %) + ℘2 (τ, υ) + ℘3 (τ,ρ) + }1% − }2υ+ }3ρ

, (3.2)

with the periodic conditions

υ(0) = υ(ς),ρ(0) = υ(ς), υ(0) = υ(ς). (3.3)

This system is equivalent to

υ (τ) =

ς∫
0

Θ1 (τ, δ) [℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%]

+Θ2 (τ, δ) [℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ]

+Θ3 (τ, δ) [℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ] dδ,

ρ (τ) =

ς∫
0

Θ1 (τ, δ) [℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ]

+Θ2 (τ, δ) [℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ]

+Θ3 (τ, δ) [℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%] dδ,
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% (τ) =

ς∫
0

Θ1 (τ, δ) [℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ]

+Θ2 (τ, δ) [℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%]

+Θ3 (τ, δ) [℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ] dδ,

where the continuous Green’s functions Θ1, Θ2 and Θ3 are described as

Θ1 (τ, δ) = Θ3 (τ, δ) =

 1
3

(
eΥ1(τ−δ)

1−eΥ1ς
+ eΥ2(τ−δ)

1−eΥ2ς
+ eΥ3(τ−δ)

1−eΥ3ς

)
, 0 ≤ δ < τ ≤ ς,

1
3

(
eΥ1(τ+ς−δ)

1−eΥ1ς
+ eΥ2(τ+ς−δ)

1−eΥ2ς
+ eΥ3(τ+ς−δ)

1−eΥ3ς

)
, 0 ≤ τ < δ ≤ ς,

Θ2 (τ, δ) =

 1
3

(
eΥ2(τ−δ)

1−eΥ2ς
−

eΥ3(τ−δ)

1−eΥ3ς
−

eΥ1(τ−δ)

1−eΥ1ς

)
, 0 ≤ δ < τ ≤ ς,

1
3

(
eΥ2(τ+ς−δ)

1−eΥ2ς
−

eΥ3(τ+ς−δ)

1−eΥ3ς
−

eΥ1(τ+ς−δ)

1−eΥ1ς

)
, 0 ≤ τ < δ ≤ ς,

Υ1 = −(}1 + }2 + }3), and Υ2 = Υ3 = (}1 − }2 + }3).

Now, by choosing }1, }2 and }3 suitably, we need to guarantee that Θ1 (τ, δ) , Θ3 (τ, δ) ≥ 0, for

0 ≤ τ, δ ≤ ς and Θ2 (τ, δ) ≤ 0, for 0 ≤ τ, δ ≤ ς. For this, we present the following lemma:

Lemma 3.1. If

ln
(2e− 1

e

)
≤ (}1 − }2 + }3) ς, (3.4)

(}1 + }2 + }3) ς ≤ 1. (3.5)

Then Θ1 (τ, δ) , Θ3 (τ, δ) ≥ 0, for 0 ≤ τ, δ ≤ ς and Θ2 (τ, δ) ≤ 0, for 0 ≤ τ, δ ≤ ς.

Proof. Since Υ1 < 0 and by (3.4), Υ2 > 0 and Υ2 > 0. Hence, Θ2 (τ, δ) ≤ 0, for 0 ≤ τ, δ ≤ ς.

On the other hand, from (3.4) and (3.5), one can obtain that

−
eΥ1(τ−δ)

1− eΥ1ς
≤

e
1− e

≤
eΥ2(τ−δ)

1− eΥ2ς
and −

eΥ3(τ−δ)

1− eΥ3ς
≤

e
1− e

≤
eΥ2(τ−δ)

1− eΥ2ς
.

Therefore, under the assumption, we have Θ1 (τ, δ) , Θ3 (τ, δ) ≥ 0, for 0 ≤ τ, δ ≤ ς. �

Assume that Ω = C(U, R) is the set of real valued continuous function on the interval U.

Describe a distance ω : Ω ×Ω→ R as

ω (υ,ρ) = sup
τ∈U

∣∣∣υ(τ) − ρ(τ)∣∣∣ , for υ,ρ ∈ Ω.

Clearly, (Ω,ω) is a metric space. For υ,ρ, %, υ∗,ρ∗, %∗ ∈ Ω, consider

ω̂ ((υ,ρ, %) , (υ∗,ρ∗, %∗)) =


ω (υ, υ∗)

ω (ρ,ρ∗)

ω (%, %∗)

 .
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Also, let us define f : Ω3
→ Ω by

f (υ,ρ, %) (τ) =

ς∫
0

Θ1 (τ, δ) [℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%]

+Θ2 (τ, δ) [℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ]

+Θ3 (τ, δ) [℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ] dδ.

Obviously, if (υ,ρ, %) ∈ Ω3 is a TFP of ∇, then we get

υ (τ) = f (υ,ρ, %) (τ) , ρ (τ) = f (ρ, %, υ) (τ) and % (τ) = f (%, υ,ρ) (τ) for all τ ∈ U.

Thus, (υ,ρ, %) is a solution of the problem (3.2)-(3.3). To facilitate our task, we state the following

definition:

Definition 3.1. The system

υ (τ) =
ς∫

0
Θ1 (τ, δ) [℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%]

+Θ2 (τ, δ) [℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ]

+Θ3 (τ, δ) [℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ] dδ

ρ (τ) =
ς∫

0
Θ1 (τ, δ) [℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ]

+Θ2 (τ, δ) [℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ]

+Θ3 (τ, δ) [℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%] dδ

% (τ) =
ς∫

0
Θ1 (τ, δ) [℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ]

+Θ2 (τ, δ) [℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%]

+Θ3 (τ, δ) [℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ] dδ

, (3.6)

is called HU stable if there are r j > 0, (i = 1, 2, 3, 4, 5, 6, 7, 8, 9) so that for each ε1, ε2, ε3 > 0 and each
solution (`1, `2, `3) ∈ Ω3 of the following system

∣∣∣∣∣∣`1(τ) −
ς∫

0
Θ1 (τ, δ) [℘1 (δ, `1) + ℘2 (δ, `2) + ℘3 (δ, `3) + }1υ− }2ρ+ }3%]

+Θ2 (τ, δ) [℘1 (δ, `2) + ℘2 (δ, `3) + ℘3 (δ, `1) + }1ρ− }2%+ }3υ]

+Θ3 (τ, δ) [℘1 (δ, `3) + ℘2 (δ, `1) + ℘3 (δ, `2) + }1% − }2υ+ }3ρ] dδ
∣∣∣ ≤ ε1∣∣∣∣∣∣`2(τ) −

ς∫
0

Θ1 (τ, δ) [℘1 (δ, `2) + ℘2 (δ, `3) + ℘3 (δ, `1) + }1υ− }2ρ+ }3%]

+Θ2 (τ, δ) [℘1 (δ, `3) + ℘2 (δ, `1) + ℘3 (δ, `2) + }1ρ− }2%+ }3υ]

+Θ3 (τ, δ) [℘1 (δ, `1) + ℘2 (δ, `2) + ℘3 (δ, `3) + }1% − }2υ+ }3ρ] dδ
∣∣∣ ≤ ε2∣∣∣∣∣∣`3(τ) −

ς∫
0

Θ1 (τ, δ) [℘1 (δ, `3) + ℘2 (δ, `1) + ℘3 (δ, `2) + }1υ− }2ρ+ }3%]

+Θ2 (τ, δ) [℘1 (δ, `1) + ℘2 (δ, `2) + ℘3 (δ, `3) + }1ρ− }2%+ }3υ]

+Θ3 (τ, δ) [℘1 (δ, `2) + ℘2 (δ, `3) + ℘3 (δ, `1) + }1% − }2υ+ }3ρ] dδ
∣∣∣ ≤ ε3

,
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there is a solution (υ∗,ρ∗, %∗) ∈ Ω3 of (3.6) so that
ω (`1(τ), υ∗(τ)) ≤ r1ε1 + r2ε2 + r3ε3

ω (`2(τ),ρ∗(τ)) ≤ r4ε1 + r5ε2 + r6ε3

ω (`3(τ), %∗(τ)) ≤ r7ε1 + r8ε2 + r9ε3

.

By introducing the subsequent theorem, we can now talk about the existence, uniqueness, and

HU stability of the solution to a PBVP.

Theorem 3.1. Under the hypothesis (H), consider the problem (3.1) with ℘1,℘2,℘3 ∈ C(U ×R, R). If
(3.4) and (3.5) are true, then

(T1) there is a unique solution (`1, `2, `3) for the PBVP (3.1), provided that

sup
τ∈I


ς∫

0

∣∣∣Θ1 (τ, δ) −Θ2 (τ, δ) + Θ3 (τ, δ)
∣∣∣
 dδ ≤

1
}1 + }2 + }3

. (3.7)

(T2) if ℘∗1,℘∗2,℘∗3 ∈ C(U ×R, R) such that there is ξ1, ξ2, ξ3 > 0 with
∣∣∣℘1 (τ, `) −℘∗1 (τ, `)

∣∣∣ ≤ ξ1∣∣∣℘2 (τ, `) −℘∗2 (τ, `)
∣∣∣ ≤ ξ2∣∣∣℘3 (τ, `) −℘∗3 (τ, `)
∣∣∣ ≤ ξ3

,

for all (τ, `) ∈ U ×R. Assume that (℘, h̄,θ) ∈ Ω3 is a solution to the proposed problem (3.1) by
taking ℘1 = ℘∗1, ℘2 = ℘∗2 and ℘3 = ℘∗3, then

ω̂ ((`1, `2, `3), (℘, h̄,θ)) =


ω (`1,℘)

ω (`2, h̄)
ω (`3,θ)

 ≤ (I −Q)−1ξ.

where ξ =


(ξ1 + ξ2 + ξ3)

(
1

}1+}2+}3

)
(ξ1 + ξ2 + ξ3)

(
1

}1+}2+}3

)
(ξ1 + ξ2 + ξ3)

(
1

}1+}2+}3

)
 , if and only if

sup
τ∈I


ς∫

0

∣∣∣Θ1 (τ, δ)
∣∣∣ dδ+ ς∫

0

∣∣∣Θ2 (τ, δ)
∣∣∣ dδ+ ς∫

0

∣∣∣Θ3 (τ, δ)
∣∣∣ dδ

 ≤ 1
}1 + }2 + }3

(T3) the problem (3.6) is HU stable.

Proof. (T1)

ω (f (`1, `2, `3) ,f (υ,ρ, %))

= sup
τ∈I

∣∣∣f (`1, `2, `3) −f (υ,ρ, %)
∣∣∣

= sup
τ∈I

ς∫
0

Θ1 (τ, δ) [℘1 (δ, `1) + ℘2 (δ, `2) + ℘3 (δ, `3) + }1`1 − }2`2 + }3`3]
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+Θ2 (τ, δ) [℘1 (δ, `2) + ℘2 (δ, `3) + ℘3 (δ, `1) + }1`2 − }2`3 + }3`1]

+Θ3 (τ, δ) [℘1 (δ, `3) + ℘2 (δ, `1) + ℘3 (δ, `2) + }1`3 − }2`1 + }3`2] dδ

−

ς∫
0

Θ1 (τ, δ) [℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%]

+Θ2 (τ, δ) [℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ]

+Θ3 (τ, δ) [℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ] dδ.

= sup
τ∈I

ς∫
0

Θ1 (τ, δ) [(℘1 (δ, `1) + ℘2 (δ, `2) + ℘3 (δ, `3) + }1`1 − }2`2 + }3`3)

− (℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%)]

+Θ2 (τ, δ) [(℘1 (δ, `2) + ℘2 (δ, `3) + ℘3 (δ, `1) + }1`2 − }2`3 + }3`1)

− (℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ)]

+Θ3 (τ, δ) [℘1 (δ, `3) + ℘2 (δ, `1) + ℘3 (δ, `2) + }1`3 − }2`1 + }3`2

− (℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ)] dδ,

which implies that

ω (f (`1, `2, `3) ,f (υ,ρ, %))

= sup
τ∈I

ς∫
0

Θ1 (τ, δ) [(℘1 (δ, `1) + ℘2 (δ, `2) + ℘3 (δ, `3) + }1`1 − }2`2 + }3`3)

− (℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%)]

−Θ2 (τ, δ) [(℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ)

− (℘1 (δ, `2) + ℘2 (δ, `3) + ℘3 (δ, `1) + }1`2 − }2`3 + }3`1)]

+Θ3 (τ, δ) [℘1 (δ, `3) + ℘2 (δ, `1) + ℘3 (δ, `2) + }1`3 − }2`1 + }3`2

− (℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ)] dδ

≤ sup
τ∈I

ς∫
0

Θ1 (τ, δ) ([η1 (`1 − υ) + η2 (`2 − υ) + η3 (`3 − υ)

−Θ2 (τ, δ) [[η1 (ρ− `2) + η2 (% − `3) + η3 (υ− `1) ]

+Θ3 (τ, δ) ([η1 (`3 − %) + η2 (`1 − υ) + η3 (`2 − ρ) ) dδ.

Applying the condition (3.7), we have

ω (f (`1, `2, `3) ,f (υ,ρ, %))

≤ [η1 (`1 − υ) + η2 (`2 − ρ) + η3 (`3 − %)] sup
τ∈I

ς∫
0

∣∣∣Θ1 (τ, δ) −Θ2 (τ, δ) + Θ3 (τ, δ)
∣∣∣ dδ
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≤
η1

}1 + }2 + }3
ω (`1, υ) +

η2

}1 + }2 + }3
ω (`2,ρ) +

η3

}1 + }2 + }3
ω (`3, %) .

Similarly, one can obtain

ω (f (`2, `3, `1) ,f (ρ, %, υ)) ≤
η1

}1 + }2 + }3
ω (`2,ρ) +

η2

}1 + }2 + }3
ω (`3, %) +

η3

}1 + }2 + }3
ω (`1, υ) ,

and

ω (f (`3, `1, `2) ,f (%, υ,ρ)) ≤
η1

}1 + }2 + }3
ω (`3, %) +

η2

}1 + }2 + }3
ω (`1, υ) +

η3

}1 + }2 + }3
ω (`2,ρ) .

Choose a1 =
η1

}1+}2+}3
, a2 =

η2
}1+}2+}3

and a3 =
η3

}1+}2+}3
, we get

ω (f (`1, `2, `3) ,f (υ,ρ, %)) ≤ a1ω (`1, υ) + a2ω (`2,ρ) + a3ω (`3, %) ,

ω (f (`2, `3, `1) ,f (ρ, %, υ)) ≤ a1ω (`2,ρ) + a2ω (`3, %) + a3ω (`1, υ) ,

and

ω (f (`3, `1, `2) ,f (%, υ,ρ)) ≤ a1ω (`3, %) + a2ω (`1, υ) + a3ω (`2,ρ) .

It follows that

ω̂ (f (`1, `2, `3) ,f (υ,ρ, %)) =


ω (f (`1, `2, `3) ,f (υ,ρ, %))

ω (f (`2, `3, `1) ,f (ρ, %, υ))

ω (f (`3, `1, `2) ,f (%, υ,ρ))


≤


a1 a2 a3

a4 a5 a6

a7 a8 a9

 .


ω (`1, υ)

ω (`2,ρ)

ω (`3, %)

 = Q.̂ω ((`1, `2, `3) , (υ,ρ, %)) ,

where Q is a matrix convergent to zero. Hence, the assumption of Theorem 2.1 is fulfilled. Then

the PBVP (3.2)-(3.3) has a unique solution on U.

(T2) Define an operator f∗ : Ω3
→ Ω by

f∗ (υ,ρ, %) (τ) =

ς∫
0

Θ1 (τ, δ)
[
℘∗1 (δ, υ) + ℘∗2 (δ,ρ) + ℘∗3 (δ, %) + }1υ− }2ρ+ }3%

]
+Θ2 (τ, δ)

[
℘∗1 (δ,ρ) + ℘∗2 (δ, %) + ℘∗3 (δ, υ) + }1ρ− }2%+ }3υ

]
+Θ3 (τ, δ)

[
℘∗1 (δ, %) + ℘∗2 (δ, υ) + ℘∗3 (δ,ρ) + }1% − }2υ+ }3ρ

]
dδ.

Then, we get ∣∣∣f (υ,ρ, %) (τ) −f∗ (υ,ρ, %) (τ)
∣∣∣

=

∣∣∣∣∣∣∣∣
ς∫

0

Θ1 (τ, δ) [℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%]

+Θ2 (τ, δ) [℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ]

+Θ3 (τ, δ) [℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ] dδ
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−

ς∫
0

Θ1 (τ, δ)
[
℘∗1 (δ, υ) + ℘∗2 (δ,ρ) + ℘∗3 (δ, %) + }1υ− }2ρ+ }3%

]
+Θ2 (τ, δ)

[
℘∗1 (δ,ρ) + ℘∗2 (δ, %) + ℘∗3 (δ, υ) + }1ρ− }2%+ }3υ

]
+Θ3 (τ, δ)

[
℘∗1 (δ, %) + ℘∗2 (δ, υ) + ℘∗3 (δ,ρ) + }1% − }2υ+ }3ρ

]
dδ

∣∣∣∣
≤

ς∫
0

∣∣∣Θ1 (τ, δ) [[℘1 (δ, υ) + ℘2 (δ,ρ) + ℘3 (δ, %) + }1υ− }2ρ+ }3%]

−

[
℘∗1 (δ, υ) + ℘∗2 (δ,ρ) + ℘∗3 (δ, %) + }1υ− }2ρ+ }3%

]]
+Θ2 (τ, δ) [[℘1 (δ,ρ) + ℘2 (δ, %) + ℘3 (δ, υ) + }1ρ− }2%+ }3υ]

−

[
℘∗1 (δ,ρ) + ℘∗2 (δ, %) + ℘∗3 (δ, υ) + }1ρ− }2%+ }3υ

]]
+Θ3 (τ, δ) [[℘1 (δ, %) + ℘2 (δ, υ) + ℘3 (δ,ρ) + }1% − }2υ+ }3ρ]

−

[
℘∗1 (δ, %) + ℘∗2 (δ, υ) + ℘∗3 (δ,ρ) + }1% − }2υ+ }3ρ

]]∣∣∣∣ dδ.

Using our assumption, we have∣∣∣f (υ,ρ, %) (τ) −f∗ (υ,ρ, %) (τ)
∣∣∣

≤ (ξ1 + ξ2 + ξ3) × sup
τ∈I


ς∫

0

∣∣∣Θ1 (τ, δ)
∣∣∣ dδ+ ς∫

0

∣∣∣Θ2 (τ, δ)
∣∣∣ dδ+ ς∫

0

∣∣∣Θ3 (τ, δ)
∣∣∣ dδ


≤

ξ1 + ξ2 + ξ3

}1 + }2 + }3
.

Analogously, one can obtain that∣∣∣f (ρ, %, υ) (τ) −f∗ (ρ, %, υ) (τ)
∣∣∣ ≤ ξ1 + ξ2 + ξ3

}1 + }2 + }3
,

and ∣∣∣f (%, υ,ρ) (τ) −f∗ (%, υ,ρ) (τ)
∣∣∣ ≤ ξ1 + ξ2 + ξ3

}1 + }2 + }3
.

Now, the rest of proof follows immediately from Theorem 2.1 (♥4).

(T3) We get the conclusion from the first part of our proof and from Theorem 2.1 (♥6). �

Remark 3.1. The conclusions below are special cases of Theorem 3.1 and Theorem 2.1 (♥2), (♥3).

• The sequence (fn (υ,ρ, %) ,fn (ρ, %, υ) ,fn (%, υ,ρ))n∈N converges in Ω3 to (υ∗,ρ∗, %∗) as n→∞,

where(
fn+1 (υ,ρ, %) ,fn+1 (ρ, %, υ) ,fn+1 (%, υ,ρ)

)
= fn (f (υ,ρ, %) ,f (ρ, %, υ) ,f (%, υ,ρ)) , ∀n ∈N∗.

• We have the following estimations
ω (fn (υ0,ρ0, %0) , υ∗)

ω (fn (υ0,ρ0, %0) ,ρ∗)

ω (fn (υ0,ρ0, %0) , %∗)

 ≤ Qn(I −Q)−1


ω (υ0,f (υ0,ρ0, %0))

ω (ρ0,f (υ0,ρ0, %0))

ω (%0,f (υ0,ρ0, %0))

 .
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4. Conclusion

In this article, we provide a new modification of the Perov-fixed point theorem for single-valued

mappings in a complete generalized metric space. Also, we have discussed some TFP results for

extended contractive mappings in the mentioned space. Moreover, the existence, uniqueness, and

stability of these points have been investigated for single-value mappings. Finally, the theoretical

results are involved to discuss the existence and availability of a solution to some periodic boundary

value problems as a kind of application and to support our study.

5. Open problems

In this part, we present some problems that we are unable to complete, which in turn improve

our paper, and we list them as follows:

• What would be the results of Theorem 2.1 and Theorem 3.1 if the mappingfwere replaced

by a multivalued mapping under the same constraints?

• Will the results be the same if the generalized metric-like or generalized b−metric spaces

are used?

• Can we include illustrative examples, especially numerical examples, to know the formula

for the numerical solution to integral equations and periodic boundary value problems

under study?
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[10] Z. Kadelburg, S. Radenović, Fixed point and tripled fixed point theorems under Pata-type conditions in ordered

metric spaces, Int. J. Anal. Appl. 6 (2014), 113–122.

[11] R. Vats, K. Tas, V. Sihag, A. Kumar, Triple Fixed Point Theorems via α−Series in Partially Ordered Metric Spaces,

J. Ineq. Appl. 2014 (2014), 176. https://doi.org/10.1186/1029-242x-2014-176.

[12] H.A. Hammad, H. Aydi, M. De la Sen, New Contributions for Tripled Fixed Point Methodologies via a Generalized

Variational Principle With Applications, Alexandria Eng. J. 61 (2022), 2687–2696. https://doi.org/10.1016/j.aej.2021.

07.042.

[13] H.A. Hammad, M.D. La Sen, A Technique of Tripled Coincidence Points for Solving a System of Nonlinear Integral

Equations in POCML Spaces, J. Inequal. Appl. 2020 (2020), 211. https://doi.org/10.1186/s13660-020-02477-8.

[14] H.A. Hammad, M. Zayed, Solving Systems of Coupled Nonlinear Atangana–baleanu-Type Fractional Differential

Equations, Bound. Value Probl. 2022 (2022), 101. https://doi.org/10.1186/s13661-022-01684-0.

[15] Humaira, H.A. Hammad, M. Sarwar, M. De la Sen, Existence Theorem for a Unique Solution to a Coupled System

of Impulsive Fractional Differential Equations in Complex-Valued Fuzzy Metric Spaces, Adv. Differ. Equ. 2021

(2021), 242. https://doi.org/10.1186/s13662-021-03401-0.

[16] H.A. Hammad, M. De la Sen, Analytical Solution of Urysohn Integral Equations by Fixed Point Technique in

Complex Valued Metric Spaces, Mathematics. 7 (2019), 852. https://doi.org/10.3390/math7090852.

[17] H.A. Hammad, M. De la Sen, Stability and Controllability Study for Mixed Integral Fractional Delay Dynamic

Systems Endowed With Impulsive Effects on Time Scales, Fractal Fract. 7 (2023), 92. https://doi.org/10.3390/

fractalfract7010092.
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