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ABSTRACT. We consider the differential equation f”, -I—ff” +8 (f’2 — 1) =0, with 8 > 0. In order to prove
the existence of solutions satisfying the boundary conditions f (0) = a > 0, f (0) =b>0and f (+o00) = -1

orlfor0<p< % We use shooting technique and consider the initial conditions f (0) = a, fl (0) = b and

1"

f (0) = c¢. We prove that there exists an infinitely many solutions such that f (+o00) = 1.

1. INTRODUCTION

In 1931 the Falkner-Skan equation is introduced for studying the boundary layer flow past a semi infinite
wedge, it is defined by

;U B (f7 1) =0 (L1)

The solution of this equation have been studied by numerous authors as, for example, D. R. Hartree

(1937), H. Weyl (1942), W. A. Coppel (1960), P. Hartman (1964) and G.C. Yang (2003,2004).

The more general equation of (1.1) is
5w sr g () =0 (1.2)
where g : R — R is some function. The solutions obtained are called similarity solutions.

Received February 129, 2020; accepted March 9t", 2020; published May 15, 2020.
2010 Mathematics Subject Classification. 76D10, 34B15.

Key words and phrases. boundary layer; shooting technique; convex solution; concave solution; convex-concave solution.
(©2020 Authors retain the copyrights

of their papers, and all open access articles are distributed under the terms of the Creative Commons Attribution License.

409


https://doi.org/10.28924/2291-8639
https://doi.org/10.28924/2291-8639-18-2020-409

Int. J. Anal. Appl. 18 (3) (2020) 410

The most famous example is perhaps the Blasius equation (1908), which corresponds to g (x) = 0 and
arises in the study of laminar boundary layer on a flat plate.

More recently, the equation (1.2) with g (z) = B2? and g (z) = Bz (x — 1) has been considered. These
cases occur, for example, in the study of free convection and of mixed convection boundary layer flows over
a vertical surface embedded in a porous medium.

Most of the time, associated with the equation (1.1) is the boundary value problem:

;U B (f=1) =0
f0)=a
f(0)=b

f(t)— Xast — 400

(Psiab,n)

To solve the boundary value problem (Pg; 4, », ) we will use the shooting technique. To this end, let f,
denote the solution of the initial value problem (Qg. 4, b, ¢) consisting in the equation (1.1) together with
the initial conditions f. (0) = a, f. (0) = b and f: (0) = ¢, and let [0, T¢[ be the right maximal interval of
existence of f.. To obtain a solution of (Pg; 4, », ») amounts to find a value of ¢ such that T, = 400 and
fo(t) — X as t — +00.

We must assume that 8 (A% — 1) = 0 to have solutions, in our case of Falkner-Skan equation, the only
relevant conditions are f, (t) — —1 or f, (t) — 1 as t — +o0.

In the following, we will study the existence of concave, convex, concave-convex and convex-concave

solutions to the boundary value problem (Pg; o, b, —1) and (Pg, 4,5, 1) for 0 < < 1,a>0and b > 0.

2. PRELIMINARY RESULTS

Let f be a solution of the equation (1.1) on some interval I, we consider the function Hy : I — R defined

by
Hy=f+f (f’ - 1). (2.1)

This function is obtained by integrating the equation (1.1), in fact, if f is a solution of (1.1) then
Hy = (£ -1)(a-8)1 -8).
We give lemmas that will be useful later.

Lemma 2.1. Let f be a solution of (1.1) on some maximal interval I. If there exists tg € I such that

f (to) € {~1, 1} and f" (to) =0, then I =R and f~ (t) =0 for all t € R.
Proof. See [4], proposition 3.1 item 3. O

Lemma 2.2. Let 8 > 0 and f be a solution of equation (1.1) on some interval I, such that f/ 15 not constant.
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(1) If there exists s < r € I such that f* (s) < 0 and (le - 1) > 0 on s, r[, then f* (t) < 0 for all

tels, r].

(2) If there exists s < r € I such that f* (s) > 0 and (f/2 - 1) <0 onls, [, then f* (t) > 0 for all
tels, r].

(3) If there exists s < r € I such that f <0 on]s, r[ and f* (r) =0, then ( 20— 1) <0.

(4) If there exists s < r € I such that f* >0 on]s, v[ and f* (r) =0, then (f/2 (r) — 1) > 0.

Proof. Let F denote any primitive function of f. From (1.1) we deduce the relation

(f” exp F) =3 (f/2 — 1) exp F.
All the assertions 1-4 follow easily from this relation and from previous lemma. Let us verify the first and

the third of these assertions. For the first one, since ¢ = f” exp F' is decreasing on [s, 7], we obtain

P(t) <9 (s)

f () expF(t) < [ (s)exp F (s)

1"

£ < 1 (s)exp (F (s) = F (1))

1"

f (t)<0,vtels, r].

bl

For the third one, since ¢ < 0 on |s, r[ and ¢ (r) = 0, ¢ (t) >0 on [s, 7], then ¢ (r) > 0.
W (r) = -8 (f/2 (r) — 1) exp F > 0.
This and lemma 2.1 imply that (f,2 (r) — 1) < 0. O

Lemma 2.3. Let f be a solution of (1.1) on some mazimal interval |T_, Ty [. If Ty is finite, then f/ and

f” are unbounded in any neighborhood of T}.
Proof. See [4], proposition 3.1 item 6. |

Lemma 2.4. Let § # 0. If f is a solution of (1.1)on some interval |t, + oo[ such that f (t) — X as

t — +oo, then A € {—1, 1}. Moreover, if f is of constant sign at infinity, then f// (t) — 0 as t — 4o0.
Proof. See [4], proposition 3.1 item 4 and 5. ]

Lemma 2.5. Let 8 > 0 and f be a solution of equation (1.1) on some right maximal interval I = [T, + ocol.

If f >0 and f/ >0 onl, then Ty = +oco and f/ is bounded on I.
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Proof. Let L = Ly be the function defined on I by

L) =3f" (1) + 8 (1) (20" (1) - 6). (2:2)

Easily, using (1.1), we obtain that

L'(t)y=—6f@t) f" () Vtel,

and, since f > 0 on I this implies that L is decreasing. Hence

Vtel=[r, Ty[:t>717= L(t) < L(7)

B/ (1) (207 (1)~ 6) <37 (1) + 8 (1) (27 (1) = 6) < L(r), Wt e L.
It follows that f is bounded on I and thanks to lemma (2.3) that 7'y = 4-c0. d
Lemma 2.6. Let > 0 and f be a solution of equation (1.1) on some right maximal interval I = [, T4].

Iff(r) >0, f(r)>1 and f (1) > 0, then there exists to € |7, Ty| such that f* > 0 on [r, to| and
£ (to) = 0.

Proof. Assume for contradiction that f* > 0 on I. Then f(t) >0, f (t) > 1 for all ¢t € I. Then, we have

11

=11 -8 (le - 1) <0. (2.3)

It follows that 0 < f~ (t) < ¢ for all t € I and hence, by lemma (2.3), we have T = +o0.

Next, let s > 7 and e =f (f/ (s)” — 1). One has € > 0 and, comming back to (2.3), we obtain

f < —eon [s, + o0l

After integrating, we get

1"

vtz s, f ()= f (s) < —e(t—s),

and a contradiction with the fact that f~ (£) > 0. Consequently, there exists ty € |7, Ty [such that f* > 0
on [, to[and f” (to) = 0. O

Lemma 2.7. Let g € ]O,%[ and f be a solution of equation (1.1) on some right mazimal interval I =
|T_, T4[. If there exists to € I such that % < f(to) <1 and 0 < f" (tg) < f(to) (1 —f (t0)>, then

T, = +00 and f/ (t) — 1 as t — +00. Moreover f >0 on [ty, + oo .
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Proof. Let § = sup X (to), where

X (to) = {t elto, Tol: f (to) < f <1and f* >0 on Jto, t[}.

The set X (fo) is not empty. This is clear if f (to) > 0, and if f~ (to) = 0 it follows from the fact that

’

1" (k) = =8 (£(t0) =1) > 0.

We claim that 6 = T}, assume for contradiction that § < T%. From lemma (2.2), item 2, we get that

1"

f (8) > 0, which implies, by definition of d, that f (0) = 1. Therefore, since the function Hy defined by

(2.1) is nonincreasing on [tg, ], we obtain

a contradiction. Thus, we have § = Ty. From lemma 2.3, it follows that 7. = +oco. Since " >0on

[to, + oo[, by virtue of lemma 2.4, we get that f/ (t) — 1l ast — +oo. O

Lemma 2.8. Let 5 € ]0, %] and f be a solution of equation (1.1) on some right mazimal interval I =

T, Ty[. If there exists to € I such that f (to) > 1 and f (to) (1 —f (to)) < f" (to) <0. Then Ty = 400

and f/ (t) — 1 as t — +o00. Moreover f” <0 on [tg, +oof .

Proof. If we set w =supY (o), where

Y (to) = {t Eto, Te[: 1< f < f (to) and f <0 on Jto, t[}.
The conclusion will follow by proceeding in the same way as the previous proof. O
3. DESCRIPTION OF OUR APPROACH WHEN b > 1

Let 8 >0,a>0and b > 1. As said in the introduction, the method we will use to obtain solutions of
the boundary value problems (Pg; 4, 5, —1) and (Pg; q, v, 1) is the shooting technique. Specifically, for ¢ € R,

let us denote by f. the solution of equation (1.1) satisfying the initial conditions

f(0)=a, £.(0)=band f, (0)=c, (3.1)

and let [0, T.[ be the right maximal interval of existence of f.. Hence, finding a solution of one of the
problems (Pg; o, b, —1) and (Ps; 4, 5, 1) amounts to finding a value of ¢ such that Ty = 400 and f; (t) — -1

orlast— +oo.
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To this end, let us partition R into the four sets Cy, C1, Co and C3 defined as follows.

Let Cyp =10, + oo[ and, according to the notations used in [4], let us set
Gy ={c<0 1< [ <band f, <0on [0, T.[},

¢<0; 3t, €0, T.[, Je.>0suchthat f.>1 on |0, ¢,
fi<1on lt, t.+ e[ and f;l <O0on [0, t.+ €]
o — ¢ <0; ”EI re € [0, T;[, 3 n. > 0 such that fc” <O0on |0, 7
f. >00n Jre, re+n. and f.>1 on ]0, re+ 1]

This is obvious that Cy, C7, Cy and C3 are disjoint sets and that their union is the whole line of real
numbers. Thanks to lemma 2.3 and 2.4 if ¢ € C} then Ty = 400 and f; (t) — 1 as t — 4o0. In fact, C;
is the set of values of ¢ for which f. is a concave solution of (Pg, 4, 5, 1). Since 8 > 0, the study done in [4]
(specially in section 5.2) says, on the one hand, that C5 = @ (which can easily be deduced from lemma 2,
item 1) and, on the other hand, that either C; = @ and Cy = |—o0, 0], or there exist ¢* < 0 such that
Cy =[c*, 0] and Cy = |—00, c*].

In addition, from the lemma 5.16 in [4], if B € ]0, 3] then we are in the second case and ¢* < —a (b— 1).

In order to complete the study, let us divide the set C5 into the following two subsets

Cyy = {c €Cy: f.>—1on [0, Tc[},

Coo = {c € Cy:3 s, €10, T.| such that f, > —1 on [0, s.[ and f, (s.) = —1}.
And let us give properties of each of them that hold for all g € ]0, %}

Lemma 3.1. If ¢ € R such that f, > 0 on [0, T.[, then T. = +o0 and f; is bounded. Moreover, if ¢ <0,
then f; < max{b, \/3} on [0, + ool

Proof. Let ¢ € R is such that f, > 0 on [0, T.[, then f. > a > 0 on [0, T.[ and thanks to lemma 2.5, it

follows that T, = +o0 and f. is bounded.
It remains to show that f; < max {b, \/3} in the case where ¢ < 0. As in [4], let us define the function

L.on [0, + oo[ by

Lo(t) =382 () + BIL() (247 (1) - 6)

and since f. > 0, it implies that L. is decreasing.
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If fC” <0on]0, + oof, then fcl < b. Otherwise, there exists ty such that f;/ < 0on]0, tof and f;/ (to) = 0.
By lemma 2.2 item 3, it follows that f; < 1, and thus L. (tg) < 0. Then, L. < 0 on ]tp, + oo which implies

that f. < v/3 on Jtg, + oo[. Since f. < b on |0, to[, the proof is complete. O
Proposition 3.1. Let ¢, = inf (C; UC21). Then c, is finite.

Proof. let c € C1 UCy ;. By definition of C; and C5 1, and thanks to lemma 2.3, we have T, = 400 and 0 <
f; <don [0, + oo where d = max {b, v/3}. Since

/ 11

fo A Lf L

(£ + 1.82)
= 8 (s 1)+ sl
= Bf B <Bt.

By integrating, we then have

VE20, f. (0)+ Lo (8) f (1) <c+ab+ (B+d°)t.

Integrating once again, for all ¢ > 0, we get

0< [ S I 0+5 PO Sb+ 3@+ (crab)+3 (B+E)

Which implies that

c>—ab—/(2b+a2) (B + d?).

Remark 3.1. As we have seen above, if C1 # &, then Cy = [c*, 0] and thus C21 C [cs, c*[.
4. THE CASE B €]0,1] AND b>1
In this section we assume that 8 € ]0,4],a>0and b > 1.

Proposition 4.1. If ¢ > 0, then T, = +oc0 and f.(t) = 1 ast — +o0.

Proof. From lemma 2.6, there exists to € |0, T[ such that f/ > 0 on [0, ¢o[ and f: (to) = 0. Since f. (tp) >0

and f. (ty) > b > 1. Thus f. (to) (1 —f (to)) < f. (to) = 0, the conclusion follows from lemma 2.8. [

Remark 4.1. Thanks to the previous proposition, we see that f. is a convez-concave solution of (Pg; ¢, b, 1)

for all ¢ > 0.

Proposition 4.2. There ezists ¢*< —a (b — 1) such that C1 = [c¢*,0].
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Proof. If b =1 then C; = {0}.

If b > 1, as we already said in the previous section, this result is proven in [4] (see corollary 5.13 and lemma
5.16), let us recall briefly the main arguments which where used to get it. On the one hand, from lemma
2.8 with tg = 0 (or lemma 5.16 of [4]), it follows that [—a (b —1),0] C C;. On the other hand, lemma 5.12

of [4] implies that C5 is an interval of the type |—oo, ¢*[. This complete the proof since C; = ]—o00,0]\Cs. O
Remark 4.2. From the previous proposition, we have that 0 ¢ Ca 5.
Proposition 4.3. Ifc € Ca 1, then T, = +00 and f. has a finite limit at infinity, equal either to —1 or to 1.

Proof. Let ¢ € Cy.1. By proposition 4.2, we have ¢ < 0.
Assume first that f, < 0 on ]0,+oo[. Then f, is decreasing, and thus f, has a finite limit A at infinity.

Moreover, by definition of the set Cs1 we get
3 ¢, € [0, 400 such that f, (t.) =1

and by lemma 2.4, we finally get that A = —1.
Assume now that f. vanishes on ]0,+oo[, let ¢y be the first point where f, vanishes. Thanks to lemma

2.2 item 3, we have 0 < f, (to) < 1, and the conclusion follows from lemma 2.7 (A = 1). O

Remark 4.3. If ¢ € Cy1 then either f. is a concave solution of (Pg; a, b, —1) 0T fe is a concave-convex

solution of (Pg a, b, 1)-

Proposition 4.4. Let ¢ be a point of the boundary of Ca5. Then ¢ € Caq and f, (t) — —1 ast — +o0.
Proof. See [3] in the case of the mixed convection equation. O

Proposition 4.5. There exists at most one ¢ such that f, (t) — —1 as t — +o0.

Proof. From proposition 4.2 and 4.3 , we see that if ¢ is such that fC/ (t) — —1 as t — +o0, then ¢ < 0
and f;l < 0. By the change of variable, as done in [4], section 4, we can define a function v : ]O, bﬂ - R

such that
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and using (1.1) we obtain

Vye }07 b2] 7 o (y) = v (y)\;% (y) + 25 (\y/y 1)1}/3 (y)B (4.2)

i. Moreover, since f. is bounded, it is so for v.

From (3.1), we deduce that v (b*) = a and v (?)

Assume that there exists ¢; > ¢o such that f;l (t) — 0 and f;z (t) — 0 as t = +o00, and denote by v; and
vy the functions associated to f., and f., by (4.1). If we set w = v; — vy then w (bz) =0and w (62) < 0.
We claim that w < 0 on ]0, b2]. For contradiction, assume there exists x € ]0, b2[ such that w" < 0 on

10, z[ and w’ (x) = 0. Hence we have w” (z) < 0 and w () > 0. But thanks to (4.1), we have

and a contradiction.
1
Now, let us set V; = i fori=1,2and W =V; — Va. Then W (b?) =2(c1 — c2) > 0 and W (y) — 0 as
y — 0. In the other hand, thanks to (4.2); we have

vyelo, ], W= 55Y L.

VY VY

Therefore, we have

W) = [ W) d

2 b2
— 2l +2 [ ((1—5)\/z7+

28
NG

= 2/0b2 ((1 —B) Y+ fg) w' (y)dy, (4.3)

the last equality following from the fact that w (y) tends to finite limit as y — 0. Since w <0, we finally

) w' (y) dy

obtain W (bz) < 0 and a contradiction. O

Remark 4.4. The change of variable (4.1) is particularly efficient to obtain some uniqueness results. In [4],
it is used for the general equation (1.2) (cf. Section 4, lemma 5.4 and lemma 5.17). The case we examined

in the previous proposition is part of lemma 5.17 of [4] with A = —1.
Corollary 4.1. One has Co9 =]—00, ¢i| and Co1 = [cy, c*[.

Proof. From remark 4.2, proposition 4.4 and 4.5, we see that Cs 2 is open, contains |—o0, ¢.[ . Therefore,

since ¢, = inf (C7 U C41), we necessarily have Cy 5 = ]—00, ¢, and Ca1 = [cs, ¢*[. a
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To finish this section, let us express the results of proposition 4.1, proposition 4.2 and corollary 4.1 in

terms of the boundary problems (Pg; o, 5, —1) and (Pg; o, b, 1)-

Theorem 4.1. Let 5 € ]0, %], a>0 andb>1. There exists c, <0 such that:
(1) f. is not defined on the whole interval [0, + oo if ¢ < ¢y
(2) fe. is a concave solution of (Pg. a, b, —1);
(3) fe is a solution of (Ps; a, b, 1) for all ¢ € Jcy, + o0f

Moreover, there exists ¢* € Jcx, —a(b—1)];

(1) fe is a convez-concave solution of (Pg, a, b, 1) for all ¢ €10, + oo;
(2) fe is a concave solution of (Pa; a, v, 1) for all c € [c*, 0];

(3) fe is a concave-convex solution of (Pg, q, b, 1) for all c € Jex, ¢*[;

5. THE CASE 8 € |0, 3]AND —1 <b< 1

Let 8 € ]0, %}, a >0 and —1 < b < 1. In this situation, it is easy to see that R can be partitioned into
the four sets C(,)’l, C(’J,Z’ Ci and Cé where

C(l),l = {c< 0: f; > —1on [0, Tc[},
C(,),2 = {c <0:3s.€]0, T.] such that f; > —1on [0, s.[ and fc, (sc) = —1} ,

C{:{czo; bﬁf;gland fCHZOon [0, Tc[},

o ¢>0; 3t. €0, T.[, Je >0suchthat f, <1 on |0, t[,
2:

f.>1on Jte, t.+ e[ and f: >0on |0, t.+ €]

The arguments used in the previous section, can be applied here.

First, since g (z) = B (22 — 1) < 0 for z € |—1, b] where b € ]—1, 0[, the function g is nonincreasing on
]-1, 0], it follows from theorem 5.5 of [4] that there exists a unique ¢, such that f., is a concave solution
of (Pg; a, b, —1). Moreover, we have ¢, < 0. As in the previous section, this implies that C(/L? = ]—00,
Hence C(/),l = [e., O], and if ¢ € ]e., 0], then f. vanishes at a first point where f, < 1.

Next, in the same way as in the proof of proposition 3.1, we can proof that ¢* = sup Ci is finite, and
hence that C; = [0, ¢*] and C) = ]¢*, + oco|. Moreover, from lemma 2.7, we have ¢* > a (1 —b). On the
other hand, it follows from lemma 2.6 that, if ¢ € Cé, then fc” vanishes at a first point where f; > 1.

All this, combined with an appropriate use of lemmas 2.7 and 2.8 allows to state the following theorem.



Int.

J. Anal. Appl. 18 (3) (2020) 419

Theorem 5.1. Let 3 € 0, 3] and —1 <b < 1. There ezist ¢, < 0 and ¢* > a (1 — b) such that:

1) f. is not defined on the whole interval [0, + oo if ¢ < cy;

2) fe. is a concave solution of (Ps; a, b, —1) if b €]—1, 0[;

(1)
(2)
(3) fe is a concave-convex solution of (Pg; q, b, 1) for all c € ]ey,0[;
(4) fe is a convex solution of (Pg, a, b, 1) for all ¢ € [0, ¢*];

(5)

5) fe is a convez-concave solution of (Ps; 4, b, 1) for all c € |¢*, 4 o0o].
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