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GROWTH ANALYSIS OF FUNCTIONS ANALYTIC IN THE
UNIT POLYDISC

SANJIB KUMAR DATTAL*, TANMAY BISWAS2, SOUMEN KANTI DEB3

ABSTRACT. In this paper we study some growth properties of composite func-
tions analytic in the unit polydisc. Some results related to the generalised
n variables based p-th Nevanlinna order (generalised n variables based p-th
Nevanlinna lower order) and the generalised n variables based p-th Nevanlin-
na relative order (generalised n variables based p-th Nevanlinna relative lower
order) of an analytic function with respect to an entire function are established
in this paper where n and p are any two positive integers. In fact in this paper
we extend some results of [3] and [4].

1. Introduction, Definitions and Notations.

A function f analytic in the unit disc U = {z: |z| < 1} is said to be of
finite Nevanlinna order [6] if there exists a number p such that the Nevanlinna
characteristic function

1 27 )
Ty (r) = %/o log™ |f (re“g) |do

satisfies T (r) < (1 —r) " forall r in 0 < ro (u) < r < 1. The greatest lower bound
of all such numbers p is called the Nevanlinna order of f. Thus the Nevanlinna order
py of fis given by
: log Ty (r)
= limsup—————.
Py r_>1p,10g (1—7)
Similarly, the Nevanlinna lower order Ay of f are given by
logT
A = liminf—28Tr ()
r—1 —log(1—r)
L. Bernal introduced the relative order between two entire functions of single

variables to avoid comparing growth just with the exponential function exp z. In
this connection, Banerjee and Dutta [2] gave the following definition in a unit disc:

Definition 1. [2] If f be analytic in U and g be entire , then the relative order of
[ with respect to g denoted by p, (f) is defined by

pg(f):inf{u>0:Tf(r><Tg[(11T)H

forall0<r0(u)<r<1}.
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Similarly, one may define Ay (f), the relative lower order of f with respect to g.
With g (z) = exp z, the definition coincides with the definition of Nevanlinna order
of f.
Analogously,
log T, 1T} (r)
— i g
Ag (f) = 11£n_>1{1f —log(1—7r) ~

Extending the notion of single variables to several variables, let f(z1, 22, - -
-, Z,) be a non-constant analytic function of n complex variables z1, 29, - -+ 2,—1 and
zp in the unit polydisc

U:{(Zlsza"'7zn): |ZJ| S 17 j:1727"'an; 1 >0,7‘2 >Oa"'rn>0}'

Now in the line of Nevanlinna order [6], in this paper we introduce the
generalised n variables based p-th Nevanlinna order and the generalised n variables
p-th Nevanlinna lower order for functions of n complex variables analytic in a unit
polydisc as follows :

log[p] Tp(ri,r2,...,Tn)

(p] i
T1,T2,...,T7p) = limsu
,Of ( Loz n) r1,7‘2,‘..7‘np~>1 - IOg [(1 - Tl) (1 - TQ) (1 - Tn)]
and Ip]
log?l T T
AP g,y yr) = limint 087 Ty (ru, 72, 7n)

1,72, T —1 — IOg [(1 — 7"1) (1 — 7"2) (1 — ’/‘n)]

where log[k] x = log(log[k_l] x) for k=1,2,3,... and log[o] T =z
When n = p = 1, the above definition reduces to the definition of Juneja and
Kapoor [6].

Likewise, one may introduce the generalised n variables based p-th relative
Nevanlinna order ( generalised n variables based p-th relative Nevanlinna lower or-
der) for functions of n complex variables analytic in a unit polydisc in the following
manner :

Definition 2. Let Ty(ri,ro,...,mn) denote the Nevanlinna’s characteristic function
of f of n variables. The generalised n variables based p-th relative Nevanlinna order
p[gp]f(rl,rg, .y Tr) and generalised n variables based p-th relative Nevanlinna lower
order )\Lp]f(rl, r9, ..., Tn) of an analytic function f in U with respect to another entire

function g in n complex variables are defined in the following way :

log?”! T (ry, 79, .,
[p]fr,r y ey Tn) = limsu o _STL B
P s ) = ISR g [T = ) (L= 1) o (1= 1)

and

g Ty (1, 7, oy 1)
APIf 7)) = liminf g Py
g (rre ) = et e S T )
where n and p are any two positive integers .
If we consider p =n =1 in Definition 2, then it coincides with Definition 1.

In the paper we establish some results relating to the composition of two non-
constant analytic functions, of n complex variables in the unit polydisc
U= {(th?a' : '7Zn) : |ZJ| < 17 ]: 1327' cNy T > 0,7‘2 > 07' T > O}
Also we prove a few theorems related to generalised n variables based p-th rela-

tive Nevanlinna order p[gp 17 (r1,72,...,7n) (generalised n variables based p-th relative
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Nevanlinna lower order /\Lp]f (r1,79,...,7) ) of an analytic function f with respect
to an entire function g of n complex variables which are in fact some extensions of
earlier results as proved in [3] and [4]. We do not explain the standard definitions
and notations in the theory of entire functions of severable variables as those are

available in [1], [5] and [7].
2. THEOREMS.
In this section we present the main results of the paper.

Theorem 1. Let f and g be any two non-constant analytic functions of n complex
variables in the unit polydisc U such that 0 < )\Efi]q (11,72, oy Tn) < pIPL (11,79, 00 7p)

fog
< o0 and 0 < M9 (r1,79,.yn) < pld (r1,72, ..y Tn) < 00. Then

[p] [p]
)\f0g (Tl’TQ""’T") < lim inf log[p] Tfo!] (7’177‘2,...,7"n) < )\fog (7'1,7'2,...,7'71)
pg‘l] (r1,72, ey Th) 71T, =1 log[q] Ty (11,72, ey ) )\Lq] (1,72, ey Tn)
< lim sup 10g[p] Tfog (7“1, Ty ey T") < pgﬁ]g (Tlv T2y rn)
71, T —1 log[q] Ty (11,72, .. Tn) )\L‘J] (r1,72, o0y Tn)

where p and q are any two positive integers .

Proof. From the definition of generalised n variables based p-th Nevanlinna order
and generalised n variables based p-th Nevanlinna lower order of analytic functions
in the unit polydisc U, we have for arbitrary positive € and for all sufficiently large

values of (1;1) , (171”) , ... and (ﬁ) that
(1) log[p] Tfog (TlaTQa"'aTn)
> (A 1z ) = €) [ log [(1 = 1) (1= 72) o (1= 7)]

(2) log!? Ty (11,72, -0y )

< (p[;ﬂ (71, 72, ooy ) + e) [—log[(1—71) (1 — ) . (1 — )] -
Now from (1) and (2), it follows for all sufficiently large values of (ﬁ) , (17—1%) ,
... and (ﬁ) that

108 Tfog (r1, 72, ey ) )\[fz;]g (r1,72,.mn) — €
logl® Ty (11,72 s Tn) qu] (ri, 72, rn) + €

As e (> 0) is arbitrary, we obtain that

[p] AP (ry g
3) T log® T'tog (11,72, ., ) > fog( 1,72 )
71,7250 T 1 log[q] Ty (ri,r2, .. Tn) PL"} (1,725 000y Tn)
Again for a sequence of values of (ljﬁ), (ljr2)7 ... and (ﬁ) tending to
infinity,
(4) log!?! Tog (11,72, Tn)

< ()\[”]_ (F1, 72, ey ) + e) [~ log[(1— 1) (1 = 72) oo (1 — )]
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and for all sufficiently large values of ( — ) , (1jr2) , ... and (1 Tn) ,
(5) logl® Ty (r1,72, .., Tn)
> ()\[gql (r1,7r9, ey Tn) — e) [—log[(1—71)(1—7r2)...(1—1ry)]].

So combining (4) and (5), we get for a sequence of values of (ﬁ) , ( L ) ) e

1—7ro

and ( ) tending to infinity that

fog

log[p] Tfog (71,72, s Tn) _ AP (r1,72, ey Tn) + €

log!! Ty (ri,re, irn) )\[Q] (1,795 e Tn) — €
Since € (> 0) is arbitrary, it follows that

(6) lim inf lo g[ ]Tng (T1,72, s 7n) )‘[p] (r1;72,70)

T1,72,...Tp—1 log[Q]T (7“1,7“27...,7"n> a )\[Q] (Tl,rg,...,rn).

Also for a sequence of values of ( e ) , (1—17"2) . and ( ) tending to infinity,
we get that

(7) log[q] Ty (ri,72, . Tn)
< (A[ql (P12, ey ) + e) [—log[(1— 1) (1 —ro) .. (1 —72)]].

Now from (1) and (7), we obtain for a sequence of values of (1717»1) , (1jr2> R

and ( ) tending to infinity that

108 Tfog (r1, 72, 0y ) < A[fpo] (r1,72,00imn) — €

log[q] Ty (ri,re,.yrn) )\[q] (r1,72, cesTn) +€ ’

Choosing € — 0, we get that
log[p] Tfog (11,72, oy Tn) - P (11,72, 00 )

®) 71,1;?,153})—)1 ogl? T, (r1, 79y oy rn) AEQf(rl,rQ,...,rn) .
Also for all sufficiently large values of (ﬁ) , (ﬁ) , ... and (1—1rn) ,
9) log!”! Tfog (11,72, ...y T0)

< (p[f:]q (1,72, ey Tn) + 6) [—log[(1—=71)(1—=r2)...(1—7mpn)]]-

So from (5) and (9), it follows for all sufficiently large values of ( — ) , (lfrz) ,

.. and (IJT7L) that
log[ ]Tfog (7“1,7“2,..., ) chpo]q <T1,7‘2,...,’I“n)+€
log[q] Ty (ri,re,irn) )\[Q] (r1,79,..cyTp) — € .

As e (> 0) is arbitrary, we obtain that

[p] p[p]

lo T ° s T2y e, T ° 1,72y, Tn
(10) lim sup 08" Tyoq (11,72, 11 Tn) <L , (T, )
1Ty log[ }T (r1,m9, ey Tn) /\LQ] (r1,79, ey Th)
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Thus the theorem follows from (3), (6), (8) and (10).

The following theorem can be proved in the line of Theorem 1 and so its
proof is omitted.

Theorem 2. Let f and g be any two non-constant analytic functions of n complex
variables in the unit polydisc U with 0 < )\[f’:]q (r1,72, ceyn) < p[fpo]q (r1,72, ey ) <

oo and 0 < )\E,l] (r1,72, ey Tp) < ,OE‘,” (r1,72,....,Tn) < 00 where p and l are any two
positive integers. Then

)\[fi]g (7‘177”27...77%) < lim inf log[l’] Tfog (rl’r%,,_’rn) < )\[fi]g (7‘1,7”2,...7T‘n)
pE‘l] (7“177”27"'77"77,) C rurzere—l 1Og[l] Tf (7"1,7"2,...,7"”) B AE}] (rlaTQa'“aTn)
log[P] Trog (11,725 -0y 7)) p[f’f}g (r1,72y ey Tn)

< lim sup ] SN .
rira,rn—1 1log Ty (11,72, .0y Th) A (e, )

Theorem 3. Let f and g be any two non-constant analytic functions of n complex
variables in the unit polydisc U such that 0 < p[fp] (r1,7r2y o0y Tn) < 00 and 0 <

og
pgq] (r177ﬂ27 "'7Tn) < o0. Then

[r]
lim inf log"” Trog (r1,72,,7n) < PP (r1,r2, )
71,72, =1 log[q] Tg (7‘1, T2, ..., T‘n) pgq] (rl, [ rn)
(P]
< lim sup log™ Tyog (r1,79, o0y )

T1,72,...Tp—1 log[Q] Tg (’I"l, T2, ..uy ’/‘n)

where p and q are any two positive integers .

Proof. From the definition of generalised n variables based p-th Nevanlinna order,
we get for a sequence of values of (1fr1> , <1ET2) , ... and (ﬁ) tending to
infinity that

(11) log[q] Ty (ri,re, ..., n)
> (o (1,720 sm) = €) [=log [(1 = 1) (L= 72) o (1= 7))

Now from (9) and (11), it follows for a sequence of values of ( L ) , ( L ) ) e

177”1

and ( ﬁ) tending to infinity that

log[p] Tfog (’I”l, T2, ...,’I‘n) chp] (T17T25 ---7rn) + €

°g

log[q] Ty (1,79, ™) pL‘I] (11,72, Tp) — €

As € (> 0) is arbitrary, we obtain that

108 Tfog (r1, 72, ey ) < PL’Z}Q (r1,72,,7n)

12 lim inf .

( ) 1,72, Ty —>1 lOg[q} Tg (7“1,7"2,-.-,7"71) - pgq] (Tl,T‘Q,...,Tn)

Again for a sequence of values of (1_17"1), (ﬁ), ... and (ﬁ) tending to
infinity,

(13) log[p] Tng (T17 TQ, ce Tn)

> (P (r1yra, ) = €) [=log [(1 = 11) (1= 72) o (1= 7))
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177“1 177”2

So combining (2) and (13), we get for a sequence of values of (¥) , ( 1 ) —
and (ﬁ) tending to infinity that

D (1,2, n) — €

log[p] Tfog (11,72, ...sT0) S plP)
ogl? Ty (11,79, yr) P (1,72, 00m0) + €

Since € (> 0) is arbitrary, it follows that

log[p] Trog (11,72, -+,Tn) p[fp] (r1,72, s 7n)

°g

14 lim sup > .
( ) T1,72,...Tn—1 log[q} Tg (T1,7’2,...,7’n) P[gq] (7"1,7"2,...,7‘»“)

Thus the theorem follows from (12) and (14). 1

The following theorem can be carried out in the line of Theorem 3 and
therefore we omit its proof.

Theorem 4. Let f and g be any two non-constant analytic functions of n com-
plex variables in the unit polydisc U with 0 < pgf)] (r1,79,..;p) < 00 and 0 <

°g

pEf] (r1,79,....,mn) < 00 where p and l are any two positive integers. Then
(p]
T inf log[p] Tfog (’I"l,TQ,...,’/‘n) Pfog (r17r2a-~-;rn)

rir2rn—1 Jogll Ty (r1,72, ., 7n) pgf] (r1,79, o0y Th)

[p]
< lim sup log leog(Tla’f‘Q,...,’/‘n).
T2 T 10gHTf (11,72, 00y Tn)

The following theorem is a natural consequence of Theorem 1 and Theorem 3:

Theorem 5. Let f and g be any two non-constant analytic functions of n complex
variables in the unit polydisc U such that 0 < )\L’:}g (r1,7m9, i) < pl] (r1,72, ey Th)

fog
< oo and 0 < )\[gq] (r1,7r9, 0y y) < pgq] (r1,79, ...y Ty) < 00. Then

]. [p] T o ) 1ty
liminf —o —J° ,7317n)
T1,72,...Tn—>1 log[q] Tg (Th T2y .uey ’I"n)

< ) /\Ef;]g (ri,m2, ey Tn) p[f’?)]g (1,72, ey Tn)
~ min R
A[gq} (T17T27 "'7Tn) pgq] (T‘l’r2’ "'7rn)
AP (g m) PP (ryray )
S ax fog , fog
qu] (T17T27 .-.,'I"n) p[,q] (7"1,7“27 "-;rn)
logl?”! T, T
< thU.p 0og f g(r15r27 s T )

T1,72,...Tn—>1 log[Q] T‘J (7"17 T2y euny ’I"n)

where p and q are any two positive integers .
Analogously one may state the following theorem without its proof.

Theorem 6. Let f and g be any two non-constant analytic functions of n complex
variables in the unit polydisc U with 0 < )\[f’;]q (r1,79, ceyn) < p[f?;]q (r1,72, ey ) <
oo and 0 < )\[fl] (r1,72, 0y Tn) < p[fl] (r1,72,....Tn) < 00 where p and l are any two
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positive integers . Then

hm lnf 10g[p] Tfog (7‘1, T2, ...y 7‘")

EREIRN A log[l] Tf (7‘1,7'2,...,7"”)
in { )\[fzi]g (r1,72, ey Tn) PE«ZZ]Q (r1,72y ey Tn) }

/\‘[fl] (r1,72, .0y Tn) 7 p[fl] (1,72, ey Th)

{/\[fi]g (ri,r2, ..., Ty) PE«IZ,]Q (r1,72, ..y Tn) }
max

)\Enl] (7‘1,7’27 -.~7Tn) 7 pEcl] (7”1,7“2, ...,T'n)

log[p] Tfog (11,72, ...sT0)

< lim sup l .

T1,72,...Tp—>1 log[ ] Tf (7"1, T2, .euy Tn>
Theorem 7. Let f and g be any two non-constant analytic functions of n complex
variables in the unit polydisc U such that pgf] (r1,79, ..., ) < 00 and )\Efl]g (r1,79, o0y Tn)
= 00. Then

log[p] Trog (11,725 0y Tn)

T1,72,...Tp—>1 10g[l] Tf (7"17 T, ... Tn)

where p and | are any two positive integers .

=0

Proof. Let us suppose that the conclusion of the theorem do not hold. Then we
can find a constant S > 0 such that for a sequence of values of ( L ) , ( L ) ,

177”1 177“2

... and (ﬁ) tending to infinity,

(15) log[p] Tfog (11,72, 037) < Blogm T (11,72, 003 Tn) -

Again from the definition of p[fl] (r1,79,...;75), it follows for all sufficiently large
values of (171”) , (171”) , ... and <1fr) that
(16) logm Ty (r1,72, 0, Tn)

< [P (s ras ) e [Slog (1= 1) (1= 72) e (1= )] -

Thus from (15) and (16), we have for a sequence of values of (1_1T1) , (1_1T2> S
and (ﬁ) tending to infinity that

lOg[p] T_fog (7’1, T2y TN)
< B[P (1 rase ) + ] [Flog [(1 =) (1= 72) e (L= 7))

log[p] Tng (rlv T27 ey Tn)
? log[(L—r1) (1= r2) . (1— )]
_ [P0 (4,73, ) + €] [=10g [(1 = 71) (1= 72) o (1= 7]
B [—log [(1 —71) (1 —r2) ... (1 —7y)]]

log[p] Trog (11,7250, Tn)

ie.,  liminf g 1572 m - Py ey ) < 00,

b i T i) (L= ra) o (7)) ges (T 72000 Tn) <00
This is a contradiction.

Hence the theorem follows.

i.e
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Remark 1. Theorem 7 is also valid with “limit superior” instead of “limit” if

)\[f’;]g (r1,72, ...y Tn) = 00 is replaced by p[ﬁ]y (r1,72, ..., Tn) = 00 and the other condi-

tions remain the same.
Corollary 8. Under the assumptions of Theorem 7 and Remark 1,

Tfog (T17T27 --~7rn) — 50 and hmsup Tfog (T17r23 "'arn) - 50

T1,72,...Tn—1 Tf (Tl,TQ,...7’l"n) 1,72, Tn—1 Tf (rl,rg,...,rn)

respectively hold if p = 1.

The proof is omitted.

Analogously one may also state the following theorem and corollaries without
their proofs as those may be carried out in the line of Remark 1, Theorem 7 and
Corollary 8 respectively.

Theorem 9. Let f and g be any two non-constant analytic functions of n complex
variables in the unit polydisc U with p[gq] (r1,79, ..., Tn) < 00 and pgfz]g (r1,72, cey) =
oo where p and q are any two positive integers. Then

log”! T, T
lim sup 08" Tyog (11,7211 Tn) =00 .

71,72, 1 log[q] Ty (ri,r2, .., Tn)
Corollary 10. Theorem 9 is also valid with “limit” instead of “limit superior”
if p[ffi]g (r1,79,....,7n) = 00 is replaced by )\[f’gg (r1,72,...,7n) = o0 and the other
conditions remain the same.

Corollary 11. Under the assumptions of Theorem 7 and Corollary 10,

T T
lim sup fog (11,72, -1 7n) — 0o and lim Fog (11,72, ,Tn) —

P12 —1 Ly (T1,72, 0070 rir,e =1 To (11,72, .0y )

respectively hold if p = q.

In the next three theorems we establish some comparative growth properties
related to the generalised n variables based p-th relative Nevanlinna order (gener-
alised n variables based p-th relative Nevanlinna lower order) of an analytic function
with respect to an entire function in the unit poly disc U.

Theorem 12. Let f,h be any two analytic functions of n complex variables in
U and g be entire in n complexr variables such that 0 < )\[gp]f(rlmg,...,rn) <

pgp]f(rl,rg, vy ) < 00 and 0 < )\gp]h(rl,rg, vy ) < p[p] (ri,7r9,...;n) < 00. Then
)\[p]f 71,72, ey T log! 1T 71,72, s Tn AP (g JT, ey Ty
[] (r1,72 ) < lim inf g” f(l 2 )< [g]h(l 2 )
pd (P, 2y ey ) Tl“v--“‘”log T Y, oy ey ) Ay (1,2 )
log! 1T 71,72, s Tn [p1f
S hmsup g f( 2 ) < pf]h(rl’TQ’ 7T7l)
1,72, rnallog T Y, oy ) Ay (1,12, )

where p is any positive integer.

Proof. From the definition of generalised n variables based p-th relative Nevanlinna
order and generalised n variables based p-th relative Nevanlinna lower order of an
analytic function with respect to an entire function in an unit polydisc U, we have
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for arbitrary positive € and for all sufficiently large values of (ﬁ) , (ﬁ) ) e
and (ﬁ) that

(17) log[p] Tg_le(rl,rg, ey T)
> {)\Lp}f(rl,rg, vy T) — e] [log[(1—=71)(1—=7r9)...(1—mp)]]

(18) log”! T, T, (11, 72, ey 1)
< A ) + €] [ log[(1= 1) (1= 72) o (1= 7))

Now from (17) and (18), it follows for all sufficiently large values of (1_—1“),

(1_17,2) , ... and (1_17,) that

log!?! T, Ty (1,72, 00 n) )\Lp]f(rl, T9y ey Tp) — €

log[p] Tg_lTh(rl,rQ, s Tn) pgp]h(rl,rz, B €
As e (> 0) is arbitrary, we obtain that

logP T (r1, 79, oo 1, AP (py g,
(19) lim inf g[] g_l AGTE ) > 4 (ri, 72 )
r1,r2,...rnH110gP Tg Th(Tl,TQ,...,’I“n) pgp (7"177"2,---,7"7;)

Again we have for a sequence of values of (1_1T ) , (1_1 ) , ... and (—1_1 ) tending
1 T2 Tn
to infinity that

(20)  1og? T Ty (ry, 79y oy ) < [Agplf(rl,rz, ) +e] [~ log (1 — 7)]

and for all sufficiently large values of (ﬁ) , (ﬁ) , ... and (1jrn) ,
(21) log!”! T;lTh(rl, 79,y ey )

> Ny, m) — €] [ log (1= 1) (1= 72) (1= )]

So combining (20) and (21), we get for a sequence of values of ( ! ) , ( L ) ,

1—7‘1 1—7"2

... and (ﬁ), tending to infinity that

logl”! T, Ty (1,72, 00 n) )\[p]f(rl, T9,y ey T) + €
log!?! Ty T (1,72, e 7) '

Since € (> 0) is arbitrary, it follows that
log!?! Ty T (r, 7, s ) - Agp]f(rl,m,...,rn)

22 lim inf < .
( ) )\ép]h(Tl,Tg,...,Tn)

T17T27mrn_>110g[p] Tg_lTh(Th T2, ey ’I"n)

Also for a sequence of values of ( 1 ) , ( L ) , ... and ( L ) tending to infinity,

1—rq 1—ro 1—r,
(23) log® T, 1T (r1, 72, o)

< [, ) + ] [ og (L) (1= 7)o (1= 7).
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Now from (17) and (23), we obtain for a sequence of values of ( L ) ) ( L ) ) s

177‘1 177“2

and (#) , tending to infinity that

1—ry,

log!?! T, Ty (1,72, 00 n) AP () rgy ) — €
log[p] Ty T (1,72, oo T) .

Choosing € (> 0) , we get that

(24) Jim sup log!”! Ty Ty (1,72, s n) AP (1) 7y ey n)

1
rl,rg,...rn—)llog[p] Tg Th(Tl,T’Q, ...,T’n)

Also for all sufficiently large values of ( 1 ) , ( 1 ) , ... and (ﬁ) ,

1—ry 1—r2
(25) log!”! T, Ty(r1,ra, e n)
< [P (i) ] [ log [(1L= 1) (1= 72) o (1= 7))

So from (21) and (25) , it follows for all sufficiently large values of ( ﬁ) , (k—lm) ,
... and (ﬁ) that

log[”] Tg_le(rl,rg, ey T'n) - pgp]f(rl,rz, vy T) €

log?! Ty YTy, (11, 79y oo mn) /\[gp]h(rl, T2y ey Tn) — €

As e (> 0) is arbitrary, we obtain from above that

1Og[p] Tg_le(Th T2y Tn) ng]f(rly T2y ey rn)

(26 lim sup < .
) m,rz,...rn—)llog[p] Tg_lTh(’/‘l,TQ,...,’l“n) Agp]h(Tl,TQ,...,Tn)

Thus the theorem follows from (19), (22), (24) and (26). 1

Theorem 13. Let f,h be any two analytic functions of n complex variables in
U and g be entire in n complex variables with 0 < p[gp]f(rl,m,...,rn) < oo and

0< p[gp]h(rl,rg, ey ) < 00 where p is any positive integer. Then

logP! 7= (r Y O [p1f
hmlnf g[ } g_1 f( 1,72 ) S p[g]h(rlvr2a ,Tn)
T17T2"”Tn—>110gp Tg Th(T1,T2,...,’/‘n) ng (T’l,TQ,...,Tn)

logP! T=1T (r1, 79, ooy,
< lim sup s g G )

] .
7‘1,7‘27...7’71—>110g[p] Tg Th(’f’l, T2y eeny T’n)

Proof. From the definition of generalised n variables based p-th relative Nevanlinna

order, we get for a sequence of values of (1_1”) , (1_1T2) , ... and (1—1m) tending
to infinity that

(27) log! T, T (r1, 72, ., )

> [p[gp]f(rl,rz, ) — e] [—log[(1 — 1) (1 —ro) ... (1—72)]].
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Now from (25) and (27), it follows for a sequence of values of (1 n) , ( L ) N

177”2

and ( ) tending to infinity that
log[p] Tg_le(rl,rg, ey T) - pgp]f(rl,rz, oy Tr) €
log[p] T;lTh(rl,rg, vy Tn) pgp]h(

As e (> 0) is arbitrary, we obtain that

(28) g 08 T Ty (s o) pf (v )

T1,T2, Tn—”log[p]T Y, ray ey ) pgp] (7‘1,7”2,...,7'71).

P17, ey ) — €

Again for a sequence of values of (1 m)’ (1fr2>7 ... and (ﬁ) tending to
infinity,

(29) log!”! T, Ty(r1,ra, )

> [P (1,2, ) = ] [Flog[(1 = 1) (1= 72) o (1= 7))

So combining (18) and (29), we get for a sequence of values of (1 rl) , (1_1T2) ,
. and ( ) tending to infinity that

log ™ Ty Ty (r1, 72, s tn) _ p (r1y g, i) — €

log[ ]Tg Th(r1, 72, 0Tn) pgp]h(ﬁ’m’ e Tn) 3

Since € (> 0) is arbitrary, it follows that

log®! T=17" ( STy ey T,
(30) lim sup & g - 7(r1,m2 ) Pg (7”177"27 arn).
rirara—1log? Ty Ty (ry, 7, o 7‘n) Py g, )
Thus the theorem follows from (28) and (30). 1

In view of Theorem 12 and Theorem 13, we may state the following theorem
without its proof.

Theorem 14. Let f,h be any two analytic functions of n complex variables in
U and g be entire in n complex variables such that 0 < )\Lp]f(rl,rg,...,rn) <

pgp]f(Tl,TQ, ) < 00 and 0 < )\[P]h(n,r27 ) < p[p] (r1,7r9,...;n) < 00. Then
. log[p le(Tlﬂ"z, Tn)
lim inf
rirzse a1 oglP) T Th(7”1,7“2, 5 Tn)
APl ’ T
g min [g]h(rl T2,...,T ) (Thr?a ,Tn)
)‘gp (Tlar2 7Tn> (rla""Q;---)rn)
< ax )\%pii(rl y T2, 77.774) (7’1,7’2, ...,T’n)
Ay (1,79 ey ™) p (rl,rg,...,rn)
log[p Ty T(r1, 7, s Tn)
< lim sup
T1,72,.. 7n—>110g T Th(T17r2,.. )

where p is any positive integer.
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Theorem 15. Let f,h be any two analytic functions of n complex variables in

U and g be entire in n complex variables such that p%’”(rl,rg,...,rn) < oo and

)\%)]fog(rl,rg, ey Tn) = 00 where p is any positive integer. Then

log[p] T{leog(rl, T9, ey T'n)

im
rir2,rn—1 JoglP) T, Ty (r1, 72y ooy Tn)

The proof is omitted because it can be carried out using the same technique as
involved in Theorem 7.

Remark 2. Theorem 15 is also wvalid with “limit superior” instead of “limit” if
N9 (g7, ) = 00 is replaced by pf* (1,72, .., 1) = o0 and the other

conditions remain the same.

Corollary 16. Under the assumptions of Theorem 15 and Remark 2,

1 1
Ty Trog(ri,r2, -y Tn) — oo and limsup Ty Trog(ri,ra, -y Tn)

1 1
rir2, e T e (1, T,y ey ) riyrarn—1 Ty Tp(ri,re, .y Ty)

=0

respectively hold.
The proof is omitted.

Similarly, one may also state the following theorem and corollaries without their
proofs as they may be carried out in the line of Remark 2, Theorem 15 and Corollary
16 respectively.

Theorem 17. Let f,h be any two analytic functions of n complex variables in

U and g be entire in n complex variables such that pgf]g(rl,r%...,rn) < oo and

p%’]fog(rhrz, woeyTp) = 00. Then

log[p] T}Zleog(rl, 79, ey T'n)

lim sup =00

T1,72,...Tp—1 10g[p] Th_ng(T‘l,’l“g, ...,’I"n)

where p is any positive integer.

Corollary 18. Theorem 17 is also valid with “limit” instead of “limit superior”

if p[}f]f()g(rl,m,...,rn) = oo is replaced by /\[}f]ng(rl,rg, iy ) = 00 and the other

conditions remain the same.
Corollary 19. Under the assumptions of Theorem 15 and Corollary 18,

Th_leOg(Tl,rg,...,rn) T{leog(rl,rg,...,rn)

lim sup — =00 and lim — =00
rirasrn—1 Ty " To(ry, 2, .0y my) rirzsetn =1 T T (1,1, 0, )
respectively hold.
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