Int. J. Anal. Appl. (2023), 21:8

International Journal of Analysis and Applications

Some Invariant Point Results Using Simulation Function

Venkatesh*, Naga Raju
Department of Mathematics, Osmania University, Hyderabad, Telangana-500007, India

*Corresponding author: venkat409151@gmail.com

Abstract. Through this article, we establish an invariant point theorem by defining generalized Zs-
contractions in relation to the simulation function in S-metric space. In this article, we generalized
the results of Nihal Tas, Nihal Yilmaz Ozgur and N.Mlaiki. In addition to that, we bestow an example

which supports our results.

1. Introduction

Fixed point is also known as an invariant point. Banach principle of contraction [2] on metric space
plays very important role in the field of invariant point theory and non linear analysis. In 1922, Stefan
Banach initiated the concept of contraction and established well known Banach contraction theorem.
In the year 2006, B Sims and Mustafa [9], established theory on G-metric spaces, that is an extension of
metric spaces and established some properties. Later, A.Aliouche, S.Sedghi and N.Shobe [13] initiated
S-metric spaces, it is a generalization of G-metric spaces in the year 2012. In 2014, S.Radojevic,
N.V.Dung and N.T.Hieu [4] proved by examples that S-metric space is not a generalization of G-
metric space and vice versa. Invariant points of various contractive maps on S-metric spaces were
studied in [ [1], [3], [6]- [8]. [11]]. In 2015, F.Khajasteh, Satish Shukla and S.Radenovic [5] introduced
simulation function and the concept of Z-contration in relation to simulation function and proved
an invariant point theorem which generalizes the Banach Contraction principle. Very recently, Murat
Olgun, O.Bicer and T.Alyildiz [10] defined generalized Z-contraction in relation to the simulation

function and proved an invariant point theorem.
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In the year 2019, Nihal Tas, Nihal Ylimaz Ozgur and Nabil Mlaiki [8] proved an invariant point
theorem by employing the collection of simulation mappings on S-metric spaces. In this article, we

generalized the results of Nihal Tas , Nihal Yilmaz Ozgur and N.Mlaiki.

2. Preliminaries

Definition 2.1. [13] Let X # (), then a mapping S:X3 — [0, 00) is said to be an S-metric on X if:
(51) S(&,9,w) >0 forall §,%,w e X with§ #9 # w.

(52) S(§,%,w) =0ifE=08=w.

(S3) S(&, 9, w) <[S(& & a)+ S(9,9,a) + S(w, w, a)]

Ve, 9, w,ae X. Then we call (X,S) is an S-metric space.

Example 2.1. [13] Define S:X3 — [0,00) by S(&,9, w) = d(€,9) + d(&, w) + d(9, w) for any
£, %, we X, where (X, d) be a metric space. Then (X,S) is an S-metric space.

Example 2.2. [4] Suppose X=R, Collection of all real numbers and let S(§,%, w) = |8 + w — 2&| +
|9 — w| for all £, 9, w € X. Then (X,S) is an S-metric space.

Example 2.3. [12] Suppose X =R, Collection of all real numbers and let S(§, %, w) = [ —w|+ |0 —w|
for all §,9,w € X. Then (X,S) is an S-metric space.

Example 2.4. Suppose X=[0,1] and S:X3 — [0, 0o) be defined by
fE=9%=w
S, % w) =
max{&,%, w} otherwise

Then (X,S) is an S-metric space.
Lemma 2.1. [13] In the S-metric space, we observe S(&,€,9) = S(89,9,€).

Lemma 2.2. [4] In the S-metric space, we observe
(i) S(£, €, 9) <2S5(&,. & w)+ S(9, 9, w) and
(i) 5(€,€,9) <25(£, & w) + S(w, w, )

Definition 2.2. [13] Let (X,S) be a S-metric space. We have:

() IfS(&n,€n. &) — 0 as n — oo. ,then we say sequence {£,} € X converges to & € X. i.e., for every
€ > 0, it can be found a natural number ny so that to each n> ng, S(&n, €0, &) < € and we indicate it
by limp_y00 &n = €.

(ii) a sequence {£,} € X is known as Cauchy sequence if to each € > 0, it can be found ng € N so
that S(&n,&n, €m) < € for every n,m> ng.

(iii)If each Cauchy sequence of X is convergent, then say X is complete.

Definition 2.3. [13] A self map h is defined on S-metric space (X,S) is known as an S-contraction
if we get a constant 0 < T < 1 so that
S(h(€), h(€), h(B)) < TS(&. & 9) forall €, € X.
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Definition 2.4. [5] We say that a mapping 7y : [0, 00) x [0, 00) — R is a simulation mapping if:
(v1)~¥(0,0) =0

(v2)v(p.q) < q—p forpg>0

(v3) If {pn}.{qn} are sequences of (0,00) so that limpseopn = liMpoooqn > 0, then

limp—so0sup Y(Pn. qn) < 0.

We indicate Z as the collection of all simulation mappings. For example, v(p,q) = T7q — p for
0< 1 <1 belongning to Z.

Definition 2.5. [5] Let h be a self map on a metric space (X,d) and v €Z. Then h is known as a

Z-contraction in relation to -y if:

y(d(hE, h9), d(€,9)) >0 for all €, € X.

By considering the Definition 2.5. It is concluded that each Banach contraction becomes Z-
contraction in relation to y(p,q) = Tq — p with 0 < 7 < 1. Further, it can be established from
the definition of the simulation mapping that «y(p, g) < 0 for each p > g > 0. Hence, assume that h

is a Z-contraction in relation to vy € Z then

d(hg, ht) < d(&, ) for all distinct £, 9 € X.

Theorem 2.1. [5] In complete metric space (X,d), each Z-contraction has a unique invariant point

and furthermore the invariant point is the limit of every Picard’s sequence.

3. Main Results

Definition 3.1. [13] Let h be a self map on an S-metric space X and v €Z. We say that h is a

contraction if we find a constant 0 < L < 1 such that

S(h€, hE, hY) < LS(&,€,9) forall €,9 € X.
Nihal Tas, N.Y.Ozgur and Nabil Mlaiki [8] defined the Zs-contraction as follows.

Definition 3.2. [8] Let h be a self map on an S-metric space (X, S) and v €Z. Then h is said to be

a Zs-contraction in relation to -y if

v(S(h¢, he, h9), S(€,€,9)) > 0 forall 9 € X
Nihal Tas, N.Y.Ozgur and Nabil Mlaiki [8] proved the following theorem.

Theorem 3.1. [8] Let h be a self map on an S-metric space (X, S). Then h has a unique invariant point
ac€ X and the invariant point is the limit of the Picard sequence {£,}, whenever h is a Zs-contraction

in relation to 7.
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Definition 3.3. Let h be a self map on an S-metric space (X, S) and vy € Z. Then h is said to be

generalized Zs-contraction in relation to -y if

Y(S(hE, he, h9), M(€,€,9)) >0 for all £,9 € X (3.1)
where M(&,&,9) = max{S(&,&,9),S(&, &, hE), S(9, 9, hY), %[S(E, &, hd) + S(9, 9, hé)]}
Example 3.1. Let h be a contraction on (X,S). If we take L€[0,1) and «y(p,q) = Lg-p for all 0 <

p, q < oo, then a contraction h is a Zs-contraction in relation to«y. In fact, consider p = S(h&, hg, hd)

and g = M(&,€,9). Since h is a contraction, we obtain :
S(h&, hg, ho) < LS(€,€,0) < LM(E, €. 9)

= LM(& E,8) — S(hE, hE, hd) >0

= ¥(S(hE, hE, ho), M(€, €, 9)) = 0.
for all €,7% € X. Therefore, h is a generalized Zs-contraction in relation to .
Example 3.2. Consider a complete S-metric space (X,S), where X = [0,1] and S : X3 — [0, 00) by
S 9, w)=|§—w|+ |9 — w|. Define h-X — X by
foré €10, %)

,for§ e [% 1)
Now we prove that h be a generalized Zs-contraction in relation to vy, where -y is defined by y(p, q) =

he =

(GG

%q — p. Now we get
She, he, ) < [S(E, &, he) + (9,9, h9)]

< 2 max{S (€., he). S(8,9, o)}

6
< S M(&.€. )

for all £, € X.

That is, we have
Y(S(hE, hE, D), MIE. £,9)) = S M(E, €, 8) — d(hE, hE, ) > 0.

for all £,% € X.

Definition 3.4. Let (X,S) be an S-metric space. Then we say that a mapping h:X — X is asymp-
totically regular at € € X if lim,_oo S(h"E, A"€, A7T1E) =0

By the following lemma, we can conclude that a generalized Zs-contraction is asymptotically regular

at each point of X.

Lemma 3.1. /fh: X — X is a generalized Zs-contraction in relation to -y, then h is an asymptotically

regular at each point £ € X.
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Proof. Let £ € X. If for some meN, we have h™é = h™~1¢, that is, h® = 9, where ¥ = h™~ 1€, then
h"9 = h"the = h"~ 19 = ... = h® =9 for each neN. Therefore, we have:

S(h”§ hng hn+1£) :S(hnfm+1hm71£ hnfm+1hm71£ hnfm+2hm71£)
:S(hn_m+l19 hn—m+l,L9 hn—m+2,l9)
= 5(9,9,0)
=0
Hence
lim S(h"¢, h"¢, h"™1e) =0
n—o0o

Now, we assume that h"¢ # h"t1¢, for each nEN.

From the condition(y2) and the generalized Zs-contraction property, we get:
0 < Y(S(H™1e, H1E, 1E), M(h"¢, "€, K" 1€)) (32)
Where
MR, 17¢, h71E) = max{S(h", "€, H7=1€), S(K"E, h¢, hh"E), S(h"=2¢, h=2¢, hh=1E),

SIS(E Mg, AP 1€) + (I8, b, hiE)])
= max{S(h"¢, h"¢, h"=1¢), S(h"¢, h"¢, h"TLE), S(h"=1¢, h"=1¢, h¢),
SIS(E WP, E) + S(H2¢, i1, 17 1))
— max{S(h"¢, "¢, H"=1€), S(H™1¢, e, he)}

If S(h™HLe hnTLe hnE) > S(h"E, "¢, h"~1€) then, we get
M(hng hnf, hnflg) — S(hl’H’lé" thrlgv hng)
From equation (3.2) we have,
0< ’Y(S(hn+lf, h”“&, hng)’ S(hn+1£, hn+1£, hng))
< S(hn—HE, hn+1£, hng) _ S(hn+1$, hn+1€, hng) =0
which is a contradiction.
Hence M(h"€E, h"€, h"=1€) = S(h"¢, h"¢, h"—1¢).
Using generalized Zs-contractive property, we get
0 < ,Y(S(hn+1£’ hn+1£’ hng)’ I\/I(h”g, hnf, hnflg))
= y(S(h™E h™E h7E), S(R"E, h7E, h"1E))
< S(h”&, hnf, hn—lg) _ S(hn—HE, hn—Hf, hnf)
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e, S(h"TLg, AntLlg, png) < S(hE, ¢, hn=L€) for all neN.
Then {S(h"¢, "¢, h"~1€)} is a nonnegative reals of decreasing sequence and so it should be conver-
gent. Suppose lim,_o0 S(h"€, h"¢, h"T1¢) = n > 0. If n > 0, then from the condition (¢3) and the
generalized Zs-contraction property, we get
0< lim sup y(S(h""'¢, h™1E, h"€), M(h"€, h"¢, h"~1¢)
n—oo
= lim sup y(S(h™1E, h™g, h€), S(h"¢, W€, h"~1¢) < 0

n—oo

which is a contradiction. It should be n = 0.

Therefore lim,_,oo S(h"€, K7€, K™1€) = 0.
Hence, h is asymptotically regular at each point £ € X. Il

Lemma 3.2. The Picard sequence {£,} so that h,—1 = &,, to each nEN the initial point £y € X is

a bounded sequence, whenever h is a generalized Zs-contraction in relation to 7.

Proof. Consider {£,} be the Picard sequence in X with initial value 5. Now we claim that {£,} is a
bounded sequence.

Assume that {£,} is unbounded. Let &,4m # &5, for each m,neN.

Since {£,} is unbounded, we can find a subsequence {&,, } of {£,} so that n; = 1 and to each keN,

Nk+1 15 the smallest integer so that
SEnr1. Emr1.€n) > 1 and S(Em, Em &n,) < Lforng < m< gy —1

Hence, from the lemma (2.2), we obtain

1 < 5(£nk+1v gnk_Hv Enk)
< 25(£nk+1’ gnk+1 , gnkﬂ*l) + 5(£’7k’ gnkv gnk+1*1)

< QS(EWH' E”k+1 , E”k+1_1) +1

Letting k— oo and using lemma (3.1), we have

nli_)moo S(gnk+1’ g”l<+1 ! g"’k) =1

< (s s ) < MlEniyt,Enprr1, Enc)

= max{S(&n1—1, Enii—1. Em—1)0 S 1. Emiyi—1. Ener ), S(En—1, Eme—1. €ny),
1S (Ens 1B 1,80+ S(En 1,60 1,60 )

= (St Enit o) Syt it € ) St Enr ),

2151 Enit, €n) + SEn1. €t €)1}
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S max{zs(gnkflv gnkf].v gnk) + S(gn;grl*lv €Hk+171v gnk)v S(€Hk+171v gnk+171v gnkﬂ),

SEni—1.&n—1.€n,). %[5(&“171, Enei—1.6n) +SEn—1.&n—1. En )}

< max{25(£nk,1, gnkfly gnk) +1, S(gnk+1*ll &nk+1711 gnkﬂ),

S(gnkfly gnkfln &nk>. %[1 + zs(gnkfln gnkfly Enk) + S(gnk. gnk: gnk+1)]}

Letting n— oo, we get
1 S ||m M(€Hk+1—11£nk+1—lr€nk—l) é 1
k—o00
That IS |Imk—)00 M(£Nk+1flv gn;ﬂ,l*lv gnkfl) = 1

From the condition(«y3) and the generalized Zs-contraction property, we obtain

O S k||—>moo SUD ’Y(S(&nkﬂ ' £Hk+1 ' gnk)v M(£Hk+1—lv Enk+1—11 Enk—l))
= llm SUP ,Y(S(gﬂk+1v 5nk+1: gnk): S(fnkﬂ—l: £Hk+1—lr gnk—l)) < O
k—o0
which is a contradiction. Hence our assumption is wrong.

Therefore {&£,} is bounded. O

Theorem 3.2. Let h be a self map defined on complete S-metric space (X, S). Then h has a unique
invariant point a € X and Picard sequence {{,} converges to the invariant element a, whenever h is

a generalized Zs-contraction in relation to .

Proof. Let the Picard sequence {£,} be defined as h€,—1 = £,, Vn €N and &, € X. Now, we claim
that {£,} be a cauchy sequence. To get this, Consider

Th=sup{S(&.&.&) :i,j > n}.

Clearly {T,} be a nonnegative reals of decreasing sequence. Hence, we can find 7 > 0 so that
iMoo Th = 7. Now we prove that 7 = 0. If possible suppose that 7 > 0. From the definition of T,,

for each keN, we can find myg, ngx so that kK < nx < my and

1
Tk - % < S(fmkxgmkngnk) S Tk

Therefore, we get im0 S(Em, Emy Eny) = T-

From the lemma (2.2), lemma (3.1) and generalized Zs-contraction property, we get

S(Emye Emer €n) < S(Em—1. Eme—1,€n—1)
< 25(Eme—1. Em—1. Emi) + S(Ene—1. En—1. Emy)
< 25(Eme—1.Eme—1.€my) +25(En—1. €n—1. €ny) + S(Emy Emy ni)
Letting as k— 0o, we have

k“—>moo SEm-1.€m—1.€n—1) =T
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SEm—1, €mi—1, Ene—1) < M(Emy—1, Emy—1, €n—1)
= max{S(Em,1,Emy-1,En 1), SEm1,Eony1, Am 1), S(En1,Eoy 1. hn 1),
S (1. Em 1. P 2) + S(En, 1. n, 1. hm, )]}
= ma{S(Em, 1. Em, 1280 1), S(Em, 1. Emy1.Em), S(En 1,60, 1,En,).
1S (e et n) + S(En1, €t Em )
< max(S(Em, 1, Emy 1 En 1), S, 1,Emy 1, Em). S(Eny 1. n, 1,6,

205 (Emy 1.1, Em) + S(Eme Eme G )+
25 (€0, 1,€n,1.E) + SCene.Ene,Em]}
Letting k — oo, we get
i M(Em, 1618 1) =T

From the condition (-y3) and the generalized Zs-contraction property, we have

O S k[}moosup ,Y(S(gmkr gmkv gnk)v M(émk—lv gmk—lvgﬂk—l)) < O

This is a contraction, Hence, 7 = 0.
That is {£,} is a cauchy sequence in the complete S-metric space X, we can find n € X so that
My o0 én =M.

Now we verify that, 7 is an invariant point of h.

If suppose hn # 7, then S(n,n, hn) = S(hn, hn,n) > 0.
Now,

M(&n, €n.m) =max{S(&n. €n. M), S(&n. €n. hER), S(n. 1, hm),

%[s(gn, €n, hm) + S(n.m, hén)]}

1im M(&n, &, n) = max{S(n,m,m), S(n.n.n), S(n,n, hm), %[S(n n,m) +S(n,n,n)l}

= S(n,m, hn)

From the conditions (2), («v3) and Zs-contraction property, we get

0< lim sup y(S(hén, hén, hm), M(&n, €0, 1)) <O

This is contradiction. Hence S(n,m,hm) =0 = hn=mn.
Hence, m is a invariant point of h.

Now we claim that 7 is unique. Suppose a is an element in X such that o # 1 and ha = a.
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Now,
M(n,m, ) = max{S(n.n, &), S(n.n, hn), (e, a, ha), %[S(n,n, ha) + S(a, a, ]}
= max{S(n.n, ), S(n.n,m), S(e. @), 5[S(n, m,a) + S(a, ]}
=S5(n.n a)
From the condition (-y2) and Zs-contraction property, we get
0 < (S(hn, hn, har), M(n,m, @) = v(S(hn, hn, ha), S(n,n. )
<S(nma)=5(nmna)=0

This is a contradiction. It should be n = «. [l

Example 3.3. Consider a complete S-metric space (X, S), where X = [0, %] and S : X3 — [0, 00) by
S0, w) = € —w|+ |€ — 20 + w|. Define h: X — X by hé = —5+. From example 2.9 in [5], we

1+¢&-
have h be a Z-contraction in relation to «y € Z, where y(p, q) = qul — p, for any p,qe [0, 00)
4
Therefore for all £,9 € X, we get
0 <(S(hE, hg, ht), S(€, €, 9))
%,
_ &) e e, noy
S(€€9)+3
M [,
< _MEED) T — S(h¢, he, hd)
M(E € 0) + 7

=y(S(hg, he, ), M(€, €. 9))

Thus, h is generalized Zs-contraction in relation to -y, for some ¥ € Z. So, by using Theorem 3.2, h

has a unique invariant point a=0.
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