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Abstract. The aim of this paper is to establish a common fixed point theorem on Banach space using
occasionally weakly compatible (OWC) mappings.

1. Introduction

Fixed point theory is one of the most powerful topics of modern mathematics and might be taken
as main subject of analysis.For the past many years, fixed point theory has been evolved as the area
of research for many researchers. Banach contraction principle is one such result proposed by Banach
to name a few.For the study of discontinuous and noncompatible mappings in fixed point theory we
refer the literature like [4] and [5]. Pathak and others [1] proved a fixed point theorem on complete
metric space using continuity and weakly compatible mappings.Thereafter Sushil Sharma, Bhavana
Deshpande, and Alok Pandey [2] proved some more results on Banach space.Further several theo-
rems [3], [6], [7]. [8] . [9] and [10]are being generated on Banach space using various conditions.The
focus of this work is now on proving a result in Banach space without a continuity constraint using

OWC mappings to prove a common fixed point theorem.

Before we prove our theorem, we'll present some definitions and examples.
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2. Preliminaries

A pair (/, J) of a Banach space is said to be
Definition 2.1 Weakly commuting iff ||/ Ja — Jla|| < ||l — Ja]| for all a € X.
Definition 2.2 Cmpatible iff ||/Jaj — Jloy|| = 0 as j— oo whenever {a;} is a sequence in X such that
|l — Jaj|| = 0 as j — oo for some n € X.
Definition 2.3 Weakly compatible if In = Jn for some n € X such that /Jn = JIn
Definition 2.4 OWC if and only if there exists a point n € X such that /n = Jn implies | Jn = JIn.

We now discuss some examples to find the relation among the above definitions.
Example 2.5 Let X = [0, 1] is a Banach space with ||u —v|| = |u—v|, u,v € X.
Define T and S as

H2e jfo<ac<y;

T(@) =19 cain o
1-2a if0<a<?;
o if2<a<l.

Take a sequence oy as ax = = — 1
T(a) =T (3 - =250
S(an) = (4 — h=1 -2 - H)=3
Tozk:Sak:% ask — oo.

Now TS(ak) = GJ(} — $)=G(1 —2(% — 1))
G2+ 2)=2HE s a ks o
STay = SIT(4 - H)l=S[1 - 2( - )]
=S(3 +2)=2 + 2=2as k — .
limg — ool[(TSax — STa)|| #0
Therefore the pair (T, S) is not compatible.
But 7(4)=5(2)=(3).

TS(2)=TI1 - 2(1)]=G(2)=2 and ST(}) = J(G(L)) = 2512 — 2
Hence the pair (T, S) weakly compatiable.

Example 2.6 Let X = [0, 1] is a Banach space with ||u — v|| = |u—v|, Yu,v € X.

Define four maps G,J,H and | as follows

o2 fo<a<i;

G(a) =Il(a) = { 8

- 1
l1—«o |fa2§.
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el fo<a<i;

J(a):H(a):{zé_l fos 1 2
Here G(0) = J(0) = 7 and G(3) = J(3) = 3.

Clearly a =0 and a = % are two coincidence points.

If o = 0 then GJ(0) = G(3) = &32 — 9

and JG(0) = J(b) = @& _ 5

Therefore GJ(0) # JG(0).

Now JG(L) = J(1— 1) = J(3) = 4271 _ 1

6B =63 ~1-1 -}

Therefore GJ(1) = JG(3).

Thus G and J are OWC, but not weakly compatible.

The following Theorem was proved in metric space [1].

3. Theorem

Let X be a comlete metic space and self mappings G,H,| and J are satisfying
(b1) G(X) C H(X) and I(X) C J(X)
(b2) d(Gu, Iv)?P < [ago(d(Ju, HV)?P) + (1 — a)max{p1(d(Ju, HV)?P),
Bo(d(Ju, Gv)Id(Hv, Iv)T), ¢p3(d(Ju, Iv) d(Hv, Gv)"),
$a(d(Ju, Gv)*d(Hv, Gu)%), ¢ps(d(Ju, Iv)d(Hv, Iv))}]
forall u,veX where ¢; € ¢,j = 0,1,2,3,4,5and a takes values from 0 to 1 inclusive and p, g, qg.rr.ss. I
takes from 0 exclusive to 1 inclusive such that2p=qg+q¢ =r+r'=s+s =1+1.
(b3) The mapping G or | is a continuous
(b4) the pairs (G,J) and (I,H) are weakly compatible mappings.

Then G,H,l and J have a unique fixed point which is common.

Now we'll present a list of key lemmas that are useful to our main result.
Lemma 3.1 [10]
If ¢ € p and j € {0,1,2,3,4,5} ,¢ is upper semicontinuous and also contractive modulus such that
max{@;(t)} < ¢(t) for all t > 0 and also ¢(t) < t for t > 0.
Lemma 3.2 [1]
Let ¢; € ¢ and B; be a non-negative real sequence.lf Bj11 < ¢(B;) for j € N, then the sequence

converges to 0.

Now we genealize the existence of the above theorem by extending it on to Banach Space under

the following modified conditions.
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Theorem 3.3

Let (X, ||.||) be a Banach Space and self mappings G,H,I and J are satisfying

(b1) G(X) C H(X) and I(X) C J(X)

(b2) [I(Gu = IV)|I?P < [ago([|(Ju — HV)[[?P) + (1 — a)max{1 (]| Ju — Hv|]*P),

do([[Ju = Gul| 7| Hv — Iv]|7), ¢s(|| Ju — Iv]|"[|Hv — Gu||™),

$a(311Ju = Gull*|Hv = Iv[|*), ds(3]1Ju — Iv]'|Hv — Iv]")}]

for all u,veX where ¢; € ¢,j = 0,1,2,3,4,5and a takes values from 0 to 1 inclusiveand p, q, ¢', r, ', s, s, I,I'
takes from 0 exclusive to 1 inclusive such that2p=qg+q¢ =r+r'=s+s =1+1.

(b3) Two pairs (G,J) and (I,H) have a coincidence point

(b4) the pairs maps (G,J) and (I,H) are OWC.

Then G,H,lI and J have a unique common fixed point.

Proof

Using the condition (b1), there is a point ug € X such that Guy = Huy.For this point u; € X there
exists a point uo in X such that /u; = Jup and so on.

Continuing this process it is possible to construct a sequence {v;} for j = 1,2,3......in X

such that vo; = Gupj = Hupjy1,voj41 = ltnj11 = Jupjyp for j > 0.

We now prove {v;} is a cauchy sequence.

Putting u = upj and v = w41 in (b2), we get

Ivaj = vaj[1?P < [ado([[vaj—1 — voi[|?P) + (1 — @) max{ 1 ([|vaj—1 — vo;lI*P),

da(llvaj—1 — vajllUlIva; — vajgall?), da(llvaj1 — vajsallllvey — vayll™),

/ !
Pa(Sllvaj—1 — vojlI¥lIvaj — voilI*), s (B llvaj—1 — Ivajsall'llva; — vajsa ")}

Denote p; = [[v; — Vi1l
(p2))%P < [apo(p2j-1)%P) + (1 — a)max{d1(p2j—1)?P, d2((p2j—1)7(02,)7 ), $3(0),
$4(0), ¢5(3[(027-1)" + (02))")](p2j) )}

(p2))%P < [adpo(p2j—1)%P) + (1 — a)max{d1(p2j—1)?P, 2((p2j—1)7(02,)7 ), $3(0),
$4(0), 5 (5[(02j-1)(02)" + (05, (02)) D}

If poj > poj—1 then we have
(2)%P < [adho(p2))?P) + (1 — a)ymax{d1(p2;)?P, d2(2)) 7+, $3(0), $4(0),
5 (3[(02)"*" (o2)"*" + (05" D) }(02))?P)).
< [ago(p2j)?P) + (1 — a)max{¢1(p2;)?", d2(02)?", $3(0), $2(0), d5(p2))].
Using Lemma (3.2)
(02))P < d(p2))?P < (p2))?P.
a contradiction.
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This implies po; < poj—1
then using this inequality the condition (b2) yields

P2 < d(p2j-1)- (3.1)

Similarly taking u = upj42 and v = upj41 in (b2), we get

[Vaja1 — Vajgall?P < [ao ([l vaj — vaj1l?P) 4+ (1 — a)max{p1(||lvaj — vaj+1l1?P).
/ /
G2(l[vajr1 — o2l vaj — voj1|7), d3(llvajsr — vojall"llvey — vaj1ll”).

! !
Ga(SIvajr11 — vojall®llvaj — vajall®), 5 (3lIvajia — Tvajsa |l vay — vaja ")}

(p2j+1)%P < [ado(p2)?P) + (1 — a)max{d1(02))%", $2((p2j+1)(02))7). ¢3(0),
G4 (51(02741)°(02))° + (02j4+1)° 1, #5(0)}].

(p2j+1)% < [adho(p2)?P) + (1 — a)max{d1(p2))?P. p2((02j+1)(02))9 ). $3(0),
$a(5[(02j+1)°(02))° + (02j41)% (02541)%]). b5(0)}].
If p2jr1 > poj.then we have
(P2j+1)%° < [ad0(p2j+1)%P) + (1 — a)ymax{1(p2j+1)%P, $2((p2j+1)9+), $3(0),
$a(p2j41). $5(0)}].
Using Lemma(3.2)
(02j41)% < (p2j+1)?P < (p2j41)%°
which is a contradiction.
Thus we must have poj11 < po;.

Again applying (b2) to the above inequality,we obtain

p2j+1 < $(p2)). (3.2)

From (2.1) and (2.2), in general pj4+1 < ¢(p;), for j=0,1,2,3....
by Lemma 3.3 we get p; — 0 as j — oo.
This shows that p; = ||v; — vj41]| = 0 as j — o.
Hence {v;} is a cauchy sequence.
Since X Banach space, 3 a point € X such that v; = n asj — oco. Consequently, the subsequences
Gaoj, Jaj, lasjy1 and Hao; of {v;} also converge to the same point n € X. Since the pair (G, J) is
OWC ,there exists u € C(G, J) such that Gu = Ju = n(say) and GJu = JGu = 1 (say).

Hence we have
Gn = Jn =1 (say) (3.3)

Since the pair (/, H) is OWC ,there exists v € C(/, H)
such that /v = Hv = §(say) and /Hv = Hlv = §'(say).
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Hence we have
16 = H6 = § (say) (3.4)

Now we claim that n' = &’
substitute u =mn,v =¢ in (b2)
1(Gn = 18)[17P < [#o([|(In — HO)[I?P) + (1 — aymax{er ([l Jn — HE|I*P),
¢2([lJn — Gnl|7|HE — 16]|7), d3(l|In — 16]|"[|HE — Gnl|™),
$a(311Jn — Gnl|*||HE — 18]|), ds (311 Im — 16]|'|HE — 18]]")}].
Using (3) and (4), we get [|n' — &'[|*" < [go(lln" — &'[I*P) + (1 — a)max{¢1(|ln" — &'||*"),
oa(lln' = 7' (1016" = 617), ps(lln" = &'[I"Nl6" = '),
Ga(Gln = 71°1I8" = 71, ds (51l = &'II'116" = &'I")}.
In" = &'17P < [go(lIm" = 8'[17P) + (1 — a)ymax{¢1(|ln" — &'[|*"), $2(0). 3 (lln" — &'l|*"), ¢4(0). $5(0)}].
Since by Lemma (3.2)
In" = 'lI?P < @(lln' = &' < |In" = &'||*P
a contradiction.
Therefore ' = ¢'.
Hence from (2.3) we get

Gn=Jn=24. (3.5)
Next claim that n = ¢’
substitute v = v and v =4 in (b2)
1(Gu = 16)I1P < [o(ll(Ju — HE)|[*P) + (1 — a)max{1 (|| Ju — HE[>P),
¢ ([ Ju — Gul|9|[HE — 16[|7), d3(| Ju — 16]|"[|HE — Gul|™),
$a(3 [ Ju— Gull*||HE — 18]|"), s (5| Ju — 18]|'|HE — 16[|")}].
Using Gu= Ju=mand 16 = H = §, we get
In—6"117 < [go(lln—0"II*")+(1—a)max{e1 (IIn—&'|1**), 2 (ln—nl1?16—6117), d3(lln—o'||"[|16'=7l|"),
da(5ln = nlI=16" = nlI), ¢s (5l — &'II'll6" — &'[|")}].
In = &'117° < [go(lln — 8'lI*7) + (1 — a)ymax{@1(lln — &'l|*"). ¢2(0). B3(lln — &'[I*P), ¢a(0). $5(0)}].
By Lemma(3.2)
In =o' < ¢(lln — &' < lIn —&'|1*
which is a contradiction, and hence n = §.
From (2.5),we get

Gn=Jn=n (3.6)
and

16 = HO = . (3.7)
Now we claim that n = 6.

Again in (b2) putting u=mand v=v

1Gn — 1v[[* < [¢o(Il(In — HV)[I?P) + (1 — aymax{$1(|lJn — HV|?P),
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d2([lJn — Gnll 7| Hv — Iv]|), ¢3(l|lJn — Iv]I"|[Hv — Gnl|”),

¢a(511Jn — Gnll*|Hv — Iv[|*), ds(5 ]| Ju — Iv|'|Hv — Iv]|")}].

Using Gn=Jn=mnand lv=Hv =9

In =811 < [do(lln—511%P) + (1 = aymax{$1(ln—681?), ¢=(lln —nl|7116 6l 7), ¢s(ln =6l ln—6]|"),
¢a(5lm —nl*16 = nlI*"). ds(31lm — o116 — 811")}].

In = 611%" < [¢o(lln = 3[*") + (1 — a)ymax{$1(|ln — &[1*"), ¢=(0), B3(lln — 81|*P), $4(0), ¢5(0)}].
By Lemma(3.2)

I = 81177 < ¢(|ln — 61)* < [In — 6||*

which is a contradiction.

Therefore n = 9.

From (2.7), we get

In=Hn=mn. (3.8)

From (2.6 and (2.8), we get
Gn=Jn=In=Hn=n.
Hence this gives that 7 is a common fixed point for G, H, | and J.
For Uniqueness:
Suppose n and n* (n # n*) are two common fixed points.
Then put v =n and v = 71" in the inequality (b2)
1Gn — In*|1?P < [ago([|lJn — Hn*[I?P) + (1 — a)max{1([|In — Hn*|*P),
¢2([1Jn = Gnll9|[Hn* — In*(|7), ¢3(l|In — In7||"[|Hn* — Gnl|™),
¢a (3110 — Gnl*lIHn* = Gnll*), ds(311Jm — In* (| Hn* — In*[|")}]
In = n*11?? < [ado(lln — n*117P) + (1 — a)max{d1(ln — n*[IP), $2(0), ¢3(lln — n*[|*?), 4(0), $5(0)}]
ln —n*(1?P < [d(Iln — n*[IP) < |In —n*||*?
a contradiction.
Which gives m = n*, this proves the uniqueness.
Example
Now we continue to discuss the Example (2.6) to justyfy our Theorem(3.3).
Now G(X)=I(X)=[%, =) U (3) while J(X)=H(X)= [7,3) U (3)
clearly G(X) € H(X), I(X) C J(X)
therefore (b1) is satisfied.
Now we verify the condition (b2)
Case(i).

If u,v €0, %),then we have |[(Gu — Iv)|| = |Ga — Iv]
1

g.

Then the inequality (b2) implies

IG(3) = 1P < [ado(14(3) — HGE)IPP) + (1 — a)max{$1(/IJ(3) — H(5)II*P),

put u=12%v=
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¢2(14(3) = GRNUHE) = 1ENT). ¢3(14G5) = IEITIIHE) = G(HIT).
B (HIU3) — GAIFIHE) — 1D, 8s(RIIG) — IR IHE) — (BI"Y
fora:%andp:q:q’:r:r’:s:s’:/:/’:%

10.0166]| < [2¢01(0.033)[| + (1 — 3)max{¢1]/(0.01665)],
$2[/(0.0322) ||, ¢3[/(0.01870)|[, ¢4/(0.0161)|[, ¢5/(0.019)}]
10.0166| < 0.0327].
Hence the inequality (b2) holds.

Also the verification in the remaining intervals is also simple. Here it is evident that % is the unique

common fixed point for the four self mappings.

4. Conclusion

In this paper we proved a common fixed point theorem on Banach space using OWC mappings.|t is

also clear from the example proved that the mappings are neither compatible nor weakly compatible

but OWC mappings.Moreover the continuity condition is dropped.Hence we conclude that our Theo-

rem stands as an improvement of Theorem (3).

Conflicts of Interest: The author(s) declare that there are no conflicts of interest regarding the

publication of this paper.

(1]

(2]

(3]

4]

(5]

(6]
[7]

(8]

[9]

(10]

References

H.K. Pathak, M.S. Khan, R. Tiwari, A common fixed point theorem and its application to nonlinear integral
equations, Computers Math. Appl. 53 (2007), 961-971. https://doi.org/10.1016/j.camwa.2006.08.046.

S. Sharma, B. Deshpande, A. Pandey, Common fixed point point theorem for a pair of weakly compatible mappings
on Banach spaces, East Asian Math. J. 27 (2011), 573-583. https://doi.org/10.7858/eamj.2011.27.5.573.
A. Djoudi, L. Nisse, Gregus type fixed points for weakly compatible maps, Bull. Belg. Math. Soc. Simon Stevin. 10
(2003), 369-378. https://doi.org/10.36045/bbms/1063372343.

S. Sharma, B. Deshpande, Common fixed point theorems for finite number of mappings without continuity and
compatibility on intuitionistic fuzzy metric spaces, Chaos Solitons Fractals. 40 (2009), 2242-2256. https://doi.
org/10.1016/j.chaos.2007.10.011.

R.A. Rashwan, A common fixed point theorem in uniformly convex Banach spaces. Ital. J. Pure Appl. Math. 3
(1998), 117-126.

N. Shahzad, S. Sahar, Fixed points of biased mappings in complete metric spaces, Radovi Math. 11 (2002), 249-261.
S. Sharma, P. Tilwankar, Some fixed point theorems in intuitionistic fuzzy metric spaces, Tamkang J. Math. 42
(2011), 405-414. https://doi.org/10.5556/j.tkjm.42.2011.683.

V. Srinivas, A result on Banach space using property E.A, Indian J. Sci. Technol. 13 (2020), 4490—4499. https:
//doi.org/10.17485/I1JST/v13i44.1909.

V. Srinivas, T. Thirupathi, A result on Banach space using E.A like property, Malaya J. Mat. 8 (2020), 903—908.
https://doi.org/10.26637/MIM0803/0029.

H.K. Pathak, S.N. Mishra, A.K. Kalinde, Common fixed point theorems with applications to nonlinear integral
equations, Demonstr. Math. 32 (1999), 547-564. https://doi.org/10.1515/dema-1999-0310.


https://doi.org/10.1016/j.camwa.2006.08.046
https://doi.org/10.7858/eamj.2011.27.5.573
https://doi.org/10.36045/bbms/1063372343
https://doi.org/10.1016/j.chaos.2007.10.011
https://doi.org/10.1016/j.chaos.2007.10.011
https://doi.org/10.5556/j.tkjm.42.2011.683
https://doi.org/10.17485/IJST/v13i44.1909
https://doi.org/10.17485/IJST/v13i44.1909
https://doi.org/10.26637/MJM0803/0029
https://doi.org/10.1515/dema-1999-0310

	1. Introduction
	2. Preliminaries
	3. Theorem
	4. Conclusion
	References

