Int. J. Anal. Appl. (2024), 22:56

International Journal of Analysis and Applications

Common Fixed Point Theorems for Mappings Satisfying (E.A)-Property on Cone
Normed B-Metric Spaces

K. Maheshwaran!, R. Jahir Hussain?, Mohammad Saeed Khan?, Salvatore Sessa**

Yamal Mohamed College (Autonomous) - Affiliated to Bharathidasan University,
Tiruchirapplli-620020,Tamil Nadu, India
2Jamal Mohamed College (Autonomous) - Affiliated to Bharathidasan University,
Tiruchirapplli-620020,Tamil Nadu, India
3Department of Mathematics and Applied Mathematics, Sefako Makgatho Health Sciences
University,Gauteng 0208, South Africa
4Department of Architecture, Federico Il Naples University, Via Toledo 402, 80134 Naples, Italy

*Corresponding author: salvasessa@gmail.com

Abstract. In this article, we demonstrate the conditions for the existence of common fixed points (CFP) theorems for four
self-maps satisfying the common limit range (E.A)-property on cone normed B-metric spaces (CNBMS). Furthermore,

we have an unique common fixed point for two weakly compatible (WC) pairings.

1. INTRODUCTION

In 1989, 1. A. Bakhtin [3] introduced b-metric space, an extension of metric space, and
established the renowned contraction principle in metric spaces as extension in b-metric spaces.
Cone metric space was introduced by Huang, L. G. Zhang [7] in 2007. They also examined
various sequence convergence properties and established the fixed point theorems of a contraction
mapping for cone metric spaces. Any mapping T of a complete cone metric space X into itself that
satisfies, for some 0 < k < 1, the inequality Dy(Eg, &¢) < kDy(g,¢),Yo,¢c € M has a unique fixed
point. Cone b-metric space was first discribed by Hussain and Saha [8] in 2011 as an extension
of b-metric spaces and cone metric spaces. In 2002, Aamri and Moutawakil [1] introduced (E.A)-
property and (CFT) in metric spaces. Several researchers [2,12,13] studies various contraction and

lot of fixed point theorems are proved in various spaces.
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We provide the sufficient conditions for the existence of (CFP) theorems for four self-maps

satisfying the (E.A)-property on (CNbMS) in the major of this article.

2. PRELIMINARIES

Definition 2.1. [ [6]] Let (E, ||.||) be the real Banach space. A subset P of E is called a cone if and only if:

(b1) Pis closed, non empty and P # 0

(b2) ap+bc € P for all g, ¢ € P and non negative real numbers a, b

(b3) PN (=P) = {0}.

Given a cone P C E, we define a partial ordering < with respect to P by ¢ < ¢ if and only if
¢ — o € P. We will write g < ¢ to indicate that ¢ < ¢ but g # ¢, while g, ¢ will stand for ¢ — p € intP,
where intP denotes the interior of P. The cone P is called normal if there is a number k > 0 such
that 0 < p < ¢ implies ||g|| < kll<|| for all g, ¢ € E. The least positive number k satisfying the above is

called the normal constant.

Definition 2.2. [ [6]] Let M be a nonempty set and b > 1 be a given real number. A mapping Dy, :
M x M — E is said to be cone b-metric if and only if, Vo, c, v € M, the following conditions are satisfied:

(cb1) Dy(p,c) =0ifand onlyif p = ¢,
(cb2) Dy(o,c) = Dy(c, 0),
(cbs) Dy(o,c) < b[Dy(0,¢) + Dy(c,v)].

Then (M, Dy) is called a cone b-metric space.

Example 2.1. Let E = R?
P={(0,¢c): 020}
M = Rand Dy : M X M — E such that
Dy(0,¢) = (lo—clP,alo—clF)

where o > 0 and p > 1 are two real constants. Then (M, Dy) is a cone b-metric space with the coefficient
b = 27 > 1, but not a cone metric space. In fact, we only need to prove (iii) in Definition (2.2) as follows:

Let o,c,v € M. Set u = p—v,v =v—¢,50 0— ¢ = [+ v. From the inequality
(a+b)P < (2max{a, b})P <27 (aP +P) foralla,b > 0.
we have
lo—clP = lp+vIP < (lul+ WP <22(ul + WP) =2 (lo— vl + Jv - cfF)
which implies that Dy(0,¢) < b[Dy(0,v) + Dy(v,¢)] withb = 27 > 1. But
lo—cl <lo—clP +1v—cf
is impossible for all o > v > ¢. Indeed, taking account of the inequality

(a+b)F >a’ + P foralla,b >0,
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lo—clP =lu+vP =(u+v)! >+ =lo—vff +lv—cff
forall o> v > c. Thus, Dy(0,¢) < Dy(0,¢) + Dy(c, v) is not satisfied, i.e., (M, Dy) is not a cone metric

space.
Definition 2.3. [ [9]] Let M be a vector space over R. Suppose the mapping ||.|| : M — E satisfies
(i) lloll = 0 for allp € M
(ii) lloll = Oif and only if o =0
)

(iii) llo+ cll < lloll + licll for all o, c € M
(iv) likoll = Iklllgll for all k € R

Then ||.|| is called a norm on M, and (M, ||.||) is called a cone normed space. Clearly each cone

normed space is a cone metric space with metric defined by Dy(g,¢) = |lo — <]l
Definition 2.4. [ [6]] Let (M, ||.||) be a (CNbMS), o € M and {o,} be a sequence in M. Then

(i) {on} converges to o whenever, for every c € E with 0 < ¢, there is a natural number N such
that ||(ox, 0)|l < c for all n > N. We denote this by 1}1_{{)10 on = por g, = o(n — ).
(ii) {on} is a Cauchy sequence whenever, for every c € E with 0 < ¢, there is a natural number
N such that ||(04, om )|l < ¢ for alln,m > N
(iii) (M, ||.ll) is a complete cone normed b-metric space if every Cauchy sequence is convergent.

A complete cone normed space is a cone Banach space.

Lemma 2.1. [ [6]] Let (M, ||.|[) be a (CNbMS). P be a normal cone with constant K. Let {u,} be a sequence
in M. Then

(i) {up} b-converges to u if and only if ||y, — pll = 0 as p — co.
(if) {up} is a b-Cauchy sequence if and only if ||y — pull = 0 as p,m — oco.
(iii) If the {u,} b-converges to u and {c,} b-converges to v then ||y, — vyl| — [lu —vl.

Lemma 2.2. [ [6]] Let (M, ||.||) be a (CNbMS) with b > 1. Suppose that {o,} and {c,} are b-convergent to

o and ¢, respectively. Then we have,

1 o .
ﬁll(p— ol < lim inf|l(gn — cu)ll < lim supll(on — cu)ll < B0 = )I-

In particular, if M = L, then we have lim ||(g, — ¢,)|| = 0, moreover for each v € M, we have
n—oo

1 L .
pllle=v)ll < lim inf[|(gs —v)ll < lim sup|i(¢s = v)ll < bll(e - V)l

Example 2.2. Let M = R?,E = R?, and P = {(g,¢) € Elg, ¢ > 0}, we define || (0,<) |l= (lof?,Ic?). Then
(M, |l.Il) is a (CNBMS).

Proof. First, according to the definition 2.3 of || (g, ¢) ||, we obtain

I (,¢) lI= (IgP, 1) = 0,
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forall u = (o,¢) € M. Itis obvious that || (9,¢) [[= 0iff (0,¢) = 0. Then, we have
(0+cff <+ Vpc=00<p<l,

(0+cf <2+ Voc20p21.
We check for any (¢1,¢1), (02, ¢2) € M, thus, it follows

Il (o1, ¢1) + (02,62, 11 =l (01 + 02, c1+c2) |l

(lor + 02, lc1 + c2f?)

2(lor* + o2l lc1? + lc2?)
(lo1 1021, ) + 2( 11l 1e2l?)
Il (o1,¢1) 1 +211 (02,¢2) Il -

A

2
2

If any 4 = (g,¢) € M, k € R, there are

I kull =Ilk(o,c) I
=l (ko,ke) Il
= [kol?, lkel?
= [kP(lel*, IcP)
= kPNl
According, by definition2.3, (M, ||.||) is a (CNBMS) with coefficient t = 2 > 1. m]

Definition 2.5. Let w and y be two self maps defined on a (CNBMS) (M, ||.I|) maps w and x are said to be
(WC) if they commute at coincidence points, that is if wo = xp for all p € M then wxp = xwo.

Example 2.3. Define w, x : R = Rby w(o) = §,Vo € Rand x(0) = ¢?, Yo € R. Here, 0 and § are two

coincidence points for the maps w and x. Note that w and x commute at 0,i.e.wx(0) = xw(0) = 0, but

wx(3) = w(g) = and xw (1) = x(&) = 5 50 w and x are not (WC) on R.

Lemma 2.3. Let w and x be (WC) self-maps of a (CNBMS) (M, ||.||). If w and x have a unique point of
coincidence, that is x = wg = x then x is the unique (CFP) of w and x.

Lemma 2.4. Let (M, ||.||) is a (CNBMS). If there exits two sequences {g,} and {c,} such that lim ||(g, —
n—oo

cn)ll = 0, whenever {0,} is a sequence in M such that lim g, = T for some T € M then lim ¢, = T .
n—oo

n—-oo

Proof. By a triangle inequality in (CNBMS), we have
1(cn =TI < b(ll(cn = o)l + l(gn = T)II).-
Now by taking the upper limit when n — oo in the above inequality we get
lim sup||(c, — 7)Il < b(lim sup |(x — cu)ll + lim sup (¢, —7)II) = 0.
o

Definition 2.6. Let (M, |l.|l) be a (CNBMS). A pair {w, x} is said to be compatible if lim |[(wxon —
n—oo
Xwon)|l = 0, for every sequence {0,} in M with lim wg, = lim x0, = T for some T € M.
n—->o0 n—00
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Definition 2.7. Let (M, ||.]|) be a (CNBMS) and w, x : M — M, two mapping w and x are said to satisfy
the (E.A)-property if there exists a sequence {gy} such that

lim x{o,} = nh_r}rolo wlon} =T forsome T € M

n—oo
Example 2.4. Let M = [0, 00) and define Dy,(9,¢) = llo—cll Yo,¢c € Mand w, x : M — M, defined by
x(0) = 0+ 3and w(p) =40, ¥ 0 € M. Consider the sequence {g,} = {1 + 1}. Then
. . 1 . 1
lim x{o.} = lim x{1 + E} = lim {4+ E} =4;

n—00 n—00

lim w{g,} = lim w{1 + 1} = lim {4 + é} =4
n—o0 n—o0 n n—00 n
Thus,

lim x{o,} = r}im wloy} =4 € M.

n—00

So w and x are satisfy the (E.A)-property.

Definition 2.8. [ [11]] A function i : Ry — R is called an altering distance function if the condition
hold:

(i) 1 is continuous and non decreasing.
(ii) ¥ (t) = 0iif and only if t = 0.

Definition 2.9. [ [11]] An ultra altering distance function is a non decreasing and continuous mapping
@ : Ry — Ry such that ¢(t) > 0,t > 0 and ¢(0) = 0.

3. MaIN ResuLrts

During this article, we assume the control function i,¢ : [0,00) — [0,00) are continuous,

non-decreasing functions with ¢ (¢) = 0 if and only if t = 0.

Lemma 3.1. Let (M, ||.ll) be a complete (CNBMS) with the coefficient b > 1. Suppose that the mappings
w, X, p, and & are four self-mappings of a (CNBMS) (M, ||.||) satisfying the following conditions:

P(ll(wo—xo)ll < P(Ae,c)) — (Ao <)) (3.1)
forall g,c € M, where
llwo—pell (c—& llwo—&cll+llpo—xcll  llwo—poll+llxc—&cll
A(Q, g) = maX{||PQ— 5@”, 1_:||5)06$)@||/ 1_|||_/\||§(gig(§”g||/ - ga pexe ’ cepe 2b . } If

(1) The pairs (w, p) and (x, &) satisfy the common (E.A)-property.

@) (M) € E(M) and x(M) € p(M).

(3) p(M) and &(M) are closed in M.

(4) {xcn} converges for each sequence {c,} in M whenever {£c,} converges (respectively {wg;}
converges for every sequence {g,} in M whenever {pg,} converges).

(5) Thereexistp € Pand € ¥

Then w, p, x and & have a unique (CFP).
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Proof. If the pair (w,p) satisfy the (E.A)-property,then there is sequence {g,} in M such that
limy, 00 0{gn} = limy—e0 plon) = T where 7 € M. Now, since w(M) C &(M), every sequence
{0n}, there is a sequence {c,,} in M such that w{o,} = &{c,}. As &(M) is closed, so lim, e ¢y =
limy, 00 w0, = 7. So that 7~ € M. Thus, we get wg, = T, p0n = T ,Ecn — T ,as n — oo.

Let us show that x¢, — 7 as n — oco. On the contrary suppose that x¢, — J (# T )asn — oo.
Putting 0 = g, and ¢ = ¢, in (3.1), we get

lnb(”a)Qn - XCn“)
(3.2)
< P (A(on cn)) = p(A(on Cn))
where
llwgn — ponll llxcn = Ecall
Mew n) = maxtllpen = &ell 7= 0000 T4 e — Eull’
wa—é%W+Mw—X%Hwa—prHWQ—E%M
2b ! 2b
— maxlllpos - woull Hw&—pwﬂl HMh—wwH,
1+ llwon — ponll” 1+ llxcn — wonll
wa—wwﬂ+mwwﬂmmIWw—prHW%—wwM
2b ! 2b
< max{|lpgn — wonll, llwgy — ponll, llxcn — wonll,
|W&-X%HH®&-P&H+WKn—w&M
2b ! 2b
< max{llpgn — woull, lwgn = ponll, lIXcn — wonll,
me—wwWH@w—X%MIWw—p@WHW%—wwm
2b ! 2b
= max{|lpgn — woull, llwon — ponll, lIxcn — wonll,
lpon — woull + llwon — xcnll llwon — poull + llxcn — wonll
2 ! 2b }
= mmmT—ﬂME@%EiMZHT—HI (3.3)

Taking n — oo, we get

1Dy (7, DIl < 1y (Lim. A(gn, <))l
Il (Lim Dy (7, ))Il < Klig(lim Dy (7, /)|
YT = J1) < (T = 1) = 7 = 1) < (17 = 1)
Hence, |7 =[] =0 implies that 7~ = J, a contradiction. Hence, | — 7 which shows that the pairs

(w,p) and (x, &) share the(E.A)-property. Using the above lemma, in the following theorem, we
show the existence of unique (CFP). m]

Theorem 3.1. Let (M, ||.|l) be a complete (CNBMS) with the coefficient T > 1. suppose that the mappings
w, x, p and & are four self-mappings of a (CNBMS) (M, |I.|l) satisfying (3.1). If the pairs (w, p) and (x, &)
have a point of coincidence. Moreover if (w, p) and (x, &) are (WC) the w, x, p and & have a unique (CFP).
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Proof. Since the pairs (w, p) and (x, &) satisfying the (E.A)-property, so there exists sequence {g;}
and {¢,;} in M such that
;}I—I}olo wop = nh_{lgo pPon = nlggo)(gn = 7}1_13)10 Ecn="T.

where 7~ € M since p(M) C &(M) so a point J € M such that pf = 7 we show that wJ = p/.
Putting o = [,c=c,in (3.1), we get

Y(lwf = xeall) < @A, cn)) = @(A(L, cn)) (3.4)

where

lwf/ = oIl lxcn = &call
1+ ”C()f - pflll 1+ lxcn — égn”’
lwS = Ecull + oS = xcull NlwS = pJIl +llxcn — Ecaull
2b ’ 2b
lwf =T llxcn — Ecull
1+l =7 1+ llxcn = Ecall’
lwS = Ecull + 1T = xcall Nlwd =TI +lixcn — Ecall
2b ! 2b
max{|7” = Eall, llwS = T, lxcn — Ecall,

llwS = Ecall + 11T = xcall llwS =TI+ llxcn = Ecall
2b ’ 2b

A, cn) = maxillpf - Ecull,

}

= max{l|7 - &all,

}

IA

}

Making n — oo, we get

i J-TI+17 -T
tim A(f,c0) = max7 ~ 71, o 77, i~ 79, 1L =TT T

lof =TI+ 117 - ‘TII}

2b
llwS =71l
2b

= max{llof -7, b= llw) =71l
Taking limit as n — oo in (3.4) and using definition of ¢, we get

Y(llwS =71) < Y(llof =70 = @(llwS = TN) < P(llwf = T)

implies that, ¢(llwf = 7|) = 0. Hence wf = 7 = pJ. Therefore, [ is the point of coincidence of
the pair (w,p). As 7 € M, there exist a point y € M such that &y = 7. We assert that yy = &y.
Putting o = [ and ¢ = y in equation (3.1) we get

Y(lwf = xll) < p(A,7) (A, ) (3.5)
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IA

max{llp/ — &y,

lw/ = pJ| Ixy =&yl
1+ llwf = pJIl" 1+ lxy = EXII°

lwS = v+ lloS = xyll NS = pfll+ llxy = Yl

max{|lpS - T,

loJ =TI+ oS = xyll Nwd = pJll+ llxy = 71

2b 2b }

oS =pll llxy =71
T+l =pfIl' T+ 1Ixy =TW

2b 2b }

max{llpJ = Tl lwS = pJll lIxy =TI,

loJ =TI+ oS = xyll Nwd = pJll + llxy =71

max{||7” =T, 17 =TI, llxy =71,
17 =71+ llxy =71l

2b ’ 2b }
I7 =TI+ 17 = xy
2b ’

max{llxy - 71, >

}

17—l
b

2b
b= lxy =71

Thus, from (3.5), and using definition of ¢ , we get

Y(lxy =71 < ey =71 = elxy =71) < ¢ (llxy = 71)

which gives that, (llxy = T1) =0, ie. xy =T = &y.

Since the pair (w, p) is weakly compatible and w7~ = p7 . Therefore, o7 = wp) = pw) = pT.

Now we show that 7 is a (CFP) of the pair (w, p). Putting o = J,¢c = 7 in (3.1), we get

where

IN

Y(llwT = xyll) < (MT, 7)) = (AT, 7)) (3.6)

lwT — pTl| lxy =&yl
1+ w7 = pT " 1+ lIxy =yl
lwT =&yl +lpT = xyll T = pT Il + llxy = &Y

max{|lp7 = &y,

2b ’ 2b }

lwT — T || llxy — &yl
1+l =TI 1+ lxy =il
lwT = EYIl + llwT = xyll T — T ||+ lIxy =Tl

max{[|w7 — &y,

2b 2b }

max{llwT = &yl lwT — T I, lIxy = &Y,
lwT = Eyll + lwT = xyll T =TI+ llxy = &Yl

2b 2b }
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w7 =TI + llwT = T1|

= max{[lw? =TI N7 =T NT =TI,

2b
[ = Tl +17 71,
2b
T =T
= maxiio? - 71, 2T o 7,

From (3.6) and using property of ¢ we get,
Yl =7 < Y(loT =T) = @(lw? = TN) < (w7 = T1),

Which gives that, p([lw7 —T||) = 0,i.e, T =T = pT . Which show that 7 is a (CFP) of the pair
(w, p). Similarly, one can show that Y7 = &7 = 7. Hence 7 is a (CFP) of w, x, p and &.

To prove that 7 is the unique (CFP), let f be another (CFP) of w, x, p and &. Using (3.1), 0 =T, ¢ =
B, we get

Y(llwT = xBll) < (AT, B)) = p(A(T, B) (3.7)

where

T —pTIl 1B -l
MT ) = maxllpT =, T ot +”Xﬁ_ﬁ =
T — Bl 4+ o7 — xBll T — pT 1+ llxB — £l
2b ! 2b
-1 Il
T+ 17 =71 T+ 1B Al
I7 =Bl + 7 = I =T+ 171,

2b 2b
17 =Bl +1I7 =Bl I7 =TI+ =Tl
2b ’ 2b
17— BIll IIﬁ—TIIII}
b 7 2

}

= max{l|7 -l

< max{|i7 =Bl IT =TI 118 =Bl }

= max{l|7 - BILII7 =TI 1B - Bll,
= 7 =Bl

Thus, from equation (3.7), we get

YT =Bl < 17 = Bll) — (17 - Bll)

implies that o(|[7 —Bll) =0 ie, T =B.
Hence, 7 is the unique (CFP) of w, x, p and &. O

Corollary 3.1. Let (M, ||.|l)) be a complete CNBMS with the coefficient T > 1. Suppose that the mappings
w, & be self-mapping of a (CNBMS) (M, ||.|l) satisfy:

Y(llwg = awcll) < ¥ (A(o,¢)) = p(A(e <))

for all g, ¢, where A(p,c) = max{llpo — &l llwo — &all, llwe — &, WeEbeeemedly = 1 e pairs (w, &)

satisfies (E.A)-property, w and & have a common point of coincidence. Moreover if w and & are (WC), then
the pair (w, &) has a unique (CFEP).
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Corollary 3.2. Let (M, ||.||) be a complete (CNBMS) with the coefficient T > 1. Suppose that the mappings
w, X, p, and & be a self mapping of a (CNBMS) (M, ||.|l) satisfy

Y(llwo = xell) < p(A(e <)) = p((A(e <)),

WG, If the pairs (w, p) and

for all g, ¢, where A(o,c) = max{llpo — &cll, llwo — pall, llxc — &cll,
(x, &) satisfy the (E.A)-property, then (w, p) and (x, &) have a point of coincidence. Moreover, if (w, p)

and (x, &) are compatible, then w, x, p and & have a unique (CFP).

Example 3.1. Let M = (0,7), E = Rand P = {(¢9,¢) € E : 9,¢ > 0} and D, : MXM — E as
Dy(o,c) =llo-<cI? Yo ceMand w, x, p,&: M — M. Then (M, || . |l) is a complete (CNBMS) with

co-efficient T = 2.

gy — |5 ifeE (03] 5 if pe(0,3]
) {1 ifoe(37)’ € {% ifoe(3,7)

_[5ifoe(0,3] _[5ifoe(0,3]
plo) = 2 ifoe(3,7) ¢ _{4 if oe(3,7)

First we verify condition (1) of Lemma (3.1)
Let {0,} = {f—fl}wl and {c,} = {n+l} be two sequence in M. Then

lim w(g,) = lim a)( 31 ):5

n—oo n—co n+1

T 1 3n

Jim plen) = fim o 75) =3
3

11m)( Cn) = 11m X(n+1):
3

Thus
lim w(g,) = lim p(g,) = lim x(c,) = lim &(c,) =5
That is, (w, p) and (x, &) satisfies the common (E.A)-property.
Next, to verify inequality (3.1). Let us define the function i, @ : RS — Ry by (t) = tand ¢ (t) = £.
Case (i): Let g, ¢ € (0,3]. Then w(p) = p(0) = x(¢c) = &(¢) = 5 and from the inequality (3.1)
LHS =y (lwg=xc ) =¢(15-517) = (0) =0

RHS=¢(A(e0) -9 (A(e0) ) ) 2 : :
Ao,c) = max{ll po—&c I2 llwo—pell lxe=&ell”  Nwo—éell” Hlpo—xell”  llwo—poll” +Hixc—<cll }

" 1Hlwo—poll?” 1+lxe=&cl?’ 2b ! 2b
_ 2 I5-517 _1I5-51F I5-51P+HI5-512  115-5]2+1I5-5]
— max —
{5517, {55, (1o, Io-silo=si 1o-st,
= max{0,0,0,0,0}
A(@/g) =0

RHS=1(0)-¢(0) =0-0 = 0. Therefore, L.H.S = R.H.S
Case (ii): Let o,c € (3,7)
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LH.S = ¢(| wo—xc|P) = w(ll 1-3 IIZ) = (1) =1
RHS =49 (Moc)) - (Ae<)) i i , ) )
Ao, ¢) = max {” po— &c 2 llwg—pgll2 Jlxc=&cll®  llwo—Ecll+llpo—xcll®  llwo—pall™+lixc—&cll }

" 1+lwo—pal®” 1+lxc—&clP’ 2b ’ 2b
2 2 1,2 211 _aif?
1-2J1? l3—4l"  I1—4IP =311 I1=21P I3 -4
=max{|2-4 ”2 [I1=2]] 2 2 2

T OHI-2P 1L -g? 4 ! 4
1 49 4 45 1 53 1
= max 4,5,1)(%,?)(1,?)(1}

= max {4, 182 %}
RHS=yp(4)—p4) =4-4 =8

Therefore, the inequality (3.1) holds. % < %. L.HS <R.H.S

Y(lwo=xcll) < (AMo,c)) —¢ (Ao <))
By corollary 3.2, then the mappings w, x, p and & have a unique common fixed point 9 = 3.

Example 3.2. Let (M, || . ||) bea (CNBMS) with coefficient b = 2and E = R?, P = {(0,¢) € E|o,c > 0} C
R, M = [0,00), Dy : MXM — E, such that Dy(g,c) = (II o—clfallo-c¢ IIZ),V 0,¢ € M, where
a > 0is a constant and w, x,p,& : M — M. Let us define the function 1, ¢ : Ry — Ry by ¢ (t) = t and
¢ (t) =5

o) — (g — ) T6r ife€[0] [y ifeelo
(0)—%(@)—{%1 if pe (1,00) plo) = &(o) = 23 if pe (1,00)

First we verify that condition (1) of Lemma (3.1)

Let {0,} = {%}nzl and {c,} = {nlﬁ}na be two sequence in M. Then we have
limy e w{on} = limy—e @ {%} = lim; oo {%} =0
lim, e plon) = limy—e p {%} = lim; 00 {ﬁ} =0

limy e x{cn} = limyseo x {,%H} = im0 {—16(”1+1)} =0

limn—wo CS{Cn} = hmn—>oo é {111?] = ].Imn—>oo {4('114’1)} =0

Since p(0) = £(0) = 0 we have 0 € p(M) N &(M). Therefore there exists sequence {g,} and {c,} in M
such that

lim w{g,} = nlggo plon} = gijgox{cn} = nlg{}o &lcn}

n—oo

That is, (w, p) and (x, &) satisfies the common (E.A)-property.
Next, to verify inequality (3.1).

Y(llwo=xcll) <y (Ao, ¢)) -9 (Aoc))
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_ lwo=pol _Ire—écll  llwo=Ecli-Hipo-xell  llwo-pll+ixc—&dl
Mo c) = max{ll po—éc Il o loq e e 2 ’ 2 }

Case (i): When g, ¢ € [0,1]

L.H.S
= (llwo=xcIP, allwo=xc I?)
=l E-% 1% all&-51?)
= (s lo-cIP A allo—cIP)
= (s ) v (Il e—<IP)

R.H.S

s_cp g _¢ 2) (=317, all-217)
(=518 ol 5 =5 ), i sy
(15517, all-5I?)
Ao,¢) = max 15— P, all 5 —51P)
((H%—z 04||16—§ )JF( 1 16” ““4 16”2))
4 7
(=512, al&-51P)+ (I 5517 allf-5IP))

'S

(Llho-clP Lallo—cIP) (sllo—4alP, 2 allo—4el?)
16 716 4 1+(ﬁ”p_4@”2!2é_604”@—4@”2)’
(%56||g—4c||2,2;—6 allc—4cl?)

_ : )

— max 1Jr(256”C 4c)2, 5 allc—4cll )

((ssllo—4cIP, g allo—4cIP) + (5 IMo—clF’ 35 aldo—IF’) )

4
(( Fsllo—40l, sz allo—40ll? )+ ( 55 llc—4<lP, g allc—4<l ) )

4

(& & a)llo-<IP), (e o5 @)llo—4al)

1+( (e 2t llo—4el?) 7
2

= max 1+( (2% a)llc—4cll2) !

7

Moo ={(& ta)lle—cIP)
RHS =y ({555 o) Il o=c IF) =0 ((F5. %5 a) o= < )
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11
167 16

=(& & a)(y(lo—cI?)-
La)y(le—cI?) < (& &

seg =

¢(lo—cIP))

a)(p(le—cIP

L
2567

(

16

)= (llo-<IP))

Therefore, L.H.S < R.H.S. Clearly inequality (3.1) is satisfied for each g, ¢ € [0,1] and a > 0.

Case (ii): When ¢ € [0,1] and ¢ € (1, o)
L.H.S

=y (lwo-xcI? allwo—x<IP)

o _ <;+11

16 7, a

¥ (I [

i

90 C+11 ”2 )

=¥(lo-(+1) IR g allo-(+11)IP)

1
2567 256

= (%%

R.H.S

o _

LR, a
4 4

(I

(”s+ll

+3
I15-<21P),

a)p(llo—(c+11) IP)

0 o
(Il - 512, all&-51?)

"1+ (15 -5IR allg-51R)”

+3”2)

16 4
c+11

C+3 2 c+11
12, afl st

A(p,¢) = max

0

(=

1+(”~>+11 C+3”2 ||~>+11 C+3||2 4

allg-2

¢+3

r;+11||2))

||2) (15- ”“nz all§

o _0
164

0 _0
((1-512, all &

c+11 _c+3 ”2) ),

c+11 +3
: all=z=-

+(I155 == 17,

1) +(

4

llo—40l?)
Mlo—4ol?)”

<<((L -
ol

+3)1P), 2

(c+11)—

4(c+3)|l
ll(c+11)—-4(c+3)I2)

4

))"'((zée s @)ldo=(c+11)IP)
(

La)ll(c+11)-4(c+3)IR)

1

16

Ao, ¢)

(1

RHS=1v((% &a)llo-(c+3)IP)-

a)llo=(c+3) 1P}

o((+

= (&L a)(p(le-(c+3)I)-
(2%6’256 )‘P(”Q (c+11) ||2) (% %“)(Hb(”

16”7 16

a)llo=(c+3)IP)

o(lo—(c+3)IP))

0-(c+3)IF)-¢(lo-(c+3)IP))
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Therefore, L.H.S < R.H.S. Calculating the same as in case (i), we conclude that inequality (3.1) is satisfied

foreach p € [0,1] and ¢ € (1,00) and a > 0.

Case (iii): When p € (1,00) and ¢ € [0,1]

L.H.S
=¥ (lwo-xcI?, allwo—x< IP)
=y(I1 5 -5 IP all 5 -5 1P)
=9 (sl (e+11)-c I e all (o+11)-c|?)
= (5 20) v (I (0 +11) — < IP)
RH.S
(152 =517 all 52 -5 1P), - (15— 1P, all 5~ °1F)
4 4 (”g+11 013 ”2 ||0+1] a+3”2)
16 4
(15512, all£-5IP)
A(o,¢) = max 1+(5 -5 all-517)
(152 =512 all - 512)+ (||"+3 £I2 a2 -5IP)
(155 - 221, al 45t -2 1)+ (I -51P, all 5 -517))
4
11 o) (ks a)l(e+11)-4(e+3)I?)
(6 5 @)l (0 +3) - < IP) STy aea)
(5 7% a)llc—4clP)
= max 1+( (555 @)llc—4cl?)”
(5 2 (o+11)~4clP) +( (5 ¢ @)ll4(0+3)—<I?)
4 s
(525 0)1(0+15)-4(0+3)IR) + ( ( 5 25 ) llc—4<l?)
4
Moo) ={(& & a)ll (0+3)-<IP}
RHS=¢(( L)l (0+3) —cIP)-e((& & a)ll (0+3) < IP)
= (%) (@l e+3) —cI?)-p(l (c+3)-<IP))

1

256

L
2567

1

16

(

a) (Il (e+11) —c I?) < (%,

&) (w (Il (0+3) - < IP) -

oIl (0+3)-<IP))

Therefore, L.H.S < R.H.S. Inequality (3.1) is satisfied for each o € (1,00) and ¢ € [0,1] and a > 0.

Case (iv): When g, ¢ € (1, )
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L.H.S
=¥ (lwo-xcI?, allwo—x<IP)
:¢(||ﬂ_ﬂ”2 ||ﬂ_ﬂ”2)
=9 (2e ll (0+11) = (c+11) |2, 5 I (0 +11) = (¢ +11) )
= (e ) (I (o+11 11) |P
56 356 Y (Il (0+11) = (c + )||)
RH.S

o+11 0+3 2 ot+11  o+3 2
(15 - S21R, all S5 - 521P)
o+11 a+3 g+11 (J+3
"1+H(15 - IR all S-SR IR)
+11 +3 +11 _¢+3
(152 - <217, al =2 -<212)

+3 +3 +3 +3
(I =<2 1P all 57 -2 1P),

— 1+ ||~>+11 C+3”2 ”$+11 g+3”2
Ao, ¢) = max ((“9&11_:13”2 ||¢(J+11 g+3||2) (”9%3 saile )”g;r3 +11||2))
4 7
((||0+11 p+3”2 ”a-i—gl a+3||2)+(|| J1r611 ”2 ol 4{611 ”2))

4
11 _ 2 ((Ze % a)ll(g+11)- (@+3)||2)
((zé—srﬁ a)ll(c+11)—4(g+3)||2)
= max 1+ ll(c+11)-4(c+3)I12)

)4 (0+3)=(c+11)IP)
%)

ll(c+11)-4(c+3)I?)

RHS =¢((& £ a)ll(0+3) - (c+3) IP)-9((& £ a)ll (0+3) - (c+3) IP)

- (E'E “)(¢(|| (0+3)=(c+3) IP)=(lI (¢+3)~ (c +3) IP))
Pl (e+3) - (c+3)I?)
~p (Il (0+3) = (c+3) IP)

Therefore, L.H.S < R.H.S. Inequality (3.1) is satisfied for each g,¢ € (1,00) and a > 0. Thus all the

conditions of Theorem (3.2) are satisfied and 0 remains the unique common fixed point of the mappings

w, x,pand &.

(s @) 9 (I (o +11) = (c +11) I?) < (5, % o)

4. CONCLUSION

This article illustrates the work establishing the (E.A)- properties for four self-maps via ultra-
altering and altering distance mapping within the framework of common fixed points theorems

for (CNBMS). The result’s existence and uniqueness are described in this article. Our result might
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serve as inspiration for future writers to extend and improve several results in such spaces and

applications to other related areas.
Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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