International Journal of Analysis and Applications

Volume 19, Number 1 (2021), 123-137 IJAA

URL: https://doi.org/10.28924/2291-8639 INTERNATIONAL JOURNAL

DOI: 10.28924/2291-8639-19-2021-123

OF ANALYSIS AND APPLICATIONS

ON SUBORDINATION RESULTS FOR CERTAIN CLASSES OF ANALYTIC
FUNCTIONS OF RECIPROCAL ORDER

MUHAMMET KAMALI*, ALINA RISKULOVA

Kyrgyz-Turkish Manas University, Faculty of Sciences, Department of Mathematics, Chyngz Aitmatov

Avenue, Bishkek, Kyrgyz Republic

*Corresponding author: muhammet.kamali@manas.edu.kg

ABSTRACT. In this paper, we introduce the subclass Sg (o, A) of analytic functions and obtain coefficient
inequality for functions belong to this class. Furthermore, we give sufficient conditions for starlikeness of
reciprocal order of analytic functions. In the last part, we obtain the subordination results of a new subclass
of analytic functions of reciprocal order, which are defined here by means of a Hadamard product of analytic
functions. The results presented in this work improve or generalize the recent works of other authors and

also give rise to several new results.

1. INTRODUCTION AND PRELIMINARIES

Let U = {z:|z| <1}. We denote byA the class of analytic functions on the unit disc U having the

following Taylor series representation:
oo

(1.1) f(2) :z—i—Zanz”.
n=2

Let S denote the subclass of A consisting of all analytic functions f (z) which are also univalent in U.

A function f € A is said to be starlike of order « if it satisfies

(1.2) Re % >a (0<a<l, zeU).
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We denote by S* (a) the subclass of A consisting of functions which are starlike of order « in U.

A function f € A is said to be starlike of reciprocal order « in U if

(1.3) Re <Z§(2)) >a (zelU)

for some a (0 < o < 1). We denote the class such functions by S~ () ( [1], [4], [10]).

A function f € A is said to be convex of order a in U if it satisfies the condition

2f" (2)
f(2)

for some 0 < a < 1.We denote by K («) the subclass of A consisting of functions which are convex of ordera

(1.4) Re (1+ ) >a(zeU)

in U. Furthermore, a function f € A is said to be convex of reciprocal order o in U if

1
(1.5) Re| ——— ] >a (0<a<]l, z€U)
s (c]

We denote the class such functions by K~! («) [10]. Clearly, we have S* (o) C S* (0) = S*,K (a) C K (0) =

K and f(z) € K («) if and only if zf (z) € S* (a) for 0 < a < 1.

For |f| < § and 0 < a < 1, a function f € A is said to be S—spirallike of order a in U if it satisfies

(1.6) Re (em Zf(é?) > acos f3.

f
The class of all such functions is denote by Sz (a) ( [8], [10]).

Definition 1.1. Let H (z) = Z;(S) for f(z) € S. A function f(z) € S is said to be in the class denote by
Sa () if it satisfies the inequality

1 1
eBH (z) 2«

1

(1.7) o

for some real B and 0 < a < 1.
Owa et al. [9] gave the following coefficient inequality for the function class Sg (o) .
Theorem 1.1. [9] If f (z) € A satisfies
(1.8) i{n—i— ’n—2ae*iﬁ|} lan| <1— }1—2&67%@
n=2

for some real |B] < 5 and 0 < o < cos 3, then f(z) € Sp(a).

For f € A, Salagean [2] has introduced the following operator called the Salagean operator:

DYf(2) = f(2)
D'f (2) = Df (2) = 2f (2) = 2+ 3.0, nan 2"

DO (2) = D (DY f (2)) = 2 + 1520y nha, "
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where Q € Ng ={0,1,2,...}.

Definition 1.2. [5] A function f(z) € A is said to be in the class M (o, A\, Q) if it satisfies the inequality
Q=N (Df(2)) +A (D f(2)) 14 1+

(1=N)z (D (2)) + Az (D1 f(z)) 2 2

for0<a<1,0<A<1,QeNyand zeU.

(1.9)

M.Kamali [5] gave the following coefficients inequality for the function class M (a, A, Q) .
Theorem 1.2. [5] Let 0 < a <1 and 0 <\ < 1. If f(2) € A satisfies the following coefficient inequality:

inﬂ An+1-=X{2a— 1+ XN)n|+ 1+ ) n}|a,|
n=2

IN

(T4+X) = 2a—(1+)N)]

2a; 0<a§#
(1.10) =
2(1+X—a); H2<a<1i+A

then f(2) € M (a, A\, Q).

2. SOME RESULTS AND COEFFICIENT INEQUALITY FOR FUNCTIONS IN THE CLASS S (o, A)

el 4 2 z ' 4 +1 4 '
Definition 2.1. Let G (z) = a (f\—)A()](:)ng(f()z)))ii(l()zﬂf{z()))) for f(z) € S. A function f (z) € S is said to be

in the class denote by Sg (o, \) if it satisfies the inequality

1 14+ 14+
2.1 - - <
(2.1) eBG (2) 2a 20

for some real 8 and 0 < a <1, 0< A< 1, QeNy, zeU.

Theorem 2.1. If f (z) € Sz (a, A) iff

(1 =Nz (D (z))l + Az (DL f (z)), o

(2.2) Re (1 7)\) (Dﬂf (Z))Jr)\(DQJFlf(z)) 1+

1-N)z(D%f(2 /+Az DL f(2 ' .
Proof. Let G (z) = ( (13A()(D§{;(2)H(£QHf{z()))) forf (z) € S. If f () € Sp (a, A) ,we can write

1 14+ A < 1+ A
ePG (2) 2a 2a0
Then, we can obtain
1 2] 142 2a—(1+0)eBa(2) |? 142
TFCE T 2a | < 2a |7 2acfa | < (55

& 20— (1+ 1) G (2)] [2a A+ N PG (z)} < (14N [67G (2)] [ewc (z)}

& 20— 2(14 X) Re [¢?’G (2)] <0
& Re [¢7G (2)] > 125

i5 1=N(D21(2)) +A(D2H11(2))|
(:)Re{eﬁ TN FNDT &) [~ Tox
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O
Theorem 2.2. If f (z) € A satisfies
> .
Znﬂ (L=Xx+An) {1+ X)n+ |(1 +A)n— 2046_“3’} |an|
n=2
(2.3) < (14N = |14+ A) —20e 7|
for some |B| < 5 and 0 < 135 < cos B3, then f(z) € Sg(a,A).
Proof. 1t suffices to show that
2ae” — (14 N) G (2) <1
(1+XN)G(2)
, x o , (1-02(D2f(2)) +22(DHH1 £ (2))
for some || < § and 0 < Ty < cos B, where G(2)= TN BT ) A D7)
Note that
206 —(140)G(2)
(1+>\) (2)
m{z-i-zn 5 nQ(l )\-&-)\n)anz"} (1+/\){Z+Zn 5 nQ+1(1—A+An)anz"}
2.4 (14X) {z+z 5, nH(1— )\Jr)\n)a,,z”}
( ’ ) < |(1+)\ —20e” P +3°2 , n(1-A+An) |(1+)\ n—2ae” ¥ ||an||z|" "t
(HN{1-352, n2F (1= A+ An)dpan |21 }
< |(1+)\) 204?7’13‘4-2 - nS(1— )\+)\n)|(1+)\)n 2(19715“&”\
A+ {1-352 , n@ 1 (1=A+An)|an| }
Therefore, if
Znﬂ (I=X+A){1+XNn+ ’(1+)\)n—2a6_w|} lan| < (14+X) = [(1+N) — 20e” %
n=2
for some |3] < § and 0 < Tx < cosf, then
an (I=X+An) [(1+A)n—2ae™ ] |a,|
n=2
< (4N = 4+A) =20 P =) (1= A4 dn) 1+ N0 an)
n=2
Using the inequality in (2.4), we obtain
207 — (14 M) G (2) 1
(I1+XN)G(2) ’
Therefore, f (z) € Sp (a, A) for some || < 5 and 0 < 55 < cos 3. O

Taking A = 0 and Q = 0 in Theorem 2.2, we get Corollary 2.1 given by Owa et al. [9].
Corollary 2.1. If f (z) € A satisfies
Z {n+n- 2ae*iﬁ|} lan| <1—]1— 20e”
=2

for some |B| < T and 0 < o < cos 3, then f(z) € Sp ().
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Taking 8 = 7 in Theorem 2.2, we have Corollary 2.2.

Corollary 2.2. [9] If f (z) € A satisfies

oo

Z(l—)x—&-x\ﬂ){(l—l-z\)ﬂ—i-\/(1+)\)2n2—2\/5(1+/\)n04—|—4oz2}n9 |an]

n=2

< (1+/\)—\/(1+A)2—2\/§(1+/\)a+4a2
for some 0 < 195 < @, then f(z) € Sz (a, A).
3. SUFFICIENT CONDITIONS FOR STARLIKENESS OF RECIPROCAL ORDER
First we give following example.
Example 3.1. Let us define the function f (z) by

(3.1) F(2) = ze("185) (2 € U)

with)0 <a<1,0< A< 1.

From (3.1) after taking the logarithmical differentiation we have that

1nf(z)=1nz+<1—a)z:f(z):i+(1_ a )

T+ 7 (2) 1+
of (2) _ oy,
~ ) ‘”(1 1+A)

This gives us that

Re{z}cl(g)}Re{1+(1liA>z}>1jA(zeU).

Therefore , we see that f (z) € S* (1%\) .

Furthermore, we have that

Zf(S):”(l‘ 5 e T

It follows that

FG)
Y
and
o 72 _ Re 1 14+ A L it
(3.2) R {zf’(z)} R 1+(1_1$/\)ei0 >2(1+)\)—a( ).

Therefore, we conclude that f (z) € S* (1_%\) and starlike of reciprocal order ﬁ in U.

In order to establish our main results, we require the following lemma due to Nunokama et al. [6].
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Lemma 3.1. Let p(z) =1+ .2, ¢,2™ be analytic in U and suppose that there exists a point zg € U such
that Re{p(z)} > 0 for |z| < |z0| and

Re{p(z0)} = 0.

Then we have

(3.3) 20p (20) < —

(1+1p o)),

M| —

’ . .
where zop (20) is a negative real number.

Theorem 3.1. Let F (z) = (1 — ) (Df (2)) + A (D1 f (2)) € A satisfies F (2) F'(2)#0in0< |z <1

and

(1=X) (D f(2))+A (D f(2))
(A=) (DEHLf(2))+A(DO+2f(2))

o ADITF(2)+1=20) (D2 f(2)) = (1-X) (DT f(2))

(3.4) X1 s AN (DT ) FADTT2F (=) H

2
o (1=X) (D f(2))+ (DT f(2)
> ~3an {3+ e ) ‘ } (> 0).

Re

(I=X)(DOFLf(2)) +M(D2F2 f(2))

Then F (2) is starlike of reciprocal order 0 in U and thus, F (z) is starlike in U.

Proof. Let us define the function p (z) by

(3.5) p(z) =

Y (2) F (2) 1 F'(z) o P’(z>:{F’(z) 1 F”(z)} a

F(z) - F()[1+X°

P(z)

+
a zF"(z)
{ 1+A F () } )
Furthermore, we can write

F(2)=1-A) (D% (2)) + X(D¥f(2)) = 2F (2) = (1 — \) 2 (DVf (z))’ + Az (D9 f (2))

= 2F (2) = (1= X) (DL f (2)) + A (D2 ] (2))
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and
(=F () = (1 = ) (D211 () +A (D942 ()’
= F'(2) + 2F (2) = (1= A) (D% (2)) +A (D2 f (2))
= 2F (2) + 22F (2) = (1 — A) 2 (D1 f (2)) +Az (D2 (2))’
= 22F"(2) = (1 = A) (D2 (2)) + A (D3 (2)) — (1= A) (DO f (2)) = A (D2 (2))
= 22F"(2) = A (D3 f (2)) + (1= 2)) (D™F2f (2)) — (1 = \) (D £ (2))

Thus,we obtain

1+/\ <+1> DY
(1=X) (D2f (2)) + X (D9 (2))
(1= A) (DS (2)) + A (D92 (2))

- A(DHF3f(2)) + (1 —2X) (D9F2f (2)) — (1= A) (DL (2))
1+ >\ (1= A) (D] (2)) + A (D92 f (2)) .

(3.6)
Suppose that there exists a point zp € U such that Re {p (z)} > 0 for |z| < |zo| and
Re {p (ZU)} = 0)

then from Lemma 3.1,we have,

zop (20) < —

(1+1pGo)).

w\r—*

Therefore from (3.6), we have

(1=2) (D°F (20) + A (D™ (20))
(=3 (D7 a0)) 7 (D72 (a)
) (

1— (0% )\ (DQ+3f (ZO ) 1 — 2)\ DQ+2f ZO ) (1 — A) (DQ+1f (Zo))
1+ A (1 =X (D] (20)) + A (D92 (20))
{1

Re

«

2P (z0) + (M—l—l)P(zo)—M}

+
co e () b - 55 = -5 B o)

X
= Re

<
2
_ o Ja | A=N DY (=0) + A (DM (20)
2(1+) (1= 2) (D1 f (20)) + A (D2 f (20)) | |
which contradicts the hypothesis (3.4) of Theorem 3.1.Thus we complete the proof of Theorem 3.1. ([l

Taking A = 0 and © = 0 in Theorem 3.1, we get Corollary 3.1 given by B.A.Frasin and M.Ab.Sabri [1].

Corollary 3.1. [1] Let f (z) € A satisfies f (z) f (2) #0 in 0 < |z| <1 and
SO el e
) {1 f/(z)} g 2{“ 7 @)

Then f (z) is starlike of reciprocal order 0 in U and thus, f(z) is starlike in U.

Re

2} (z€U; a>0).
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Theorem 3.2. Let F (z) = (1= \) (D9f (2)) + A (D1 f (2)) € A satisfies
F(2) 1+ A 2F" (2)
2F' (2) {1_(2(1+/\)—a> F' (2) }]
1 1+ F(2) 14
~ _2<2(1+)\)—a> zF’(z)_<2(1+)\)—a>

. Helertss) - ()

Then F (2) is starlike of reciprocal order % in U.

Re

2

Proof. Let us define the function %‘2) by
F (2) (14N -« 1+ A
. = —_— = 1
(3:8) 2F" (2) (2(1+)\)a P(Z)+2(1+)\)foz’p(0)

Differentiating (3.8) we obtain

1 F(x) F@EF () _((1+N)-a »
2 22F' (2) Z[F (2)]? (2(1+A)a>P()

(r55e) - () 2 (e P

(as) (i) = o
- ol o) 76 )
() ()

o e G e ()

Suppose that there exists a point zp € U such that Re {p (z)} > 0 for |z| < |z0| and

Re {p (ZO)} = 07
then from Lemma 3.1,we have,

zop (20) < —

(1+Ip ).

DO =

Therefore from (3.9), we have
Flz) |, ( 14+ A > 20F" (20)
20F" (20) 2(1+XN)—a/) F'(2)

= _% <2(11+—|:\))\—0¢> (2(11J:LAA)_—aa> {H |p(z°)|2} + (2(11;;?—@)2

Re
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F(Zo) 1+ A ZoF” (Zo)
20F" (20) {1_(2(1+>\)—a) F' (29) }]
1 1+ A 1+ X—«

= 73 (2(1+>\)—a) (2(1+)\)—a) Ip (o)l

Gl - (=)

F (%) 1+ A 20F" (20)
zoF'(ZO){1<2(1—|—)\)—a> F (z0) H
1 1+ F(z0) 14+ A
2(2(1+/\)a> 20F" (20) (2(1+)\)a)

% {3 (2(11&;—@)2 - (2(114——;))\—04)}

which contradicts the hypothesis (3.7) of Theorem 3.2. Tt follow that
F(z) |, 14\ 2F" (2)
2F' (2) 2(14 X)) —a) F'(2)
1 1+ A F(2) 1+A
> - e —
2\2(1+X) —a/ |2F' (2) 2(14+X) —«

) - ) |-

Thus we complete the proof of Theorem 3.2. |

= Re

and thus we write

Re

2

IN

Re

2

Taking A = 0 and 2 = 0 in Theorem 3.2, we get the following Corollary 3.2.

Corollary 3.2. Let f (z) € A satisfies
HON ( 1 ) 2f" (2)
2f' (2) 2—a) f'(2)

- (o) Z}fiir(zia)

Then f (z) is starlike of reciprocal order 5= in U.

Re

4. SUBORDINATION RESULTS AND COEFFICIENT INEQUALITY FOR FUNCTIONS IN THE CLASS

(Q A) (¢ W aﬂ)

Definition 4.1. (Hadamard product or Convolution).The Hadamard product of two power series f (z) =
Yoo ganz™ and g (z) = Y07 o bpz" analytic in U, is defined as then their Hadamard product (or convolution,),

f*xg is defined by the power series

(4.1) (f*9)( Zanbz (9% f)(2).
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The functionf x g is also analytic in U.

Tariq Al-Hawary and B.A.Frasin [10] introduce the following subclass of A by making use of the Hadamard

product.

Definition 4.2. [10] Let ¢ (z) = 2+ Y oo, 0p2"and ¢ (2) = 2z + > ooy pt,2"be analytic in U, such that
8n > 0,1, >0 and 8, > p,forn > 2, we say that f (2) € A is in the class S™1 (¢, v0;, B) if f(2)x ¢ (2) # 0,
J ()% (2) £0 and

1 1
2 T f)rd(2)\ 20 . R,0 1 Uy,
N e

By making use of the Hadamard product (4.1), we now introduce the following subclasses of A.

Definition 4.3. Let F (z) = (1 —X) (Df (2)) + A (D1 f (2)) . Furthermore, let ¢ (z) = z 4+ Y pr o 0n2"
and P (z) = 24+ Yoo o 12" be analytic in U, such that 6, > 0,p,, > 0 and §, > p,, for n > 2, we say that
f(z) € A is in the class S(QlA) (o, ;0,8) if F(2)*d(2) £0, F(2)*x¥(2) #0 and

1 1+ A 14+ A
4.3 - R,0 1,L0< <1, Q€N U).
3 eiB(F(Z)*¢(Z)) 20 | < 2a (FER0<a<1,0A<], Q€N 2€0)
F(z)*(z)

Theorem 4.1. Let F (z) = (1= X) (D9f (2)) + A (DL f (2)). Iff (2) € A satisfies

ZnQ (1=X4+Xn) {(1 +A) o, + ’(1 +A) 0, — 2ae_wun‘} |an]
n=2

(4.4) < (14N — |14+ A) —20e 7

for some that |B| < 5 and that 0 < 55 < cos 3, then f(z) € S(QI,M (¢, 950, ) .

Proof. 1t suffices to show that
2a
(1 +n e (F35E)

We observe that

20 (F(2) * (2)) = (L+X) (F (2) * ¢ (2))
(L+A) (F(2) x ¢ (2))

-1l <1l=

<1.

20”0 (F(2) * ¥ (2) = (L+ ) (F(2) (2 ))‘
(L+ ) (F(2) x 6 (2))

_ AN F () *¢(2) =206 (F(2) # ())‘
(L+2) (F(2) x 6 (2))

{142 —2ae P} 2+ 32,0 (1= A+ An) [(1+N) 6, — 20 Pp, | anz™
A+ N {z+ >, ,n% (1 =X+ In)da,z"}

[(14+A) = 20|+ 307, n? (L= X+ xn) |(1+ ) 6, — 20e P, | |an| 2"
(142 {1 = 252,00 (1= A An) 8 fan] 2"}
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It follows that the last term is bounded by 1 if

S (L= A4 2n) {(1+N) dn + (14 X) 6, — 20671, | } |an]

n=2

< (14N — |14+ N) —20e 7
for some that |3| < § and that 0 < {35 < cosf3. O
Taking A = 0 and 2 = 0 in Theorem 4.1, we get Corollary 4.1 given by Tariq Al-Hawary et al. [10].
Corollary 4.1. [10] If f (2) € A satisfies
i {60 + |60 — 2ae*lﬂlun|} lan] <1—]1— 2ae*iﬁ|
n=2
for some that |B| < & and that 0 < o < cos 3, then f (z) € S~ (o, 50, B) .

Now, to proceed our subordination results in this section, let us first recall the following definition and

Lemma.

Definition 4.4. (Subordination Principle) Given two functions f(z), g(z) € A in U, g be univalent in U
,f(0)=g(0) and f(U) C g(U), then we say that the function f (z) is subordinate to g(z) in U, and write

f(z) < g(z),z €U Moreover, we say that g (z) is superordinate to f (z) in U.

Definition 4.5. A sequence {b,},-, of complex numbers is said to be a subordinating factor sequence if,
whenever f(z) of the form 1.1, a1 = 1 is analytic, univalent and convezx in U ,we have the subordination
given by o
z—i—Zakbkzk < f(z), (z€0).

k=1

The following lemma is due to Wilf [3].

Lemma 4.1. ( [3], [7]) The sequence {b,} -, is a subordinating factor sequence if and only if

Re{1+22bnz"} >0 (zeU).
n=1

Let SZ};\) (¢, 0;, 8) C S(_Q{/\) (¢,; a, B) is denote the subclass of functions f € S whose coefficients a,,
satisfy the inequalities (4.4).
Employing the techniques used by T.Al-Hawary and B.A.Frasin [10], we state and prove the following

theorem.

Theorem 4.2. Let f(z) € SE‘};;\) (6,050, 8) and n® (1= A+ An) {(L+X) 0y + |(1 + A) 6, — 20 P, |} is

increasing function for n > 2, [B] < 7,0 < 15 < cos . Then

(L4 X) 62+ |(1+A)62 — 2ae_iﬁu2|

212794 (1+X) 02 — ‘2—9 _ %l;foze_m + (14 A) 62 — 2ae= B p,|

(4.5)

] (fxg)(2) <g(2)




Int. J. Anal. Appl. 19 (1) (2021) 134

for every function g (z) in the class K and

2724 (1+N) 2 — ‘2_9 - %ae‘w + (14 A) 62 — 2046_176,112”

(14 A) 02 + (1 A) 02 — 20 Ppy]

(4.6) Re f(z) > —

for z € U. The constant

(T4 X) 62+ |(1+A)62 — 2046_“3”2}
2[2-2 4+ (14 2)6; - 22 - 33

(4.7)

e B+ (14 A) 62 — 2ae Py |

cannot be replace by any larger one.

Proof. Let f(2) =24 - sanz" € S(Q N (¢,¢; c, B) and suppose that g (z) =z + > oo, d,2" € K. Then

22 (140 { (1+N)82+|(142) 53 —20e Py |}
2[<1+AH<1+A>*ga€”"3I{+2“<1+A>{|<1+A>62+|<1+A_>ﬂ6rﬁaef'iﬁu2|}] (f*9)(2)
2 (14X) 4 (14+X)d2+ | (14+N)d2—2ae™ P pu ) ny .
= 2[(1+/\)7\(1+)\)72ae—“ﬂ|+2”(1+/\){(1+>\)62+|(1+/\§6272ae—’75;¢2|}] (z+ X =2 andnz");
221+ {(A+X) 024 | (14262 —20e ™ s | } n.
=2 e [T+ N (1T N — 2ae*iﬁ|+2Q(1+)\){(1+)\)52+|(1+)\§§272ae*i5u2\}] andnz"; (a1 = 1,dy = 1).

Thus, by Definition 4.5, the assertion of our theorem will hold if the sequence

(4.8)

22(14+M){ (14X)02+| (142) 62 —2ae P p, | } =
AN (AN —2ae P22 (A F N {(1F N2 (1002 —2ae Py ] & -

is a subordinating factor sequence with a; = 1. In view of Lemma 4.1, this will be the case if and only if

Re{l Loy 22 (140) { (14 2) 2+ | (142) 62— 20 =P 1, | } } =0

n=1 2[(14+X)—[(14+X)—2ae= B [+22(14+N){(1+N)d2+|(1+N)d2—2ae— P u, \}]

for z € U. Since, n (1 = A+ An) {(1 + A) 6, + |(1 + A) 6, — 2ae™p, | } is increasing for all n > 2,|8| < 3

0< < cos 3, we obtain

1+)\

s 22+ {(A+N) 02+ |(1+N)62 —20e ™y | } n
RG{HZ’H [N+ 0 —2ae P +22 T+ N {(1+ Mo T(1TN)d> —2ae~ Py )] 4 ?
1 22 (14 M) {(1+X)d2+| (14 A) 2 — 20 P iy | }
T AN TAF N —2ae= P12 (F N (1T N5 FI(1F N 05 —Bae=P 5[} 2 T

= Re

1
(AN [0+ N —Zae P21+ M) {1+ N 02+ (1+ N2 —2ae Py }]

Sl 22 (14N {1+ A) 82+ |(1+A) 62 — 206 B pay| } anz"

22 (14N {(1+X)d2+| (14A)d2 —20e Py | }

I = a2 P G0 5 F (T N6 —2ae P 1]

1
2 [T 2ae PR A [T N5 F(T 08 ~2ae B 75 ]]]

Sor o (1T=A+ ) {(1+A)62+|(14+A) 62 — 2ae™Py|} |an|r"
22 (14 M) {(1+A) 624 | (14+A) 32 —2ae P 1y |}
[+ = (14+A) —2ae =8 |+22 (14+X) {(1+A) b2+ (1+A)d2 —2ae— 1ﬁu2|}]
(14+X) |(1+)\ —2ae P
TIEFN AN —2ae P[22 (TN { (T N2 H[(1+N) b2 —2ae— P f5]}]

>1-—

r=1-—r

Since |z| = r < 1, therefore we obtain

22 (14X { (14 N)d2+| (14052 =20~ Py [} n
{1+2Z" 1 BTN =TT A~ Zae= PR N ((TF A FIAF A2 ~2ae= iy 7] O [ > 0:
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which by Lemma 4.1 shows that

(a1 =1)

22(140) { (14A)82+| (140) 82— 2ae =P 1, |} -
TN =TI N) —2ae— T2 (TF A [(1L N2 (1T N 62 —2ae— B, )] & »

is a subordinating factor sequence and hence also the subordination result (4.5).

The inequality (4.6) follows from (4.5) by taking g (2) = .

To prove the sharpness of the constant

22 (14 M) {1+ X)d2+| (14 2)d2 — 20 Py | }
2[A+X)—[(14+A) —20e =B[22 (1M { (14+A) 02 +[(1+A) 62 —2ae =8 iy [ 1]

we consider the function

_ (142) =] (142)—2ae ™| z
fo(2) =2 = soromarns s e mn 2 U8l < 5,0 < 195 < cos §),

which is a member of the class SE};;\) (¢,9; o, B) . Thus from the relation (4.5), we obtain

22(14+A){ (14X)02+| (14X)62 —2ae P, | } 2
2[(1+X) —[(T+N) —2ae=B[+22 (1+N) {(1+N)d2+[(1+X)d2 —2ae =P u, [ }] fo(2) < 1—z°

Since Re (12) > —1, |2| = r, this implies

R 22 (140 {(1+X) 82 +| (14262 —20e Py | }
€\ AT TTF ™) —2ae— P22 (LT N {(TF N 02+ (1T 2)d2 —2ae— P py[}]

x fo (2) % }>—f

(4.9)

Therefore, we have

[0 = | (142 —2ae =P [+22 A+ ) { (1+2) 82+ (14 M) 52 —2ae ™ puy | }]
Re{f(2)} > - 2T (15 052 [N —2ae— g T )

which is equation (4.6).

Now to show that sharpness of the constant factor

221+ 0 {1+ 2824 |(1+2)62 —20e ™ 5 |}
(AN =] (14+A) —2ae = B[+22 (1+ M) {(1+A)d2+[(1+A)d2 —2ae =B uy[}]©

We consider the function

(T4 A) = [(14A) — 20e7| 2
22142 [(1+N)da+ (1 + )02 — 2ae™ lﬁu2|]

Let ¢ = [(14+X) — [(1+X) = 20e™ | + 29 (1 + X) {(1 4+ ) 62 + [(1 + A) 62 — 20" puo|}] .

fo(z)=2-

Applying equation (4.5) with g (z) = we have

1z7

ig {291+ 2) {1+ X) b2+ |(1+X) b2 —2ae‘iﬂ,u2’}}z— {(1+N) - ’(1+)\) —20e7%|}

Using the fact that |Re (2)| < |z|, we now show that the

1 {22004+ X {1+ XN) 02+ |1+ X) 62 — 20 B puy |} } 2—

(4.10) min ¢ Re —. =—c

=€U 2 {(1+x) - ’(1+A)—2ae‘iﬁ|}z2

2]_<

1—z"
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We have
’Re [{29¢( 1+>\){(1+)\)52+’(1—1—)\)52—2ae’i5u2|}}z—{(1+)\)—|(1+>\)—2ae’i5’}z2}’
< ‘i {2Q +)\){(1+)\ (52+| (1+X) 52—2ae_i5u2|}}z—{ (14X —| (I+X) —2046_1'6’}22“

‘i[{QQ(l‘*‘)‘){( + )02+ |(1+ )y — 20e™ 75/@‘}}}’—!— @ +X) = [(T+X) = 207}

{29(1+A){(1+>\)52+|(1+>\ )62 —20e ™ iy | JH{ (14 2) — | (14X) —2ae @B|}} 1
¢ -2

IN

N

for |z| = 1. This implies that

‘Rei. {221+ {@+XN) 02+ |1+ A) 62 — 206 P py|}} 2
{1+ X) = |1+ A) —20e7P|} 2%]| < &
and therefore
~3 <Reg [{22(1+ M) {1+ 1) 02
{1+ —| (14 A) — 20e7#|} 2?]

Hence, we have that

+ (14 X) 62 — 2ae™ Py} } 2
<

(

min {Re 2. [{2% (L4+2) {(1+ 1) 02+ |(1+3) 82 — 2ae~ |} } 2]
z
—{@+X) = |1+ —2ae7#|} 2%} = -1
That is
22 (140 { (142824 |(14+2)62 =206, |}

Re {2[<1+A> [0 —2ae~ P27 (1+ ){( 1+A)62+\<1+A§52_2ae—mu2m (fox9) (2)

—_1

- 2
which shows the equation (4.10). O

Taking A = 0 and Q = 0 in Theorem 4.2, we get Corollary 4.2 given by Tariq Al-Hawary et al. [10].

Corollary 4.2. Let f (z) € S* ' (¢,%; 0, B) and 6, + |60 — 20e ™" pu, | is increasing function for n > 2,|8] <

5,0 <a<cosB. Then

52+|52—2ae 1,3’%’
2{1+ 02 — |1 — 28| + |03 — 2By}

(f*9)(2) <g(2)

for every function g (2) in the class K and

1469 — ’1 - 2ae’iﬁ| + |62 - 2ae’wu2|
2 + |02 — 20ce =P iy

Ref(z) > —

for z € U. The constant
O + |52 - 2ozeﬂﬂlu2|
2{1+4 02 — |1 — 2ae=B| 4 |§a — 2ce~"B sy |}

cannot be replace by any larger one.
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