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Abstract. The growth of the Hankel determinant whose elements are logarithmic coefficients for
different subclasses of univalent functions has recently attracted considerable interest. In this paper,
we obtain the bounds for the first four initial logarithmic coefficients for the subclass of starlike functions
with respect to conjugate points in an open unit disk. Furthermore, we determine the upper bounds
of the second Hankel determinant of logarithmic coefficients for this subclass. We also present some

new consequences of our results.

1. Introduction

Let A be the class of analytic functions f (z) in an open unit disk E = {z € C: |z| < 1} which
satisfy f (0) = f'(0) — 1 = 0 and has the series representation

f(z):Z—i-Za,,z”, zeE. (1.1)
n=2

We also denote by S the subclass of A consisting of univalent functions in E.
Let P be the class of analytic functions p (z) defined in E which satisfy Rep(z) > 0 and has the

series representation
o0
p(z):1+2pnz”, zeE. (1.2)
n=1
This class is also known as the class of Carathéodory functions.
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We denote H as the class of Schwarz functions w (z) defined in E which satisfy w (0) = 0 and

|w (z)] < 1, and has the series representation
o0
w(z) =) bz* z€E. (1.3)
k=1

If there exists a Schwarz function w(z) € H such that f (z) = g(w(z)) for all z € E, then the
analytic function f (z) is subordinate to another analytic function g(z) and is symbolically written
as f(z) < g(z). Furthermore, if g(z) is univalent in E, then f(z) < g(z) & f(0) = g(0) and
f(E)=9g(E).

In [1], EI-FAshwah and Thomas introduced the class of functions that are starlike with respect to

conjugate points. The class is denoted by Sc* which satisfies
Re{sz,(Z)}>O, zeE. (1.4)
f(z)+f(2)
In [2], Halim introduced the class S¢* (§) consisting of functions of the form (1.1) and satisfying
Re{wl(z)}>6,0§6<1,z€E. (1.5)
f(z)+f(2)
By means of subordination, Dahhar and Janteng [3] introduced the class S¢* (A, B) consisting of
functions of the form (1.1) and satisfying
22f1(2)  _1HAZ 4 g acq zeE (1.6)
f(z)+f(z) 1+Bz
From (1.6), it follows that f (z) € Sc* (A, B) if and only if
2zf"(2) 1+ Aw(2)
f(2)+f(@z) 1+Bw()
In [4], Wahid et al. introduced the class S¢* (a, d) consisting of functions of the form (1.1) and

w(z) € H. (1.7)

satisfying
. zf! (z)} T
Re < e'® >95,0<0< 1, lo|< =, z€E, 1.8
e ol<7 ()
where ¢g(z) = % The functions in the class S¢* (a,d) are known as tilted starlike func-

tions with respect to conjugate points of order §. In terms of subordination, they defined the class
Sc* (e, 6, A, B) which satisfies

{e’azg((zz))—é—isina}t-< 118? —1<B<AKI1, z€eE, (1.9)
ad

where tos = cosa — 4.
From (1.9), it follows that f (z) € S¢™ (a, 0, A, B) if and only if

in2f' (2) . I 1+Aw(2)
{e e —6—/sma}ta6—1+Bw(Z), w(z) € H. (1.10)

Remark 1.1. /t is observed that by choosing the specific values of the parameters o, §, A and B in

the class Sc* (a, 0, A, B) leads to the following classes:
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(a) If welet o =6 =0,A=1 and B = —1, then the class Sc* (a, §, A, B) reduces to the class Sc*
given in (1.4).

(b) If we let o =0,A =1 and B = —1, then the class Sc* (a, 6, A, B) reduces to the class Sc¢* ()
given in (1.5).

(c) If we replace oo = § = 0, then the class Sc¢* (o, 9, A, B) reduces to the class S¢* (A, B) given in
(1.6).

(d) If we replace A= 1 and B = —1, then the class S¢™ (e, 6, A, B) reduces to the class Sc¢* (a, 0)
given in (1.8).

Aside from that, many interesting results especially related to coefficients of f (z) € S for various
subclasses of starlike functions with respect to symmetric points, symmetric conjugate points and
conjugate points were obtained by several authors. We may point interested readers to recent advances
in these subclasses and their further results which point in a different direction than the current study,
see for example, coefficient estimates [3,5,6], Fekete-Szegd inequality [7], Hankel determinant [8-12],
Toeplitz determinant [13] and Zalcman coefficient functional [8, 14].

The logarithmic coefficients «y,, n > 1 for a function f (z) € S of the form (1.1) play an important
role in Milin's conjecture [15, 16], Brennan's conjecture [17] and can also be used to find estimations

for the coefficients of an inverse function. It is given in the series representation
f(z >
Ff(z) :=log <(Z)> = 22:1')',72”, zeE. (1.11)
n=

By differentiating (1.11) and comparing the coefficients of z”, the logarithmic coefficients «y,, n =

1,2,3,4 are given as follows:

1

M= S, (1.12)

1 1,
=3 (23 -5 ) , (1.13)

1 1
=5 <a4—8283+3823> (1.14)

and
1 2 1 5, 1 4

Y4 = 5 <a5 aras + ao“as 233 432 > . (1.15)

The growth of the inequalities problems related to the upper bound of the Hankel determinant
has been studied for different subclasses of A. The Hankel determinant was defined by Pommerenke
[18, 19] for a function f (z) € S of the form (1.1) which is given by

dn dn+1 *c° dndg-1

dn+1 dn+2 dn+tq
Hgn(f) = ) ) _ ) , (1.16)

dn+q—-1 dnt+q " dnt2q-2
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where n, g € N. It is very useful for example in the theory of singularities [20] and in the study of
power series with integral coefficients.
Recently, Kowalczyk and Lecko [21,22] proposed the study of the Hankel determinant whose ele-

ments are logarithmic coefficients of f (z) € S which is given by

Yn Yn+1 U Yn4-g—1
Yn41 Yn+2 U Yn4q
Hq.n (Fr/2) = . . : . : (1.17)
Yn+q-1  Yn+q 0 Vn+2g-2

The results of Hg , (Fr/2) broaden the knowledge of logarithmic coefficients for different subclasses

of S. In particular, for values of g =2, n=1 and g = 2, n = 2, respectively, we have

Hai1 (Fr/2) = mys —72° (1.18)

and
Ha2 (Ff/2) = Y2¥a — v3°. (1.19)
The problem of finding the upper bounds of |y,| and |Hq.» (Ff/2)| has been considered for some
subclasses of univalent functions. Some significant contributions have been obtained recently to
these problems; see for instance [8, 23—-31]. However, as far as we know, no one has used the
coefficients of logarithmic functions to obtain the bound for the second Hankel determinant for the
classes Sc*, Sc* (0), Sc* (A, B) and S¢™ (a, d). Thus, in this paper, we continue the research dealing
with the logarithmic coefficients and the Hankel determinant of logarithmic coefficients for the class
Sc*(a, 0, A, B) introduced in (1.9). Our main aim is to obtain the upper bounds of the logarithmic
coefficients |y,|, n = 1,2,3,4 and the second Hankel determinants of logarithmic coefficients, i.e.,
|H21 (Fr/2)| and |Ha2 (Ff/2)|. Furthermore, we give several new consequences of our results based

on the special choices of the involved parameters.

2. Preliminary results

In this section, we present some lemmas which will be used to prove our main results.
o
Lemma 2.1. ( [15]) Let p(z) € P of the form p(z) =1+ Y. pnz". Then

n=1

The inequality is sharp for the function p (z) = £

1-z
Lemma 2.2. ( [32]) Let p(z) € P of the form p(z) =14 Y ppz" and u € C. Then
n=1

|pn — wpkpn—k| <2max{1,|2u— 1|}, 1<k<n-1.

If |2 — 1| > 1, then the inequality is sharp for the function p (z) = =2

— 1z
1, then the inequality is sharp for the function p (z) = }fi:

or its rotations. If |2u — 1| <

or its rotations.
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Lemma 2.3. ( [33]) Let p(z) € P of the form p(z) =1+ Y pnz". Then
n=1

[lci® = Xearo + V| 2|1+ 21X =2/ + 2|/ = X + V],

where |, X and V' are real numbers.

3. Main results

In this section, we find the estimate for initial logarithmic coefficients for functions belonging to the
class S¢* (a, d, A, B) . Furthermore, we obtain the upper bounds of the second Hankel determinant of
logarithmic coefficients for the case of g =2 and n=1, and g = 2 and n = 2 for functions from the
class S¢* (o, 0, A, B).

Theorem 3.1. /ff (z) € Sc* (a, d, A, B) and has the series representation (1.1), then

T T T T(1+4+27)
< — < — < — < — =
|’Yl| X o |KYQ| X 4’ |,Y3| < 6 and |IY4| X 3 )

where T = (A — B)tys, tas =cosa— 9 and T =1+ B.

Proof. Let f (z) = z+ > apz" € S¢* (e, 6, A, B). The coefficients a,, n= 2,3,4,5 are given by [14]

=2
a = %’3 (3.1)
az = g [2ko + ki (= T)], (3.2)
as = fs [8ks + kiko (66 — 8T) + ki (€2 — 3T€ +27?)] (3.3)

and
as = 324 [48ks + kiks (326 — 48T) + ko? (126 — 247) + ki* (€3 — 672 + 1177%¢ — 673) (3.4

+ki?ko (1262 — 447€ +3672)]

where § = Te™ ™ T = (A — B)tys, tas =cosa —06 and T =1+ B.
Using (3.1)—(3.4), from (1.12)—(1.15), respectively, we obtain

m="t (35)
242
V2 = % g (2ke + k2 (=) — k185
(3.6)
= % (2ko — k1),
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_1 £(8k + kiko (66 — 8T) + ki° (62 — 3T€ +272)) —kl—gz(Qk +k2(E-T)) + ko8
V3= > | 28 3 1K2 1 16 2 1 54
= fS (ki*T2 — 4k koY + 4k3)
(3.7)
and

1
vy == [5 (48ks + kiks (326 — 48T) + ko2 (126 — 247) + ky* (€3 — 67T€2 + 11726 — 673)

2 384
k 2
+hi?ko (1267 — 447€ +36772)) — éé (8ks + kiko (6§ — 8T) + ki® (€2 — 3T¢ +272))
ki?e? 2 § 2 2 4 2 ki*e?
o (ke + k2 (6= ) — T (ke + 4Pk (€= T) + k(6= T)) - =
= 1; (8ks — 4ko®T — ki * T3 + 6k1%ko T2 — Bk1ks ) .
(3.8)
For 71, implementing Lemma 2.1 in (3.5), we obtain
T
1] < 5
For 72, 73 and -y4, we can write (3.6)—(3.8), respectively, as
_£ 2
2= 3 (ko — pki?) (3.9)
_ & (43
Y3 = @ (/kl — Xkiko + Vk3) (310)
and
Ny = 158 (8 (ka — who?) — ku (I*ki® — X*kiko + V*k3)) | (3.11)

where p = T, 1 =T2, X =47,V =4, [*="T3, X" =6T2 and V* = 8.
Implementing Lemma 2.2 in (3.9), Lemma 2.3 in (3.10) and both Lemma 2.2 and Lemma 2.3 in

(3.11), and application of triangle inequality, respectively, we get

T

72| < 7

ol

3| <

and
T(1+27)

el < TEE2D)

This completes the proof. [l
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Theorem 3.2. /ff (z) € Sc* (a,d, A, B) and has the series representation (1.1), then
7T?

Mo (Fe/2) <

where T = (A — B)tys, tas =Ccosa—06 and T =1+ B.

Proof. Using (3.5)—(3.7), from (1.18), we have

2
Ha1 (Fe/2) = 11952 (ki*T2 — 4kikoT + 4ks) — 2556 (4ko? — 4k?ko 0 + ke *72) . (3.12)
Hence, simplifying (3.12), we can write it as
£2 *ok 2
Hs 1 (Ff/2) = o5 (ki (1ki® — Xkiko +V**ks) — 12ko?) , (3.13)

where | = T2, X =47 and V** = 16.
Thus, applying Lemma 2.1 and Lemma 2.3, and by triangle inequality implies that

772
|Ho1 (Fr/2)| < 28

This completes the proof. O

Theorem 3.3. Iff(z) € S¢* (a, 6, A, B) and has the series representation (1.1), then

2 (52
Ha s (Fr/2)| < T (Q'T 2—;89T+ 17)’

where T = (A — B)tys, tas =cosa— 0 and T =1+ B.

Proof. Substituting (3.9)—(3.11) in (1.19) and after simplification, we get

2
Hopo (Fr/2) = 2548 (2ko — k1) (8ks — 4ko® T — k" T3 + 6k ko T2 — Bk k3 )
—i(kl37‘2 — Ak kT + 4ks)”
2304 3
2
= 185432 (ki®T* — 8ki*ko V3 + 8k13 k3 T2 + 144koks — T2ki % ka T — 72k T
+16ki % ko> T2 —128ks” + 112k koksT) .
(3.14)
By rearranging the terms in (3.14), we may write
2
Hao (Fe/2) = 18’%@ (k372 (Tke® = V¥ kiko + X*ks) + 144ky (ko — pki®) — 72k (ko — vki?)
—128k3 (k3 — nkik2)],
(3.15)
where | = T2, X* =8, V*=8T, u= 3, v=2"andn= 1 .

Thus, implementing Lemma 2.2 and Lemma 2.3, and by triangle inequality, (3.15) yields
T2 (272497 +17)
288 '
This completes the proof. [l

|H22 (Fr/2)] <
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Upon choosing the specific values of the parameters a, 9, A and B in Theorem 3.1, Theorem 3.2

and Theorem 3.3, respectively, we get the following consequences:

Corollary 3.1.
(a) Let S5¢*(0,0,1,—1) = Sc*. Then we have
ml<l el <2 sl <t and bl <
M L ’Yz\z, 73\33 'y4\4.
(b) Let S¢*(0,6,1,—1) = Sc* (8). Then we have
1-9 1-9 1-96
<@, bl < B2 el < E52 ang g < B2
(c) Let Sc*(0,0,A, B) = Sc* (A, B). Then we have
A—B A—-B A—-B A-B)(1+2T
i< B < BB BB g gy < AZBIUEZD)
2 4 6 8
(d) Let Sc* (a,0,1,—1) = Sc* (o, 6). Then we have
t, t, t,
M| < tas, brel < 50 1l < 57 and [yl < 5.

Corollary 3.2.
(a) Let S¢*(0,0,1,—1) = Sc*. Then we have

.
<

(b) Let S¢*(0,6,1,—1) = Sc* (8). Then we have
7(1-6)°
o (Fr/2)] < T 00

(c) Let S¢* (0,0, A, B) = Sc* (A, B). Then we have

7(A— B)?
< N =7
H21 (Fr/2)l S =45
(d) Let Sc* (a,0,1,—1) = Sc* (o, 6). Then we have
7ta52
<
[Ho1 (Fe/2)l < —5—
Corollary 3.3.
(a) Let S¢*(0,0,1,—1) = S¢*. Then we have
17
< -
[H22 (Fe/2)l < =
(b) Let S¢*(0,6,1,—1) = Sc* (8). Then we have
17(1 - 6)?
|H2,2 (Ff/2)‘ < (72)

(c) Let S¢*(0,0,A, B) = Sc* (A, B). Then we have

A—B)? (272 49T +17
oo (/) < A= CT S )
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(d) Let Sc* (a,0,1,—1) = Sc* (o, 6). Then we have

17tas°

H22 (F/2)l < —5

4. Conclusion

In this paper, we have obtained the upper bounds of the initial logarithmic coefficients and the
second Hankel determinant of logarithmic coefficients for functions from the class S¢* (e, 9, A, B).
It is shown in corollaries that the obtained results lead to new results for some existing subclasses,
le., Sc*, Sc*(6), Sc* (A B) and Sc*(a,0). Corollary 3.1(a) also coincides with the inequality
|vn| < % n = 1 that holds for the well-known class of starlike functions S*. The results obtained
could provide an opportunity for researchers to further investigate the third and fourth-order Hankel
determinants of logarithmic coefficients, including other inequalities problems related to logarithmic
coefficients for this class as well as other subclasses of S.
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