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Some Properties of Controlled K-g-Frames in Hilbert C∗-Modules
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Abstract. This paper is devoted to studying the controlled K − g−frames in Hilbert C∗−modules,

some useful results are presented. Also, the concept of controlled K−g−dual frames is given. Finally,

we discuss the stability problem for controlled K − g−frames in Hilbert C∗−modules.

1. Introduction and Preliminaires

Frames for Hilbert spaces were introduced by Duffin and Schaefer [2] in 1952 to study some deep

problems in nonharmonic Fourier series by abstracting the fundamental notion of Gabor [4] for signal

processing.

Many generalizations of the concept of frame have been defined in Hilbert C∗-modules [3, 5, 6, 9,

11–15].

Controlled frames in Hilbert spaces have been introduced by P. Balazs [1] to improve the numerical

efficiency of iterative algorithms for inverting the frame operator.

Rashidi and Rahimi [8] are introduced the concept of Controlled frames in Hilbert C∗−modules.

Let A be a unital C∗−algebra, let I be countable index set. Throughout this paper H and L are

countably generated Hilbert A−modules and {Hi}i∈I is a sequence of submodules of L. For each

i ∈ I, End∗A(H,Hi) is the collection of all adjointable A−linear maps from H to Hi , and End∗A(H,H)
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is denoted by End∗A(H). Also let GL+(H) be the set of all positive bounded linear invertible operators

on H with bounded inverse.

Definition 1.1. [10] Let A be a unital C∗-algebra and H be a left A-module, such that the linear

structures of A and H are compatible. H is a pre-hilbert A-Module if H is equipped with an A-valued
in product 〈., .〉A:H × H → A such that is sesquilinear, positive definite and respects the module

action. In the other words,

(i) 〈x, x〉A > 0 for all x ∈ H and 〈x, x〉A = 0 if and only if x = 0.

(ii) 〈ax + y , z〉A = a〈x, z〉A + 〈y , z〉A for all a ∈ A and x, y , z ∈ H.
(iii) 〈x, y〉A = 〈y , x〉∗A for all x, y ∈ H.

For x ∈ H we define ‖x‖= ‖〈x, x〉A‖
1
2 . If H is complete with ‖.‖, it is called a Hilbert A-module or a

Hilbert C∗-module over A.
For every a in C∗-algebra A, we have |a| = (a∗a)

1
2 and the A-valued norm on H is defined by

|x | = (x∗x)
1
2 for x ∈ H.

Let H and K be tow Hilbert A modules, A map T : H → K is said to be adjointable if there exists a

map T ∗ : K → H such that 〈Tx, y〉A = 〈x, T ∗y〉A for all y ∈ K and x ∈ H.

Lemma 1.1. [18] Suppose that H1 and H2 two Hilbert A-Modules H and L1 ∈ End∗A(H1,H),

L2 ∈ End∗A(H2,H). Then the following assertions are equivalent:

(i) R(L1) ⊆ R(L2),

(ii) L1L
∗
1 ≤ λ2L2L

∗
2 for some λ > 0,

(iii) There exists a mapping U ∈ End∗A(H1,H2) such that L1 = L2U.

Moreover, if above conditions are valid, then there exists a unique operator U such that

(i) ‖U‖2= inf{α > 0 L1L
∗
1 ≤ αL2L

∗
2},

(ii) ker(L1) = ker(U),

(iii) R(U) ⊆ R(L∗2).

If an operator U has a closed range, then there exists a right-inverse operator U†, (pseudo-inverse of

U) in the following sense.

Lemma 1.2. [17] Let U ∈ End∗A(H1,H2) be a bounded operator with closed range R(U). Then

there exists a bounded operator U† ∈ End∗A(H2,H1) for which

UU†x = x, x ∈ R(U).

Lemma 1.3. [10] Let H and K two Hilbert A-module and T ∈ End∗A(H,K). Then, the following

assertions are equivalent:

(i) The operator T is bounded and A-linear,
(ii) There exist k > 0 such that 〈Tx, T x〉A ≤ k〈x, x〉A for all x ∈ H.
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Definition 1.2. [7] A family Λ := {Λi ∈ End∗A(H,Hi)}i∈I is called a g-frame in Hilbert A module H
with respect to {Hi}i∈I if there exist constants 0 < A ≤ B < +∞ such that for each f ∈ H,

A〈f , f 〉A ≤
∑
i∈I
〈Λi f ,Λi f 〉A ≤ B〈f , f 〉A.

Theorem 1.1. [16] Let Λ := {Λi ∈ End∗A(H,Hi)}i∈I be a g-frame in Hilbert A module H with

respect to H{i∈ I} if and only if there exist constants A,B > 0

A ‖〈f , f 〉A‖ ≤

∥∥∥∥∥∑
i∈I
〈Λi f ,Λi f 〉A

∥∥∥∥∥ ≤ B ‖〈f , f 〉A‖ . (1.1)

2. Some Properties of Controlled K-g-Frames

Now, we define controlled K-g-Frames in Hilbert C∗-modules.

Definition 2.1. Let C,C′ ∈ GL+(H) and K ∈ End∗A(H), we say that Λ := {Λi ∈ End∗A(H,Hi)}i∈I is a
(C,C′)-controlled K-g-frame in Hilbert A-module H if there exist constants 0 < Acc ′ < Bcc ′ < +∞
such that for each f ∈ H,

Acc ′〈K∗f , K∗f 〉A ≤
∑
i∈I
〈ΛiC′f ,ΛiCf 〉A ≤ Bcc ′〈f , f 〉A. (2.1)

If the right hand of (2.1) holds, Λ is called a (C,C′)-controlled K − g−Bessel sequence in Hilbert

A-module H with bound Bc .

We call Λ a Parseval C, C′-controlled K-g-frame if

〈K∗f , K∗f 〉A =
∑
i∈I
〈ΛiC′f ,ΛiCf 〉A.

If K = IH, then Λ is C,C′-controlled g−frame.

For simplicity, we will use a notation CC′ instead of C,C′.

If Λ is a CC′-controlled g-frame on Hilbert A-module H, and C∗Λ∗i ΛiC′ is positive for all i ∈ I, then
for each f ∈ H,

Acc ′〈f , f 〉A ≤ ‖(C∗Λ∗i ΛiC′)
1
2 f ‖2≤ Bcc ′〈f , f 〉A.

Now, let

R := {(C∗Λ∗i ΛiC′)
1
2 f : f ∈ H}i∈I ⊂ (

∑
i∈I
⊕H)`2 .

It is easy to check that R is a closed subspace of (
∑
i∈I ⊕H)`2 .

Now, we can define the synthesis and analysis operators of the CC′-controlled g-frames as

TCC′ : R → H,

TCC′((C∗Λ∗i ΛiC
′)

1
2
f )i∈I =

∑
i∈I

(C∗Λ∗i ΛiC
′f ),

and

T ∗CC′ : H → R,
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T ∗CC′(f ) = ((C∗Λ∗i ΛiC
′)

1
2 f )i∈I .

Thus, the CC′-controlled g-frame operator is given by

SCC′f = TCC′T
∗
CC′f

=
∑
i∈I

(C∗Λ∗i ΛiC
′f ).

SCC′ is positive, bounded, invertible and self-adjoint. Moreover

〈SCC′f , f 〉 =
∑
i∈I
〈ΛiC′f ,ΛiCf 〉

and

ACC′IH < SCC′ < BCC′IH.

Lemma 2.1. Let C,C′ ∈ GL+(H). A sequence Λ is a CC′-controlled g-Bessel sequence in Hilbert

A-module with bound BCC′ if and only if the operator

TCC′ : R → H,

TCC′((C∗Λ∗i ΛiC
′)

1
2 f )i∈I =

∑
i∈I

(C∗Λ∗i ΛiC
′f )

is well defined and bounded with ‖TCC′‖≤
√
BCC′ .

Proof. We only need to prove the sufficient condition. Let TCC′ be a well-defined and bounded operator

with ‖TCC′‖≤
√
BCC′ . For each f ∈ H, we have∑

i∈I
〈ΛiC′f ,ΛiCf 〉A =

∑
i∈I
〈C∗Λ∗i ΛiC′f , f 〉A

= 〈
∑
i∈I

C∗Λ∗i ΛiC
′f , f 〉A

= 〈TCC′((C∗Λ∗i ΛiC
′)

1
2 f ))i∈I , f 〉A.

Hence,

‖〈TCC′((C∗Λ∗i ΛiC
′)

1
2 f ))i∈I , f 〉A‖ ≤ ‖TCC′((C∗Λ∗i ΛiC

′)
1
2 f ))i∈I‖‖f ‖

≤ ‖TCC′‖‖((C∗Λ∗i ΛiC
′)

1
2 f ))i∈I‖‖f ‖.

But

‖((C∗Λ∗i ΛiC
′)

1
2 f )‖2=

∑
i∈I
〈ΛiC′f ,ΛiCf 〉A,

‖((C∗Λ∗i ΛiC
′)

1
2 f )‖≤ ‖TCC′‖‖f ‖,

‖((C∗Λ∗i ΛiC
′)

1
2 f )‖2≤ ‖TCC′‖2‖f ‖2.

It follows that ∑
i∈I
〈ΛiC′f ,ΛiCf 〉A ≤ Bcc ′‖〈f , f 〉A‖.
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and this means that Λ is a CC′-controlled g-Bessel sequence. �

Lemma 2.2. Let C,C′ ∈ GL+(H). A sequence Λ is a CC′-controlled g-frame sequence in Hilbert

A-module if and only if the operator

TCC′ : R → H,

TCC′((C∗Λ∗i ΛiC
′)

1
2 f ) =

∑
i∈I

C∗Λ∗i ΛiC
′f

is well defined, bounded and surjective.

Proof. Suppose that Λ is a CC′-controlled g-frame in Hilbert A-module. Since, SCC′ is surjective

operator, so TCC′ . For the opposite implication, by Lemma 2.1; TCC′ is a well-defined and bounded

operator. So Λ is a CC′-controlled g-Bessel sequence. Now, for each f ∈ H, we have f = TCC′T
†
CC′f .

Hence

‖f ‖4 = ‖〈f , f 〉‖2

= ‖〈TCC′T †CC′f , f 〉‖
2

= ‖〈T †CC′f , T
∗
CC′f 〉‖2

≤ ‖〈T †CC′f , T
†
CC′f 〉‖

2‖〈T ∗CC′f , T ∗CC′f 〉‖2

≤ ‖T †CC′f ‖
2‖‖T ∗CC′f ‖2

≤ ‖T †CC′‖
2‖f ‖2

∑
i∈I
〈ΛiC′f ,ΛiCf 〉A.

We conclude that

(‖T †CC′‖
2)−1‖〈f , f 〉‖≤

∑
i∈I
〈ΛiC′f ,ΛiCf 〉A.

�

Proposition 2.1. Let Λ be a CC′-controlled K-g-frames in Hilbert A-module H and K has a dense

range. Suppose that (C∗Λ∗i ΛiC
′) is positive and also Vi = (C∗Λ∗i ΛiC

′)
1
2 for each i ∈ I. Then

(
⋂
i∈I ker Vi)

⊥ = H.

Proof. Assume that Acc ′ and Bcc ′ are the frame bounds of Λ. Hence,

Acc ′〈K∗f , K∗f 〉A ≤ ‖(C∗Λ∗i ΛiC′)
1
2 ‖2≤ Bcc ′〈f , f 〉A. (2.2)

Since kerK∗ = (R(K))⊥ and K has a dense range, K∗ injective. Then from (2.2), for each i ∈ I, we
get ⋂

i∈I
ker Vi ⊆ kerK∗ = {0}.
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Remark 2.1. Suppose that Λ is a CC′-controlled K-g-frame in Hilbert A with lower bound Acc ′.

Then, we have SCC′ > Acc ′KK∗, so by Lemma 1.1, there exists an operator U ∈ End∗A(H,R) such

that

TCC′U = K. (2.3)

Now, we can obtain optimal frame bounds of Λ by the operator U. Indeed, it is obvious that

Bop = ‖SCC′‖= ‖TCC′‖2.

By Lemma 1.1, the equation (2.3) has a unique solution as U0 such that

‖U0‖2 = inf{α > 0/KK∗ ≤ αTCC′T ∗CC′}

= inf{α > 0/〈KK∗f , f 〉 ≤ α〈TCC′T ∗CC′f , f 〉, f ∈ H}

= inf{α > 0/〈K∗f , K∗f 〉 ≤ α〈T ∗CC′f , T ∗CC′f 〉, f ∈ H}

= inf{α > 0/ ‖〈K∗f , K∗f 〉‖≤ α‖〈T ∗CC′f , T ∗CC′f 〉‖, f ∈ H}

= inf{α > 0/‖K∗f ‖2≤ α‖T ∗CC′f ‖2, f ∈ H}.

Now, we have

Aop = sup{A > 0 \ A‖K∗f ‖2≤ ‖T ∗CC′f ‖2, f ∈ H}

= (inf{α > 0 \ ‖K∗f ‖2≤ α‖T ∗CC′f ‖2, f ∈ H})−1

= U−2
0 .

�

In the following, we consider some proper relations between the operators U,K ∈ End∗A(H) and

C,C′ ∈ GL+(H) and investigate the cases that {ΛiU}i∈I , {ΛiU∗}i∈I can also CC′-controlled K-g-

frame. Next, by putting connections between the operators SΛ, K, C and C′, we reach to necessary

and sufficient conditions that {Λi}i∈I can be a Parseval CC′-controlled K-g-frames.

Theorem 2.1. Let Λ be a CC′-controlled K-g- frame in Hilbert A module H. and U ∈ End∗A(H)

such that R(U) ⊂ R(K). Then Λ is a CC′-controlled U-g-frame in Hilbert A-module H.

Proof. Suppose that ACC′ is a lower frame bound of Λ. Using Lemma 1.1, there exists α > 0 such

that UU∗ ≤ α2KK∗. Now, for each f ∈ H. We have 〈UU∗f , f 〉A ≤ α2〈KK∗f , f 〉A.
We have

Acc ′

(α2)
〈U∗f , U∗f 〉A ≤ Acc ′〈K∗f , K∗f 〉A

≤
∑
i∈I
〈ΛiC′f ,ΛiCf 〉A

≤ Bcc ′〈f , f 〉A.

�
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Theorem 2.2. Let Λ be a CC′-controlled K-g- frame in Hilbert A- module H. Assume that K has

a closed range and U ∈ End∗A(H) such that R(U∗) ⊂ R(K) Also suppose that U∗ commutes with

C and C′. Then {ΛiU∗}i∈I is a CC′-controlled K-g- frame for R(U) if and only if there exists δ > 0

such that for each f ∈ R(U),

‖U∗f ‖> δ‖K∗f ‖.

Proof. Suppose that {ΛiU∗}i∈I is a CC′-controlled K-g-frame in Hilbert A module H with a lower

frame bound ECC′ > 0. If BCC′ is an upper frame bound of Λ then for each f ∈ R(U), we have

Ecc ′〈K∗f , K∗f 〉A ≤
∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A =
∑
i∈I
〈ΛiC′U∗f ,ΛiCU

∗f 〉A,

thus

Ecc ′〈K∗f , K∗f 〉A ≤
∑
i∈I
〈ΛiC′U∗f ,ΛiCU

∗f 〉A ≤ Bcc ′〈U∗f , U∗f 〉A,

Therefore

Ecc ′‖〈K∗f , K∗f 〉A‖≤ ‖
∑
i∈I
〈ΛiC′U∗f ,ΛiCU

∗f 〉A‖≤ Bcc ′‖〈U∗f , U∗f 〉A‖

thus Ecc ′‖K∗f ‖2≤ Bcc ′‖U∗f ‖2. so
√
Ecc ′

Bcc ′ ‖K
∗f ‖≤ ‖U∗f ‖, for the opposite implication, for each

f ∈ H, we have

‖U∗f ‖= ‖(K†)∗K∗U∗f ‖≤ ‖(K†)‖‖K∗U∗f ‖.

Therefore, if ACC′ is a lower frame bound of Λ, we have

ACC′δ
2‖K†‖−2〈K∗f , K∗f 〉 ≤ ACC′‖K†‖−2〈U∗f , U∗f 〉

≤ ACC′‖K∗U∗f ‖2

≤
∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A.

For the upper bound, it is clear that∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A ≤ Bcc ′〈U∗f , U∗f 〉A ≤ Bcc ′‖U‖2〈f , f 〉A.

So, (ΛiU
∗)i∈I is a CC′-controlled K-g-frame in Hilbert A-module H with frame bounds ACC′δ2‖K†‖−2

and Bcc ′‖U‖2 . �

Theorem 2.3. Let Λ be a CC′-controlled K-g-frame in Hilbert A-module H and the operator K has

a dense rang. Assume that U ∈ End∗A(H) has a closed range and U and U∗ commute with C and C′.

If {ΛiU∗}i∈I and {ΛiU}i∈I are CC′-controlled K-g- frame in Hilbert A- module H, then U is invertible.

Proof. Suppose that {ΛiU∗}i∈I is a CC′-controlled K-g-frame in Hilbert A module H with a lower

frame bound A1, and B1. Then for each f ∈ H,

A1〈K∗f , K∗f 〉A ≤
∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A ≤ B1〈f , f 〉A.
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We have

‖A1〈K∗f , K∗f 〉A‖≤ ‖
∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A‖≤ ‖B1〈f , f 〉A‖, (2.4)

hence,

A1‖K∗f ‖2≤ ‖
∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉‖≤ B1‖f ‖2.

Since K has a dense range, K∗ is injective. Moreover, R(U) = (kerU∗)⊥ = H so U is surjective.

Suppose that {ΛiU∗}i∈I is a (CC′)-controlled K-g-frame in Hilbert A module H with a lower frame

bound A2 and B2. Then, for each f ∈ H,

A2〈K∗f , K∗f 〉A ≤
∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A ≤ B2〈f , f 〉A

‖A2〈K∗f , K∗f 〉A‖≤ ‖
∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A‖≤ ‖B2〈f , f 〉A‖

A2‖K∗f ‖2≤ ‖
∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A‖≤ B2‖f ‖2.

Therefore U is injective, since kerU ⊆ kerK∗. Thus, U is an invertible operator. �

Theorem 2.4. Let Λ be a CC′-controlled K-g-frame in Hilbert A- module H and U ∈ End∗A(H) be a

co-isometry (i.e. UU∗ = IdH) such that UK = KU and U∗ commutes with C and C′. Then {ΛiU∗}i∈I
is a CC′-controlled K-g-frame in Hilbert A-module H.

Proof. Suppose Λ be a CC′-controlled K-g- frame in Hilbert A-module H with a lower frame bound

ACC′ . and BCC′ for each f ∈ H, we have∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A =
∑
i∈I
〈ΛiC′U∗f ,ΛiCU

∗f 〉A ≤ BCC′〈U∗f , U∗f 〉A

hence, ∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A ≤ BCC′‖U∗‖2〈f , f 〉A.

So, {ΛiU∗}i∈I is a CC′-controlled g-Bessel sequence. For the lower bound, we can write∑
i∈I
〈ΛiU∗C′f ,ΛiU

∗Cf 〉A =
∑
i∈I
〈ΛiC′U∗f ,ΛiCU

∗f 〉A

> ACC′〈K∗U∗f , K∗U∗f 〉A

= ACC′〈(UK)∗f , (UK)∗f 〉A

= ACC′〈(KU)∗f , (KU)∗f 〉A

= ACC′〈U∗K∗f , U∗K∗f 〉A

= ACC′〈UU∗K∗f , U∗K∗f 〉A

= ACC′〈K∗f , K∗f 〉A.

�
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Theorem 2.5. Let Λ := {Λi ∈ End∗A(H,Hi)}i∈I and � := {�i ∈ End∗A(H,Hi)}i∈I be tow CC′-

controlled K − g− Bessel sequences in Hilbert A- module H with bounds BΛ and B� respectively.

Suppose that TΛ,C,C′ and T�,CC′ are their synthesis operators such that T�,CC′T ∗Λ,C,C′ = K∗. Then Λ

and � are CC′-controlled K and K∗-g-frames, respectively.

Proof.

‖K∗f ‖4 = ‖〈K∗f , K∗f 〉A‖2

= ‖〈T�,CC′T ∗Λ,C,C′f , K∗f 〉A‖2

≤ ‖T ∗Λ,C,C′f ‖2‖T ∗�,CC′K∗f ‖2

=
∑
i∈I
〈ΛiC′f ,ΛiCf 〉A

∑
i∈I
〈�iC′K∗f ,�iC′K∗f 〉A

≤
∑
i∈I
〈ΛiC′f ,ΛiCf 〉AB�‖〈K∗f , K∗f 〉A‖.

So,

‖〈K∗f , K∗f 〉A‖≤
∑
i∈I
〈ΛiC′f ,ΛiCf 〉AB�

�

Thus

B−1
� ‖〈K∗f , K∗f 〉A‖≤

∑
i∈I
〈ΛiC′f ,ΛiCf 〉A.

This that Λ is a CC′-controlled K-g-frame in Hilbert A-module H with frame operator SΛ. For each

f ∈ A, we have TΛ,C,C′T
∗
�,CC′ = K

‖Kf ‖4 = ‖〈Kf ,Kf 〉A‖2

= ‖〈TΛ,C,C′T
∗
�,CC′f , Kf 〉A‖2

≤ ‖T ∗Λ,C,C′Kf ‖2‖T ∗�,CC′f ‖2

=
∑
i∈I
〈ΛiC′Kf ,ΛiCKf 〉A

∑
i∈I
〈�iC′f ,�iC′f 〉A

≤
∑
i∈I
〈�iC′f ,�iCf 〉ABΛ‖〈Kf ,Kf 〉A‖.

Thus

B−1
Λ ‖〈Kf ,Kf 〉A‖≤

∑
i∈I
〈�iC′f ,�iCf 〉A.

This that � is a CC′-controlled K-g-frame in Hilbert A- module H.

Theorem 2.6. Let Λ be a g-frame in Hilbert A- module H with frame operator SΛ. Also assume

that Λ is a CC′-controlled g- Bessel sequence with frame operator SCC′ . Then Λ is a Parseval CC′-

controlled K-g- frame in Hilbert A-module H if and only if C = (S−pΛ )∗Φ and C′ = (S−qΛ )Ψ where Φ,

Ψ are two operators in Hilbert A- module H such that Φ∗Ψ = KK∗ and p + q = 1 where p, q ∈ R.
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Proof. Assume that Λ is a Parseval CC′-controlled K-g-frame in Hilbert A-module H,∑
i∈I
〈ΛiC′f ,ΛiCf 〉A = 〈K∗f , K∗f 〉A

=
∑
i∈I
〈f , C∗Λ∗i ΛiC′f 〉A

= 〈f ,
∑
i∈I

C∗Λ∗i ΛiC
′f 〉A

= 〈f , SCC′f 〉A

= 〈f , KK∗f 〉A

SCC′(f ) =
∑
i∈I

C∗Λ∗i ΛiC
′(f )

= C∗(
∑
i∈I

Λ∗i ΛiC
′)(f )

= C∗SΛC
′(f ).

Hence SCC′ = C∗SΛC
′ and SCC′ = KK∗. Therefore, for each p, q ∈ R such that p+q = 1, we obtain

KK∗ = C∗SpΛS
q
ΛC
′.

We define Φ = (SpΛ)∗C and Ψ = (SqΛ)∗C′ So

Φ∗Ψ = C∗SpΛS
q
ΛC
′ = KK∗.

Conversely, let Φ and Ψ be tow operators in Hilbert A- module H such that Φ∗Ψ = KK∗. Suppose

that C = (S−pΛ )∗Φ and C′ = (S−qΛ )∗Ψ are tow operators on Hilbert A- module H wherep, q ∈ R and

p + q = 1, Since

KK∗ = Φ∗Ψ = C∗SpΛS
q
ΛC
′ = C∗SΛC

′ = SCC′ .

So, for each f ∈ H,

〈KK∗f , f 〉A = 〈K∗f , K∗f 〉A = 〈
∑
i∈I

C∗Λ∗i ΛiC
′f , f 〉A.

Thus Λ is Parseval CC′-controlled k − g− frame on Hilbert A- module H. �

3. Duals of Controlled K-g-Frames

In this section, by the concept of K-g- dual pair, we present a bounded operator called dual operator

and propose some known equalities and inequalities between dual operator CC′-controlled K-g-frame

in Hilbert A- module H.
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Definition 3.1. Suppose that Λ is CC′-controlled k-g-frame on Hilbert A- module H with synthesis

operator TΛ,C,C′ Then Λ̃ := {Λ̃i ∈ End∗A(H,Hi)}i∈I is called a CC′-controlled k − g− dual frame ( or

brevityCC′ −Kg− dual ) for Λ if

TΛ,C,C′T
∗
Λ̃,C,C′

= K, (3.1)

and Λ̃ is a CC′-controlled K − g− Bessel sequence. In this cas, (Λ, Λ̃) is called a CC′-controlled

K − g− dual pair. The following results presents equivalent conditions of the CC′-K-g-dual.

Proposition 3.1. Let Λ̃ be a CC′−K− g− dual for Λ. Then the following conditions are equivalent :

(i) TΛ,C,C′T
∗
Λ̃,C,C′

= K

(ii) T
Λ̃,C,C′

T ∗Λ,C,C′ = K∗

(iii) for each f , f ′ ∈ H, we have

〈Kf ; f ′〉 = 〈T ∗
Λ̃,C,C′

f , T ∗
Λ̃,C,C′

f 〉.

Theorem 3.1. If Λ̃ be a CC′−K−g− dual for Λ, then Λ̃ is a CC′-controlled K∗−g− frame in Hilbert

A- module H.

Proof. We have

‖Kf ‖4 = ‖〈Kf ,Kf 〉A‖2

= ‖〈TΛ,C,C′T
∗
Λ̃,C,C′

f , Kf 〉‖2

= ‖〈T ∗
Λ̃,C,C′

f , T ∗Λ,C,C′〉‖2

≤ ‖T ∗
Λ̃,C,C′

f ‖2‖T ∗Λ,C,C′Kf ‖2

≤ (
∑
i∈I
〈Λ̃iC′f , Λ̃iCf 〉A)(

∑
i∈I
〈ΛiC′Kf ,ΛiCKf 〉A)

≤ BC‖Kf ‖2(
∑
i∈I
〈Λ̃iC′f , Λ̃iCf 〉A),

It follows that

B−1
C ACC′‖〈Kf ,Kf 〉A‖≤

∑
i∈I
〈Λ̃iC′f , Λ̃iCf 〉A ≤ BCC′‖〈f , f 〉A‖.

Therefore, Λ̃ is a CC′-controlled K∗ − g− frame in Hilbert A- module H. �

Theorem 3.2. Assume that COP and DOP are the optimal bounds of Λ̃, respectively. Then

COP > B
−1
op , Dop > A

−1
op ,

for which Aop and Bop are the optimal bounds of Λ, respectively. Assume (Λ, Λ̃) is called a CC′-

controlled K − g− dual pair and J ⊂ I. We define

SJ f :=
∑
i∈J

(C∗Λ∗i ΛiC
′)

1
2 (C∗Λ̃∗i Λ̃iC

′)
1
2 f , f ∈ H,
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and we call it a dual operator.

It is clear that SJ ∈ End∗A(H) and SJ + SJ c = K where J c is the complement of J . If B1and B2

are the bounds of Λ and Λ̃ respectively, then, we have

‖SJ f ‖2 = ( sup
‖g‖=1

‖〈SJ f , g‖〉)2

≤ ( sup
‖g‖=1

(
∑
i∈J
‖〈(C∗Λ∗i ΛiC′)

1
2 (C∗Λ̃∗i Λ̃iC

′)
1
2 f 〉‖)2

≤ (
∑
i∈I
‖(C∗Λ∗i ΛiC′)

1
2 f ‖2)(( sup

‖g‖=1
(
∑
i∈J
‖C∗Λ̃∗i Λ̃iC

′)
1
2 ‖)2

≤ B1B2‖f ‖2.

So SJ is bounded. Now, by that operator SJ we extend some well known equalities and inequalities

for controlled K-g- frames in the following theorems.

Theorem 3.3. If f ∈ H then (
∑
i∈J 〈(C∗Λ̃∗i Λ̃iC

′)
1
2 f , (C∗Λ∗i ΛiC

′)
1
2Kf 〉 − ‖SJ f ‖2=

(
∑
i∈J c 〈C∗Λ̃∗i Λ̃iC′)1/2f , (C∗Λ∗i ΛiC

′)1/2Kf 〉 − ‖SJ c f ‖2.

Proof. Let f ∈ H. We can write

(
∑
i∈J
〈(C∗Λ̃∗i Λ̃iC

′)
1
2 f , (C∗Λ∗i ΛiC

′)
1
2Kf 〉 − ‖SJ f ‖2 = 〈K∗SJ f , f 〉 − ‖SJ f ‖2

= 〈K∗SJ f , f 〉 − 〈S∗JSJ f , f 〉

= 〈(K − SJ )∗SJ f , f 〉

= 〈S∗J c (K − SJ ), f 〉

= 〈S∗J cKf , f 〉 − 〈S∗J cSJ c f , f 〉

= 〈Kf , SJ c f 〉 − 〈SJ c f , SJ c f 〉

= 〈SJ c f , Kf 〉 − ‖SJ c f ‖2

= (
∑
i∈J c
〈(C∗Λ̃∗i Λ̃iC′)

1
2 f , (C∗Λ∗i ΛiC

′)
1
2Kf 〉

− ‖SJ c f ‖2.

�

Theorem 3.4. Let Λ be a Parseval CC′-controlled K-g-frame in Hilbert A-module H if J ⊆ I and

E ⊆ Jc , then for each f ∈ H,

‖
∑
i∈J∪E

(C∗Λ∗i ΛiC
′)f ‖2−‖

∑
i∈Jc\E

(C∗Λ∗i ΛiC
′)f ‖2

= ‖
∑
i∈J

(C∗Λ∗i ΛiC
′)f ‖2−‖

∑
i∈Jc

(C∗Λ∗i ΛiC
′)f ‖2+2Re(

∑
i∈E
〈ΛiC′f ,ΛiC

∗KK∗f 〉).



Int. J. Anal. Appl. (2022), 20:14 13

Proof. Let

SΛ,Jf =
∑
i∈J

(C∗Λ∗i ΛiC
′)f ,

therefore, SΛ,I + SΛ,Ic = KK∗.

Hence

S2
Λ,J − S2

Λ,Jc = S2
Λ,J − (KK∗ − SΛ,J)2

= KK∗SΛ,J + SΛ,JKK
∗ − (KK∗)2

= KK∗SΛ,J − SΛ,JcKK
∗.

Now, for each f ∈ H, we obtain

‖S2
Λ,J‖2−‖S2

Λ,Jc‖2= 〈KK∗SΛ,Jf , f 〉 − 〈SΛ,JcKK
∗f , f 〉,

consequently, for J ∪ E instead of J:

‖
∑
i∈J∪E

(C∗Λ∗i ΛiC
′)f ‖2−‖

∑
i∈Jc\E

(C∗Λ∗i ΛiC
′)f ‖2

= (
∑
i∈J∪E

〈ΛiC′f ,ΛiC
∗KK∗f 〉)−

∑
i∈Jc\E

〈ΛiC′f ,ΛiC∗KK∗f 〉

= (
∑
i∈J
〈ΛiC′f ,ΛiC

∗KK∗f 〉)−
∑
i∈Jc
〈ΛiC′f ,ΛiC∗KK∗f 〉+ 2Re(

∑
i∈E
〈ΛiC′f ,ΛiC

∗KK∗f 〉)

=
∑
i∈J

(C∗Λ∗i ΛiC
′)f ‖2−‖

∑
i∈Jc

(C∗Λ∗i ΛiC
′)f ‖2+2Re(

∑
i∈E
〈ΛiC′f ,ΛiC

∗KK∗f 〉).

�

Theorem 3.5.

Let Λ be a Parseval CC′-controlled K-g-frame in Hilbert A- module H if J ⊆ I, then for each

f ∈ H,

‖
∑
i∈J

(C∗Λ∗i ΛiC
′)f ‖2+Re

(∑
i∈Jc
〈ΛiC′f ,ΛiC

∗KK∗f 〉

)

= ‖
∑
i∈Jc

(C∗Λ∗i ΛiC
′)f ‖2+Re

(∑
i∈J
〈ΛiC′f ,ΛiC

∗KK∗f 〉

)
>

3

4
‖KK∗f ‖2.

Proof. using the the proof of Theorem 3.4, we have

S2
Λ,J − S2

Λ,Jc = KK∗SΛ,J − SΛ,JcKK
∗.

Therefore

S2
Λ,J + S2

Λ,Jc = 2

(
KK∗

2
− SΛ,J

)2

+
(KK∗)2

2
>

(KK∗)2

2
.
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Thus

KK∗SΛ,J + S2
Λ,Jc + (KK∗SΛ,J + S2

Λ,Jc )
∗ = KK∗SΛ,J + S2

Λ,Jc + SΛ,JKK
∗ + S2

Λ,Jc

= KK∗(SΛ,J + SΛ,Jc ) + S2
Λ,J + S2

Λ,Jc >
3

4
(KK∗)2.

Now, for each f ∈ H, we obtain

‖
∑
i∈J

(C∗Λ∗i ΛiC
′)f ‖2+Re(

∑
i∈J
〈ΛiC′f ,ΛiC

∗KK∗f 〉)

= 〈KK∗SΛ,Jf , f 〉+ 〈S2
Λ,Jc f , f 〉+ 〈KK∗ + S2

Λ,Jc f , f 〉+ 〈f , S2
Λ,Jc f 〉 >

3

4
(KK∗)2.

�

4. The stability problem of controlled K − g−frames

Stability of the wavelet and Gabor frames under perturbation is one of the important problems in

frame theory. At first this problem was studied by Paley and Wienes for bases and then extended to

frames.But the most important results are obtained by Casazza and Christensen. Here we study the

perturbation of CC′-controlled K-g-frames.in Hilbert A-module H.

Theorem 4.1. Let Λ be a CC′-controlled K-g- frame on Hilbert A- module H with bounds ACC′ and

ACC′ . Assume that � := {�i ∈ End∗A(H,Hi)i∈I} is a sequence of operators such that for each f ∈ H
and i ∈ I,

‖(C∗Λ∗i ΛiC′ − C∗ �∗i �iC′)1/2f ‖

≤ λ1‖(C∗Λ∗i ΛiC′)1/2f ‖+λ2‖C∗ �∗i �iC′)1/2f ‖+ci〈K∗f , K∗f 〉
1
2

where {ci}i∈I is a sequence of positive numbers such that η :=
∑
i∈I c

2
i < ∞ and 0 ≤ λ1, λ2 ≤ 1.

Then � is a CC′-controlled k − g− frame on Hilbert A-module H with bounds:(
(1− λ1)

√
ACC′ − η

1 + λ2

)2

,

(
(1 + λ1)

√
BCC′ + η‖K‖

1− λ2

)2

.

Proof. For each f ∈ H, we have

‖C∗ �∗i �iC′)1/2f ‖= ‖(C∗ �∗i �iC′ − C∗Λ∗i ΛiC′)1/2f + (C∗Λ∗i ΛiC
′)1/2f ‖

≤ ‖(C∗ �∗i �iC′ − C∗Λ∗i ΛiC′)1/2f ‖+(C∗Λ∗i ΛiC
′)1/2f ‖

≤ λ1‖(C∗Λ∗i ΛiC′)1/2f ‖+λ2‖C∗ �∗i �iC′)1/2f ‖+ci〈K∗f , K∗f 〉
1
2 + ‖+(C∗Λ∗i ΛiC

′)1/2f ‖.

Hence

(1− λ2)‖(C∗ �∗i �iC′)1/2f ‖≤ (1 + λ1)‖(C∗Λ∗i ΛiC′)1/2f ‖+ci〈K∗f , K∗f 〉
1
2
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Since Λ is a CC′-controlled K-g-frame, so

‖T ∗CC′‖2 = ‖(C∗Λ∗i ΛiC′)1/2f ‖2

=
∑
i∈I
〈ΛiC′f ,ΛiCf 〉A

≤ Bcc ′〈f , f 〉A.

Therefore

‖(C∗ �∗i �iC′)1/2f ‖ ≤
(1 + λ1)‖(C∗Λ∗i ΛiC′)1/2f ‖+ci〈K∗f , K∗f 〉

1
2

1− λ2
,

‖((C∗ �∗i �iC
′)1/2f ‖2≤ (

(1 + λ1)
√
Bcc ′ + η‖K‖

1− λ2
))2〈f , f 〉A.

Now, for the lower bound we get

‖(C∗ �∗i �iC′)1/2‖ = ‖C∗Λ∗i ΛiC′)1/2f − (C∗Λ∗i ΛiC
′ − C∗ �∗i �iC′)1/2f ‖

> ‖C∗Λ∗i ΛiC′)1/2f ‖−‖(C∗Λ∗i ΛiC′ − C∗ �∗i �iC′)1/2f ‖

> ‖C∗Λ∗i ΛiC′)1/2f ‖−λ1‖(C∗Λ∗i ΛiC′)1/2f ‖

− λ2‖C∗ �∗i �iC′)1/2f ‖−ci〈K∗f , K∗f 〉
1
2 .

Therefore

(1 + λ2)‖(C∗ �∗i �iC′)1/2f ‖> (1− λ1)‖(C∗Λ∗i ΛiC′)1/2f ‖−ci〈K∗f , K∗f 〉
1
2

or

‖(C∗ �∗i �iC′)1/2f ‖>
(1− λ1)‖(C∗Λ∗i ΛiC′)1/2f ‖−ci〈K∗f , K∗f 〉

1
2

(1 + λ2)
.

Since,

‖T ∗CC′‖2= ‖(C∗Λ∗i ΛiC′)1/2f ‖2=
∑
i∈I
〈ΛiC′f ,ΛiCf 〉A > Acc ′〈K∗f , K∗f 〉A.

Thus

‖(C∗Λ∗i ΛiC′)1/2f ‖2> (
(1− λ1)

√
Acc ′ − η

(1 + λ2)
)2〈K∗f , K∗f 〉A.

�

Proposition 4.1. Let Λ be a CC′-controlled k − g− frame on Hilbert A- module H with bounds ACC′

and BCC′ . Assume that � := {�i ∈ End∗A(H,Hi)i∈I} is a sequence of operators such that for each

f ∈ H and i ∈ I,

‖(C∗Λ∗i ΛiC′ − C∗ �∗i �iC′)1/2f ‖≤ ci〈K∗f , K∗f 〉
1
2 .

where {ci}i∈I is a sequence of positive numbers such that η :=
∑
i∈I c

2
i < ∞. Then � is a CC′-

controlled k − g− frame on Hilbert A- module H with bounds :

(
√
ACC′ − η)2, (

√
BCC′ + η‖K‖)2.
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Proof. For each f ∈ H, we have

‖(C∗ �∗i �iC′)1/2f ‖ = ‖C∗Λ∗i ΛiC′)1/2f − (C∗Λ∗i ΛiC
′ − C∗ �∗i �iC′)1/2f ‖

> ‖C∗Λ∗i ΛiC′)1/2f ‖−‖(C∗Λ∗i ΛiC′ − C∗ �∗i �iC′)1/2f ‖

>
√
ACC′〈K∗f , K∗f 〉

1
2 − η〈K∗f , K∗f 〉

1
2

> (
√
ACC′ − η)〈K∗f , K∗f 〉

1
2 .

Thus

‖(C∗ �∗i �iC′)1/2f ‖2> (
√
ACC′ − η)2〈K∗f , K∗f 〉A.

On the other hand

‖C∗ �∗i �iC′)1/2f ‖ = ‖(C∗ �∗i �iC′ − C∗Λ∗i ΛiC′)1/2f + (C∗Λ∗i ΛiC
′)1/2f ‖

≤ ‖(C∗ �∗i �iC′ − C∗Λ∗i ΛiC′)1/2f ‖+‖(C∗Λ∗i ΛiC′)1/2f ‖

≤
√
BCC′〈f , f 〉

1
2 + η〈K∗f , K∗f 〉

1
2
A

≤ (
√
BCC′ + η‖K‖)〈f , f 〉

1
2
A.

Thus

‖(C∗ �∗i �iC′)1/2f ‖2≤ (
√
BCC′ + η‖K‖)2〈f , f 〉A.

�

Conflicts of Interest: The author(s) declare that there are no conflicts of interest regarding the

publication of this paper.

References

[1] P. Balazs, J.-P. Antoine, A. Gryboś, Weighted and Controlled Frames: Mutual Relationship and First Numer-

ical Properties, Int. J. Wavelets Multiresolut Inf. Process. 08 (2010), 109–132. https://doi.org/10.1142/

S0219691310003377.

[2] R.J. Duffin, A.C. Schaeffer, a Class of Nonharmonic Fourier Series, Trans. Amer. Math. Soc. 72 (1952), 341-366.

[3] M. Frank, D.R. Larson, A-Module Frame Concept For Hilbert C∗-Modules, Funct. Harmonic Anal. Wavelets Con-

tempt. Math. 247 (2000), 207-233.

[4] D. Gabor, Theory of Communication, J. Inst. Elect. Eng. 93 (1946), 429–457.

[5] M. Ghiati, S. Kabbaj, H. Labrigui, A. Touri, M. Rossafi, ∗-K-g-frames and their duals for Hilbert A-modules, J.

Math. Comput. Sci. 12 (2022), 5. https://doi.org/10.28919/jmcs/6819.

[6] S. Kabbaj, M. Rossafi, ∗-operator Frame for End∗A(H), Wavelet Linear Algebra, 5 (2018), 1-13.

[7] A. Khosravi, B. Khosravi, Fusion Frames and G-Frames in Hilbert C*-Modules, Int. J. Wavelets Multiresolut. Inform.

Process. 06 (2008), 433–446. https://doi.org/10.1142/S0219691308002458.

[8] M. Rashidi-Kouchi, A. Rahimi, On controlled frames in Hilbert C*-modules, Int. J. Wavelets Multiresolut. Inform.

Process. 15 (2017), 1750038. https://doi.org/10.1142/S0219691317500382.

[9] F. D. Nhari, R. Echarghaoui, M. Rossafi, K − g−Fusion Frames in Hilbert C∗−Modules, Int. J. Anal. Appl. 19

(2021), 836-857. https://doi.org/10.28924/2291-8639-19-2021-836.

https://doi.org/10.1142/S0219691310003377
https://doi.org/10.1142/S0219691310003377
https://doi.org/10.28919/jmcs/6819
https://doi.org/10.1142/S0219691308002458
https://doi.org/10.1142/S0219691317500382
https://doi.org/10.28924/2291-8639-19-2021-836


Int. J. Anal. Appl. (2022), 20:14 17

[10] W. L. Paschke, Inner Product Modules over B∗-Algebras, Trans. Am. Math. Soc. 182 (1973), 443–468. https:

//doi.org/10.1090/S0002-9947-1973-0355613-0.

[11] M. Rossafi, S. Kabbaj, ∗-K-Operator Frame for End∗A(H), Asian-Eur. J. Math. 13 (2020), 2050060. https:

//doi.org/10.1142/S1793557120500606.

[12] M. Rossafi, S. Kabbaj, Operator Frame for End∗A(H), J. Linear Topol. Algebra, 8 (2019), 85-95.

[13] M. Rossafi, S. Kabbaj, ∗-K-g-Frames in Hilbert A-Modules, J. Linear Topol. Algebra, 7 (2018), 63-71.

[14] M. Rossafi, S. Kabbaj, ∗-g-Frames in Tensor Products of Hilbert C∗-Modules, Ann. Univ. Paedagog. Crac. Stud.

Math. 17 (2018), 17-25. https://doi.org/10.2478/aupcsm-2018-0002.

[15] M. Rossafi, S. Kabbaj, Generalized Frames for B(H,K), Iran. J. Math. Sci. Inform. accepted.

[16] X.C. Xiao, X.M. Zeng, Some Properties of g-frames in Hilbert C∗-Modules, J. Math. Anal. Appl. 363 (2010),

399–408. https://doi.org/10.1016/j.jmaa.2009.08.043.

[17] Q. Xu, L. Sheng, Positive Semi-Definite Matrices of Adjointable Operators on Hilbert C*-Modules, Linear Algebra

Appl. 428 (2008), 992–1000. https://doi.org/10.1016/j.laa.2007.08.035.

[18] L.C. Zhang, The Factor Decomposition Theorem of Bounded Generalized Inverse Modules and Their Topological

Continuity, Acta Math. Sinica. 23 (2007), 1413–1418. https://doi.org/10.1007/s10114-007-0867-2.

https://doi.org/10.1090/S0002-9947-1973-0355613-0
https://doi.org/10.1090/S0002-9947-1973-0355613-0
https://doi.org/10.1142/S1793557120500606
https://doi.org/10.1142/S1793557120500606
https://doi.org/10.2478/aupcsm-2018-0002
https://doi.org/10.1016/j.jmaa.2009.08.043
https://doi.org/10.1016/j.laa.2007.08.035
https://doi.org/10.1007/s10114-007-0867-2

	1. Introduction and Preliminaires
	2. Some Properties of Controlled K-g-Frames
	3. Duals of Controlled K-g-Frames
	4. The stability problem of controlled K-g-frames
	References

