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Abstract. In this article, we introduce a new space of harmonic mappings that is an extension of the
well known space Q7 in the unit disk D in term of non decreasing function. Several characterizations
of the space QL are investigated. We also define the little subspace of QL. Finally, the boundedness

of the composition operators C, mapping into the space QJ, and QL,O are considered.

1. Introduction

A harmonic mapping on a simply connected domain 1 is a complex-valued function k such that the

Laplace’s equation satisfied

Ak = 4k

0, on4,

where k7 represents the mixed complex derivative of k.

The harmonic mapping k admits a representaion of the form f 4+ g, where f and g are analytic
functions. This representaion is unique up to an additive constant. In this work, we consider all the
functions defined on the open unit disk D :={n € C: |n| < 1} so, the representaion of k is given by
k =f+7gand g(0) = 0.

Let H(D) denotes the collection of all analytic functions on D and H(D) be the collection of

harmonic mappings on .

The operator theory of spaces of analytic functions on a various settings on the unit disk has been
completely analyzed and a enormous amount of research papers on this matter have appeared in the

literature, but the study of a similarly coverage in the harmonic setting is still limited.
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In recent years, some papers have concentrated on the study of harmonic mappings. Besides [2],
for characterization of Bloch type spaces of harmonic mapping, see [6], for harmonic zygmund spaces.
In [18], the authors investigate the compactness and boundedness of C,, mapping into weighted Banach
spaces of harmonic mappings. We also encourage the reader to see the additional references related to
the harmonic mappings such as [ [21] [5], [16], [14], [15], [17], [13], [7]. [8]. [10], [11], [12], [17], [9]].

The results carried out in [19] bring the interesting question for whether we can extend the space

Q7 to the harmonic setting and study the operator theoretic properties of Co.

2. preliminaries and background

We start this section with several preliminaries facts on the spaces that will be used in this work.

Harmonic Bloch space By can be seen as the collection of k € H(ID) and the a semi-norm by

satisfies the following condition

by == sup(1 — [n[*)(|f'(n)| + |g'(n)]) < oo. (2.1)
neh

By is a Banach space when it is equipped with the harmonic Bloch norm defined as

IkllBy, == [k(0)] + bx.

By space extends the well known Bloch space B. An analytic function f € B if and only if

br = sup(1 — |n|*)|f'(n)| < oo, (2.2)
neh
with norm

Iflls = [£(0)] + br.

In [3], the author obtains that the Bloch constant of k can be written as follows

by = 75721%(1 — [nP)([kn(m)] + [ka(m)]) < oo. (2.3)

and
max{br, by} < bx < b + bg. (2.4)
Consequently, a harmonic mapping k belongs to the harmonic Bloch space if and only if the functions

f,g € H(D) such that k = f + g with g(0) = 0 are in the classical Bloch space. For more details,
see [2].
The little harmonic Bloch space By is the subspace of By such that

Brio = {k € By lim (1~ 1) (1kn ()] + [kr(n)]) = 0}.
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and the little Bloch spaces By defined as
Bo:={feB: lim(1-n?)]|f(n)| =0}
In|—1
Consider nondecreasing function T : [0, 4+0c) — [0, +00). The logarithmic order of T(r) is given
by
—log™ log* T (r)

A= lim
r—00 logr

where log* v = max{0, log vy}
If A > 0, the logarithmic type of the function T(r) is given by

—_log* T
r = Tim 29 T
r—o0 r

’

The space QT is the collection of analytic functions f defined on D and
1
2
(") =sup ( [(rmPT(anv)aAm) < o
ve
D

where dA(n) represents the area measure on the unit disk and g(n, v) = —log |o,(n)| is the Green
(v—m)

—— be a Mdbius transformation of D.
(1—-om)

function of D with pole at v € D and o,(n) =

3. The Mobius invariant Q] spaces

We now introduce the harmonic Q], space of harmonic mapping by a nondecreasing function T(r)

on r € [0, ).

Definition 3.1. For nondecreasing function T : [0, +00) — [0, +00). A harmonic mapping k € H(D)

is said to be in the class QL if

[q" (K] = igg/ﬂkn(n)l + [ka(m)>T (9(n, v))dA(n) < oo,
D
and the norm of Q], is defined as:
Ikllgr = k()| + q" (k). (3.1)

The little harmonic Qf, , is the subspace of Q]; such that

Qo 1= {k e (D) : Im [ (ky(m)| + ks T (. ))dA ) = 0}.
D

Remark 3.1. As a special case when k € H(D), the functions f, g in the canonical decomosition of k
are given by k = f and g = 0. Moreover, the collections of analytic function on the unit disk in the

Q], is just the space Q.
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Corollary 3.1. For T : [0, +00) — [0, +00) be non-decreasing function. Let f € H(D), if k € H(D)

be the real part of f or imaginary part of f then

q’ (k) =a’(f)
Proof. Assume f = Re(k). Then we have,

k=-(f+f).

Therefore,

1
2

a0 = (sw [ GIFml+ SFmTigtn »)aAm )

_ (sup [Pt U))dA(n)>2= a7 ()
veD JD

In a similar way, assume f = Im(k), then we have

Thus,

NI

T = (sw [ GIFEI+ 3IF T (o, »)aAwm)

(sup [ 17 PT(9(n.0))dAw)}
veD JD
= q'(f)

Theorem 3.1. For T : [0,+00) — [0, +00) be non-decreasing function. Let k = f+g € H(D) where
f,g € H(D).Then f,g € QT if and only if k € Q],. Moreover, if g(0) =0, then

1
sUlIfller +llgller) = lIkllgr, = 2((Ifllor + ligllor))-
Proof. Consider f,g € QT and let k = f + 3. Then
f'=ky and ¢ = k.

Therefore,
(Ikn ()] + [ha(m)D? < 22(lkn(M)* + [kn(m)[?)

The above inequality follows from the fact that for ¢;, & > 0,

2
a+ec
< ! ; 2> < [max{c1, &}]? = max{c?, c3} < ¢ + c3,
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we have

g7 (k? = sup / (kn(m)] + [kn(M)1)2T (g1, v)) dA()
veD JD

IN

22 [sup [ (a(m)DPT (9 ) dA) + sup [ (ka(m))*T (gl 0))dAm)] < ox.
veD JD veD JD

Therefore k € QE and,

q"(f +3)> <4(d" (F)* +d"(9)?). (3.2)

Taking the square root, we get

a7 (k) <2y/(a7(F2 + a7 (9)?) < 2(a7 () + 4" (9)).

Moreover, using |k(0)| < [f(0)| + |g(0)|, the upper estimate holds

Conversely, let k € Q], and note that
(M + 19" ()PP < (IF' ()] + 19 (m)])?,
Thus
sup | (ln(m) T o(m. v))dA() + sup [ (k)T (gl v))dA()
< s [ (k] + leg(m) T ) dA() < .
Therefore, both f and g are in the space Q' and
q" () +4q"(9)% < q" (k).

Hence, by 3.2

1
ST () + a7 (@) < \JaT (N2 + a7 (9)2
Then, we combine these two inequalities to get

1
Sla" () +a" (9 < a" (k).
By the assumption g(0) = 0, we have

1

51T < [F(0)] = [k(0)].
Therefore,

1
Slifller +liglior] < llkll o,

We deduce the lower estimate.
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Lemma 3.1. For T : [0, +00) — [0, +00) be non-decreasing function. Then k € Q[ if and only if

-

sup ([ ()| + la(mDET (1 = lo(m)2)dA(m)) < o, (33)
veD 2

Proof. Recall that for s € (0, 1], we have
—2logs >1—s°

and for s € (7, 1) we have

—logs < 4(1 — s?)

Assume k € QL then we have,

) = sup( [ Ukl + a7 (ot U))dA(n)>2 (3.4)
veD D

1
2

325< ]D/ (k)| + k() )T (L — |0u(77)|2)dA(n)> (3.5)

IN

Since [(|kn(n)| + |k5(n)|)?|dn| is increasing function on & € (0, 1), we have
D

/(|k77(77)|+|kﬁ(77)|)2|d77|§ / (Ikn ()] + kg (MD>T (1 = |ou(m)[?)dA(n) < (a7 (k))*.
D D/D(0,3)

This inequality with 3.4, prove the theorem. O

We now study the relationship between k € QL and the associated real and imaginary parts.

Proposition 3.1. For T : [0,+0c0) — [0, +00) be non-decreasing function. Let k € H(D) and assume
that T be the real part of k and 8 is the imaginary part of k such that

T = Re(k) and @ = Im(k).
Then k € QL. if and only if 7,0 € Q],. Moreover
1
X(I7llgg + 19lgg) < Ikllgp < Iy + 1oy,

Proof. Assume 7,0 € QL . Due to linearity, k € QZ, and the upper estimate hold directly by the
property of the norm (triangle inequality ) .

Let k € QL and recall that
J(T,0) = 70y — 0xTy
We have

21(r. )l < [IVT]? + Ve, (3.6)
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where VT = (74, 7,) , and VO = (6, 0,).

From this, we get
(19712 + 17012 + 2J(,6))7 + (IV7I| + [|V]2 — 2(7,6))7 > V2(I|V7] +[|V8]?)>  (3.7)

By squaring (3.7), the left-hand side becomes

Nl

IVTI1? + V61> + 2J(T.6) + V7 + (| V6| — 2J(7,6) + 2<||V’7'||2 +V6)?)? — 4(J(r, 9)2) :
Thus, by neglecting the last term and simple calculation, we obtain
2([Iv 7)1 + [v6]%).

Now, we may find |ky| + |kg| with respect to 7 and 6 by using the partials with respect to n and 7,
then calculating the modulus, after that applying (3.7)

\kn| + ksl = |79+ 10n| + |77 + 03]
1 . 1 )
= 5\TXJreer/(ex—Ty)\+§|Tx—ey+/(ex+fry)\
1 1
= 2\/((TX +9y)2 + (9)( - Ty)z) + 2\/((7}( - 9y)2 + (9)( + Ty)2)

= ;\/(IIVTIP + V6|12 + 2J(7, 9)) + ;\/<||V7'||2 + (Vo2 — 2J(r, 9))

1
> —/IIVT[2+ Vo2
> \ﬁ\/ll 71>+ Ve

1
> 5197l +Ivel).

In the last step, we apply the following inequality

In1| + |2l

fo .M € C. 3.8
\ﬁ r-ni 2 ( )

l(n1, m2)I| >

Therefore,

@ )2 = 5sup [ (IVrn)]+ [96n2T (gl v)dA(m)
neb JD

1
> Loaeto] o)
1
> Z(GI + qu) (3.9)

Therefore, by using inequality (3.8) one more time, we obtain
1

k(0)] = 7

(I7(0)] +16(0)]) (3.10)
Now, combine (3.9) and (3.10) to get

1
Ikllgp = 7(I7llop + 1ollop)
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Thus, 7 and 8 are in Q],, and that the other estimate is hold.
Theorem 3.2. (Q],. | - HQE) is a Banach space.

Proof. Obviously, QL is a normed linear space, we only wish to show completeness.

For each n € N, let {k,} be a Cauchy sequence in Q] . By Theorem 3.1, the analytic functions {f,}
and {g,} such that k, = f, + g, with g,(0) = 0 are in Q" and {f,} and {g,} are Cauchy sequence in
Q" By proposition 2.2 in [4], Q7 is complete. Thus, {f,} and {g,} converge to f and g, respectively

in the @ norm.
Define k =f + 3. Then, k € QI, by the estimates in Theorem 3.1, and
lkn = kllgr < 2(I1fs = fligr +[lgn = gllor) = 0, as n — oo.

We ends up with k,; — k in QL.

Theorem 3.3. For nondecreasing function T : [0, +00) — [0, +00). The space Q[ is a subset of
By. Moreover, for k € Qf, we have

Ikl < mlikllor.
for some constant m > 0.

Proof. Assume k € Q] and let

sup [ (ko) + ks(mI)2T (9(m, v))dA(m) = M < oc,
D

For 6 € (0,1) define D(zZ, A) := {n € D : |o,(n)| < §}. Since T is nondecreasing function and by

the change of variable w = 0,(7n) we have

/ (k)| + [ka ()T (9, v))dA()

D

M

v

B
au(n)

v

/ (kn(m)] + ka (M (Iog —— ) dA(n)

D(z.£)
T(log3) [ (k)| + Ika()?aAG)
D(z.4)
1 2
= T(log3) [ ((koonuw)l+](koa,)a(w)dAw)

|w|<d

75T (10g 3 )(I(k © 7)o (0)] + I(k 0 6,)5(0)])?

Y

v

= 77T (109 3 )(I(k ()] + (ko (W)]2(1 = o)
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Fix 6p € (0,1). Thus

M
sup(1 — vk, ()] + (ks < | ————
sup(1 = WP (e () + sl <\ [y
Therefore,
-
q' (k)
bk < (3.11)
boy/7T (log %)
We obtained that k € By and Q], C By.
|

Theorem 3.4. If the logarithmic type [ and the logarithmic order A of T(r) satisfying one of the
following cases,

(1) A>1,

(2) F'>2and A =1,

then the space QL has only constant functions(trivial space).

Proof. By theorem 3.3, it is sufficient to prove that for each non constant harmonic Bloch function
k can not be in the space QL. Indeed, if either A > 1 or ' > 2 and X = 1, there is a sequence {r;}

as j — 0o, the sequence {r;} — oo as follows

log* log™ T (r})

lim =x>1, (3.12)
Jj—o0 log r;
or
log™ T (r;
lim 29T oy (3.13)
J—o0 I
In the case 3.12 or 3.13, we get
. T(rj)
| L — 3.14
0 e (3.14)
Set hj = e™ Y, for j € N, then
1
lim h?T (log —) = oc. 1
j—|>ngoj (oghj) 00 (3.15)

Assume k € By be a non-constant. Then it is clear that the semi-norm by # O.

However, by 3.11, and 3.15, as j — oo we obtain

sup [ ()] -+ Lk (m) DT (9, 1)) dAG) = 763 B2 Tolog 1) = .
UGDD J

That implies k ¢ QL which proves the theorem. Il

The next theorem shows that the Mobius invariance of Q7 space extends to the harmonic setting.
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Theorem 3.5. For T : [0,+00) — [0, 4+00) be non-decreasing function. Q[ is a Mébius invariant

space.

Proof. It is obvious that rotations have no effect on the semi-norm g’ (k). We wish to show g’ (k o
w,)=q' (k), forveDand k€ Q.

For v € D, and since ¢, is its own inverse, we have

(L= P (m)] =1~ lo,(m)P

and

i 1
(pu((pu(n)) = (P, (77)

14

By change of variables & = ¢, (n), we get

q' (kowy)? = SUp/T(l_|‘PU("7)|2)[|(k°(Pu)n(77)|+(kO‘PU)ﬁ(n)H2dA(77)
veD JD

= SUB/DT“_ [0 (M) kn (00 (M) 0, ()] + [(kn( 00 (n))), (M)IIPdA()

= SUP/T(l—Iwu(n)IZ)IwL(n)IQ[Ikn(wu(n))l+lkﬁ(wu(n))u%A(n)
veD JD
= /D T(1 = €)@, (0o ()1 kn(E)] + [ (kn(E)1Pleo, (§) PdAE)

— _ 2 # _ 20, 2
= 325/@)7(1 N )\cp’u(g)PHh”(g)'+|h”(n)” [0, ()I7dA(E)

= sup/T(l—|£|2)[Ikn(£)|+|kﬁ($)|]2dA(£)
veD JD
= q’ (k)?
as desired.

Finally, we move our attention to study the boundedness of composition operator C, from the

harmonic Bloch space By to Q] and Q.

4. Boundedness

Due to the representation of the harmonic mapping, the composition operator C, induced by

analytic or a conjugate analytic self-maps of D is given by
Cok =koop,
for all k belonging to a class of harmonic mappings.

The following is a basic property of the harmonic Bloch space was introduced in [20].
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Lemma 4.1. Forn € D. If ki, ko € By we have
(1= 1n1*)7" < (k)M + [(k)a(m)| + [(k2)n(m)] + |(k2)a(n)].

The next result which will be used in the proof of the main theorem of this section is a special case
of Theorem 3.6 in [1]

Lemma 4.2. Fork € By and ¢ : D — D,

1+ |(0)]
1—Jp(0)]

Theorem 4.1. For T : [0, 4+00) — [0, +00) be non-decreasing function. Let ¢ be analytic function

K((0))] < [K(O)] + 5 log

such that ¢ : D — D. Then Cy, : By — QL is bounded operator if and only if

/ 2
sup o' (n)]

B W fpmpyz T NIAm < (a1)
D

Proof. Let us assume 4.1 holds and let p% be the supremum in 4.1. Let n € D and k € By, then

T(g(n, v)[|(k o @)n(m)| + |(k © @)z(n)[]>dA(n)

o S5S—

T(g(n, v)|@ (M)l k(M) + | ks (0(m))12dA(n)

2 |‘Plz(§)|2
<4 [ Tem iy

< p7b.

dA(n)

Therefore, g7 (ko ) < p1 bk. Since k € By we have

2
ICokIISy = (Ikow(0)]+a" (Cuk))

< (KO + p1og 1A b, + 61 6,)°

2
< P (Ik(0)| + bx)” = o°|Kkl|3,-

1 1+ p(0)|
where p = max{1, p1 + = log ————-}.
ot 5109 (o))

Therefore, ||C(pk||QL < p||k||5,, which implies that C, : By — Q] is bounded. Conversely, Assume
the boundedness of Cy, : By — QI, holds, then there is a positive constant p > 0 for all k € By, we

have
ICokllgr, < pllKlls,

On the other hand, by Lemma 4.1 for all n € D, there exist k1, k» € By such that

(1 =)™ < 1k + [(k)a(m)] + [(k2)(m)] + [(k2)a ()]
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Therefore,

lp(n)'|?
[1—lom)?]?

IN

2[(k1 0 @)q(m)I? + 2/ (k1 0 @)7(n)[* + 2|(k2 © ©)n(M)|? + 2|(k2 © ©)5(n)|?

< 2[l(k 0 @)g(m)] + (k1 0 @)a(M)[1 + 2[I(k2 © @)n(M)] + |(k2 0 ©)7(m)[]*

where the last inequity follows from the fact that for ¢;, co > 0 and m > 1 we have
' +c <(a+c)”

Moreover,

lp(n)|?
T(g( )) 5dA(n)
/ A em)?

2/@ |:[|(k1 o @)n(m)| + (ks 0 @)a(M1* + [[(k2 0 @)n(M)| + |(k2 © )7 (M)I1?| T (g(n, v))dA(n)
< 20°(llkaliz, + lIk2llz,,).

Thus, take the supremum over all n € D, the quantity 4.1 holds since p is a constant and k € By. O

Theorem 4.2. For nondecreasing function T : [0, +o00) — [0, +00). Let ¢ be analytic function such

that o : D — . Then Cyp : By — QLO is bounded operator if and only if

w/ AT )9 =0 (42)

Proof. By theorem 4.1, we know that Cy, : By — QL is bounded since the condition 4.2 implies the

following

()P
EEBID/MPWT(QM' v))dA(n) < oo.

We only wish to show that Cyk € QL’O for each k € By and this comes from the inequality

| Tk )atm)l + (ko @hsmIPaAm)
= [ (e )le P lkalom)] + linti=(m)IPdA)

< 8} [ T(on ) 2 s dA)

Thus, Cyk € QL,o-
Conversely, consider Cy, : By — QL‘O is bounded. By Lemma 4.1 there exist k;, ko € By such
that

(1= )™ < (k)] + [(k)a(m)] + [(k2)n(m)] + [(k2)a ()]
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Then Cyki, Coko € QF o

Therefore,

. lo(n)'?
i, J, T A

<2 |u“|T1 /D T(g(n, ) ([I(ks 0 @)n(m)| + |(kx 0 @)a(M)I] + [|(k2 © @)n(m)] + (k2 © ©)7(m)[]*) dA(n) = O

Then 4.2 holds and this complete the proof. O
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