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ABSTRACT. Boundary value problems arise in many real applications such as nanofluids and other areas
of applied sciences. The temperature/nanoparticles concentration are usually expressed as singular 2°d-
order ODEs. So, it is a challenge to obtain the exact solution of these problems due to the difficulty of
the singularity encountered in the governing equations. By means of a suitable transformation, a direct
approach is introduced to solve a general class of 2*d-order ODEs. The efficiency of the obtained results
is validated through selected problems in the literature. It is found that several existing solutions can be

deduced as special cases of our generalized one. Moreover, the present results may be invested for similar

future problems in fluid mechanics, especially nanofluids.

1. INTRODUCTION

The field of nanofluid is of great importance in industry, engineering, and physics. The distributions of
temperature and nanoparticles concentration of such fluids are originally governed by PDEs which can be
transformed into ODEs [1-9]. Such ODEs are, basically, subjected to boundary conditions (BCs) given at
infinity. In Refs. [10-16], the authors implemented several numerical/analytical methods to solve such types
of problems. However, the approaches [10-16] need a massive computational work to obtain accurate solution

because of the difficulty of applying the BC at infinity. In addition, it was shown in the literature [17-19] that
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some of the approximate methods have drawbacks. Therefore, solving BVPs with singularities is a challenge.
Usually, the BCs at infinity are transformed to new finite ones by applying certain substitutions. Accordingly,
the coefficients of the ODEs become polynomials. Hence, the temperature/nanoparticles concentration of
nanofluids are usually special cases of the following class:

P I R
(1.1) 2" (t) + (t + Q) 2'(t) + <t2 + t) z2(t)=at"™, n>-1, a€R,
under the BCs:

(1.2) 20)=0, 200)=1, §eR-{0},

where P, @, [, and R are physical parameters of the nanofluids [1-8]. The constant n takes a particular
value according to the final form of the temperature equation, while § # 0 depends on the final BC. The
main objective of this paper is to introduce a direct analysis to exactly solving Eqgs. (1.1-1.2). Then, the
present generalized results will be invested to construct several exact solutions for some published nanofluids

problems as special cases.

2. ANALYSIS
Firstly, we rewrite Eq. (1.1) as
(2.1) 22" (t) + (Pt+ Q%) 2'(t) + (I + Rt) z(t) = a t" 1.
Suppose that
(2.2) 2(t) = 1(¢).
Accordingly,
(2.3) 2(t) =07 (' () + (1))
and
(2.4) 2(t) =072 (P9 (1) + 29t () +y (v = D) (1))

respectively. Substituting Eqgs. (2.2-2.4) into Eq. (2.1), we have
25) PO+ (v +P)t+ Q)Y () + (VP =7 +9P+1) + (Q+ R)t) p(t) = a t" 7L
Setting

(2.6) Y=y +9P+1=0,
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and solving for ~, we obtain

1-P+4/(1-P)?*—4l

(2.7) V=

2
Accordingly, Eq. (2.5) becomes
(2.8) () + (27 + P) + Q1) ' (1) + (VQ + R) (t) = a t"77.
Assuming that
(2.9) P, =2y + P, Ry =vQ + R,
then Eq. (2.8) takes the form:
(2.10) t" (t) + (P + Qt) Y (t) + Riy(t) = a t"7 7.

3. EXACT SOLUTION AND CONVERGENCE ANALYSIS

3.1. Exact solution. Suppose that ¢.(t) and ¢, () are complementary and particular solution of Eq. (2.10),

respectively, then

(3.1) P(t) = he(t) +1hp(t),
Following [20], we have
c thituz—1
(3.2) ¢c(t) = m 1F1[,u1,,u1 + p2, —Q tL

where 1 F; is Kummer’s function and c is a constant. u; and uo are defined as

R R
(3.3) M1=1—P1+51, M2=1—51.
From (2.9) and (3.3), we have

R R
(3.4) ulzl—'y—P—l—é, ugzl—y—a.
1, (t) can be obtained as (see [20])

a 25n—'y+1

3.5 t) = )
(3 L e S IO B2y
such that
(3.6) Ri=-(n-y+1)Q m—-7+1)(n—v+P)#0.

From (2.9) and (3.6), we have

(3.7) R=—-(n+1)Q, (n—y+1)(n+~v+P)#0,



Int. J. Anal. Appl. 18 (5) (2020)

893

and hence Eq. (2.8) reduces to

(3.8) () + (27 + P) + QO V(1) — (n =7y + 1) Qu(t) = a t" 7.

Inserting P; given by (2.9) into (3.5), we obtain
ot
m—y+1)(n+y+P)

(3.9) Up(t) =

Therefore, the general solution of Eq. (3.8) is given from (3.1) by

c thitr2—1 o

(3.10) Y(t) = m 1F1[/~517/~L1 + 2, —Q t] + (n—~+1) (n+’y+P)7

where p1 and po are defined by (3.3). Hence, the general solution of the original equation (2.1) such that

R = —(n+1)Q is obtained as

311 c t’YJrltlJrltz*l 7 a thrl

. t) = —— ) + y t + 9
(311 )= gy e @ G G )
for the ODE:

(3.12) 22(t) + (Pt+ Q) 2/ (1) + (1 — (n+ 1)Qt) 2(t) = o t" T

It is noted from (3.11) that the first BC z(0) = 0 is automatically satisfied when
(3.13) Ytptpz>1, n>-1, (n-—y+1)(n+v+P)#0.

Applying the second BC in (1.2) on Eq. (3.11), yields

(3.14) e ST (g + pag) < B a gt ) .
1Fu[pn, pa + p2, —Q0] (n—y+1)(n+y+P)

In such case, the solution given by Eq. (3.11) becomes

A(t) = (t/é)‘*-&-ul—&-uz—l 1F1[pa, p1 + pe, —Qt] (1 B a sl ) N
VRl g g2, —Q0) (n=7+1) (nt+7+P)
n+1
(3.15) ot '
(n=7+1)(n+~+P)
Therefore
(3.16) 2(t) = (t/(s)l_’y_P 1Fi[-n—~v—P2—-2y— P, —Qt]
. 1Fi[-n—~v—P,2 -2y — P,—Qd]
o 5n+1 a thrl

1-— i ’

provided that

It can be verified by direct substitution that the solution (3.16) satisfies Eq. (3.12) and the BCs (1.2). In a

sequent section, it is declared that Eq. (3.16) agrees with several existing results at prescribed values of the

coeflicients P, Q, [, R, and the parameter J.
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3.2. Convergence analysis. In order to prove the convergence of the solution given by Egs. (3.16-3.17),
we begin with the definition of Kummer’s function 1 Fy (a, b, t):

th

s a
3.18 Fi(a,b,1)
(3.18) 1Fi(a, Z;b“'!’

where (a); is Pochhammer symbol defined as
(3.19) (a);=ala+1)(a+2)...(a+i—1), i=1,2,3,..., (a)=1.

The series (3.18) is not defined for b = 0,—1,—2,—3,..., and if a is a negative integer, the series truncates.
Theorem 1: Let b is neither a negative integer nor zero, then 1 Fy(a,b, —Qt) converges for all (finite) ¢ and
finite Q.

Proofs: From the definition (3.18), 1 F1(a, b, —Qt) is given as

i

(3.20) L Fy(a,b, —Qt) :i a)i .

b .
i=0 1

Since b is neither a negative integer nor zero, then the series (3.20) is defined and its general term v;(x) is

given by

(3.21) vilz) = (2 (_?t)l.

Implementing the ratio test, we have

i | Vi) _ i | (@i (™! L it
i—00 ’UZ‘(.’E) i—»00 (b)»LJrl (Z + 1)' (a)l (_Qt)l ’
o @ue ) T @ @
isoo | (b)s(b+1) (14 1)(2) (@i (—Q)" )|’
s (a+1) B
For finite ¢ and finite @, we have from (3.22) that
im Vit () _
(3.23) Jim | S| =0

and hence, 1 F(a,b, —Qt) is convergent.

Lemma 1: For finite § and @, the solution given by Eqs. (3.16-3.17) converges if (2 — 2y — P) is neither a
negative integer nor zero.

Proofs: Let a = —n —~v — P and b = 2 — 2y — P, then the solution in Eqgs. (3.16-3.17) takes the form:

t/8) " | F[a,b, —Qt] o ot _ at!
(14 )

(3.24) 2(t) = \Fila, b, — Q0] n—y+1)a n—vy+1)a

such that

(3.25) 1—-y=P>0, n>-1, (n—v+1)a#0.
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Since b = 2 — 2y — P is neither a negative integer nor zero, then z(t) in (36) is defined. Also, since @ is
finite and ¢ is finite in the domain of the problem, ¢ € [0, §], then 1 F}(a, b, —Qt) is convergent by Theorem
1. Also, 1 Fi(a,b, —Q0) is convergent because ¢ is finite and therefore the solution given by Eqs. (3.16-3.17)

or its equivalent form (3.24-3.25) converges.

4. APPLICATIONS

41. At 1=0,a#0,n>—-1. At 1 =0, v in (2.7) reduces to

1-P+|1-P
(4.1) _1-PER-P
2
For P < 1, we have v = 1 — P or 7 = 0. However, v = 1 — P doesn’t satisfy the first condition in (3.25)
which is 1 — v — P > 0. Also, for P > 1, we have v =0 or v = 1 — P. Hence, v = 0 is the only acceptable

value when the special case [ = 0 is considered. At such case (I = 0), Eq. (3.12) reduces to
(4.2) t2"(t) + (P + Q) 2'(t) — (n+ 1)Q) 2(t) = a £,

and its solution comes by setting v = 0 in (3.16) which is
t/8)' " \Fi[-n— P2 — P,—Qt g1
Z(t)z(/) 11[” > ) Q]<1_ « >+
1Fi[-n— P,2 — P, —QJ] (n+1)(n+ P)
a thrl
(n+1)(n+ P)’

(4.3)

The result obtained by Eq. (4.3) agrees with the published solution in literature (Ref. [20], equation 31).
Consequently, the solution in literature is a special case of our analysis when [ = 0. In addition, the solution

(40) converges if (2 — P) is neither a negative integer nor zero, i.e., P #2,3,4,...,or P# (j+1)Vje€ Z™ .

42. At [ =0, a#0,n=1,0 = 1. The temperature equation for the Marangoni boundary layer was
obtained by Khaled [21] as

(4.4) t2"(t) + (I —m t) 2/ (t) + 2mz(t) = =\,
subject to
(4.5) z(0) =0, z(1) =1.

At n =1, Eq. (4.2), in the previous section, becomes
(4.6) t2"(t) + (P + Qt) 2'(t) — 2Qz(t) = at.
Comparing (4.4) with (4.2) and (4.5) with (1.2), we find that

(4.7) P=1l;, Q=-m, a=-\ 0§d=1
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Substituting these values of parameters into (4.3), we have

(4.8) y(t) = (1+ A ) = R [-1 - 4,2 -1, mt] A 12

2(y + 1) F-1—1,2—1,m] 2L +1)
which is the same obtained result in Ref. [21]. As shown in the previous subsection, the solution (4.8)

converges if l1 # (j+1)V j € Z™T.

43. At =0, =0, 6= % Qasim [22] obtained the mass transfer equation:

(4.9) t2"(t) + (1 ~ 5 +t> "(t) —m 2(t) =0,

for a Jeffrey fluid with heat source/sink, where

(4.10) 2(0)=0, =z (;‘;) =1.

Sc > 0 is the Schmidt parameter and ( is a positive parameter. It then follows that

Sc Sc
(4.11) P:l—@, Q=1 n=m-1, a=0, 52@.
Inserting these values into (4.3), we obtain
Sc
2 \#E (F[36 —m, 5% 41, —
(4.12) 2(t) = (5 t> ! 1[5{32 5 f
Sc lFl[F_ ’,32+1 _*]

The solution (4.12) can be verified by substitution. It should be mentioned that the solution obtained by
Qasim [22] as

Sc
2 B2 1F1 Sc _ 2& —t
(4.13) 2(t) = (6 t) [S’f - |
Sc 1F1[m* m, 253 +1, **]

does not satisfy Eq. (4.9). Since 8 > 0 and Sc > 0, then the magnitude (% + 1) is never a zero or a

negative integer. Hence, the solution (4.12) converges for all positive values of 8 and Sc.

4.4. At 1#0,a=0,0= %. The following heat transfer equation

(4.14) 122 (1) + <<1 22) t+t2) '(t) — (mt - gg) () = 0,

was also obtained by Qasim [22], where

(4.15) 2(0)=0, =z <Pr> =1.

Pr > 0 is the Prandtl number, 8 > 0, and ~; is the heat generation/absorption parameter. In this case, we
have

Pr T Pr
(4.16) P=1-—, Q=1,n=m-1, a=0, l:@, :@'
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At l = %, ~ is given by

1{Pr Pr’ 4y
(4.17) T=3 ?_“F_F )

which be written as

1(Pr Pr? 4y

4.18 | =/ — L) =k -k
( ) 7 2 | 2 54 32 1 2,
where
Pr VPP i
( ) 1 262’ 2 2/82
Hence, the solution of the present model is
2 k1+k2 Flk oo — ok 1 ¢

(4.20) z(t):(ﬁt> 1Filky + ke —m, 2k + 1, P]’

Pr 1F1[/€1+k2—m,2k1+1,—5—§}

which is the same exact solution obtained by Qasim [22]. Since 8 and Pr are always positives, then (2k;+1) =

(% + 1) is never a zero or a negative integer. Hence, the solution (4.20) converges for all positive values of

B and Pr.

45. At 1 #0, a =0, 6 =-Sc*. Kameswaran et. al [2] obtained following equation for the mass transfer of

nanofluids:

(4.21) 22" (t) + (1 — Sc*) t — %) 2/(t) + (2t — 2Sc™) 2(t) = 0,
subject to

(4.22) z(0) =0, z(-Sc*) =1,

where 2 is the parameter of scaled chemical reaction and Sc* is the modified Schmidt number. Thus
(4.23) P=1-Sc", Q=-1,n=1, a=0, [=-—-7vSc", §=-Sc*.

At [ = —y2Sc™, we obtain ~ as

1
(4.24) T=3 <Sc* —\/(Sc)? + 4’yQSc*) )
or
(4.25) v = %, c1 =8Sc*, di = (Sc*)2 + 47,Sc*.

The solution of the present model is in the form:

c1+dy

t 3 F M_Zd +1,¢t
(4.26) zm=<—*) Rl R
Sc 1F1[CI+TI —2,d1+1,—SC ]
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which agrees with Kameswaran et. al [2]. According to the physical values taken by the authors [2], the

magnitude d; + 1 = (Sc*)2 + 4v5Sc* + 1 is always positive and this admits the convergence of the solution

(4.26).

5. CONCLUSION

In this paper, a general solution was obtained for a class of singular BVPs arise in the field of nanoflu-

ids.

The solution was derived in terms of the hypergeometric series. The studied class reduced to several

published physical models at particular choices of the involved parameters. The obtained solutions were

compared with the corresponding results of several models in the literature. It was found that the results in

the literature were recovered as special cases of the current ones. Furthermore, this work can be extended

in the near future to deal with the recently published physical models [23-25].
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