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ABSTRACT. The main outcome of this paper is to introduce the notion of Hausdorff b-multiplicative metric
space and to present some fixed point results for multivalued mappings in this space. Moreover, we obtain
some fixed point results satisfying rational type contractive condition on closed ball for multivalued mappings

in b-metric space.The proven results are original in nature.

1. INTRODUCTION

Bourbaki and Bakhtin [6], were the first ones who gave the idea of b-metric. After that, Czerwik [7] gave
an axiom and formally defined a b-metric space. For further results on b-metric space, see [11-13]. Ozaksar
and Cevical [10] investigated multiplicative metric space and proved its topological properties. Mongkolkeha
et al. [9] described the concept of multiplicative proximal contraction mapping and proved best proximity
point theorems for such mappings. Recently, Abbas et al. [1] proved some common fixed points results of
quasi weak commutative mappings on a closed ball in the setting of multiplicative metric spaces. They
also describe the main conditions for the existence of common solution of multiplicative boundary value
problem. For further results on multiplicative metric space, see [2,3,8]. In 2017, Ali et al. [4] introduced
the notion of b-multiplicative and proved some fixed point result. As an application, they established an

existence theorem for the solution of a system of Fredholm multiplicative integral equations. Shoaib et
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al. [13], discussed the result for fuzzy mappings on a closed ball in a b-metric space. For further results on
closed ball, see [5,12,14,15]. In this paper, we proved some fixed point results for multivalued mappings in

b-multiplicative and b-metric space.

2. PRELIMINARIES AND BASIC DEFINITIONS

In this section we include some basic definitions and theorems which are useful to understand the results

presented in this paper. First we give definition of b-metric space and its relevant results.

Definition 2.1. [11] Let W be a non-empty set and s > 1 be a real number. A mapping d : W x W —

RT U {0} is said to be b-metric with coefficient ”s”, if for all w,y,z € W, the following conditions hold

Example 2.1. [11] Let (W,d) be a metric space. Then for a real number k > 1, we define a function
di(a,b) = (d(a,b))*, then dy is a b-metric with b = 2k~1.

Definition 2.2. [11] Let (W,b) be a b-metric space.

i. A sequence {wy,} in (W,b) is called convergent if and only if there exists w € W such that b(wy,w) —
0, as n — +oo.
ii. A sequence {w,} in (W,b) is a Cauchy sequence, if and only if b(wy,,wy) — 0, as n,m — +oo.
ili. A b-metric space (W, b) is said to be complete if every Cauchy sequence in W converge to a point of

w.

Definition 2.3. Let (W,d) be a b-metric space. A be a non empty subset of W with some wg € W. An
element a € A is called a best approximation in A if d(w,, A) = d(w,,a), where d(wo, A) = inf,eca d(w,, w),
if each w, € W has at least one best approximation in A, then A is called a proximinal set. We denote

P(W), the set of all closed proziminal subsets of W.

Definition 2.4. Let (W, d) be b-metric space. The function H : P(W) x P(W) — R+, defined by
H(A, B) = max{sup,,¢ 4 d(w, B),sup,c 5 d(A,y)}, is called Hausdorff b-metric on P(W).

Lemma 2.1. Let (W,d) be b-metric space. Let H be a Hausdorff b-metric on P(W). Then for all A,B €
P(W) and for each w € A there exist y € B satisfying d(w, B) = d(w,y) then H(A, B) > d(w,y).

Now, we include the definition of b-multiplicative metric space and its relevant results.
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Definition 2.5. [/] Let W be a non-empty set and let s > 1 be a given real number. A mapping m :

W x W — [1,00) is called a b-multiplicative metric with coefficient s, if the following conditions hold:

i. m(w,y) > 1 for allw,y € W with w # y and m(w,y) =1 if and only if w =y.
ii. m(w,y) =m(y,w) for allw,y € W.

ili. m(w, z) < [m(w,y).m(y, 2)]® for all w,y,z € W.

The triplet (W, m,s) is called b-multiplicative metric space.

Example 2.2. [/] Let W =[0,00). Define a mapping mq, : W x W — [1,00) , mg(w,y) = a(“’fy)Q, where
a > 1 is any fired real number. Then for each a, m, is b-multiplicative metric on W with s = 2. Note that

mg 18 not a multiplicative metric on W.

Definition 2.6. [4] Let (W, m) be a b-multiplicative metric space.

i. A sequence {w,} is convergent iff there exists w € W, such that m(w,,w) — 1, as n — +o0.
ii. A sequence {wy} is called b-multiplicative Cauchy, iff m(wm,, w,) — 1, as m,n — +oo.
ili. A b-multiplicative metric space (W, m) is said to be complete if every multiplicative Cauchy sequence

m W is convergent to somey € W.

Definition 2.7. Let (W,d) be a b-multiplicative metric space. A be a non empty subset of W with some
w, € W. An element a € A is called a best approximation in A if d(w,, A) = d(w,,a), where d(w,, A) =
infea d(w,, w), if each w, € W has at least one best approximation in A, then A is called a proziminal set.

We denote P(W), the set of all closed proximinal subsets of W.

Definition 2.8. Let (W,d) be a b-multiplicative metric space. The function H : P(W) x P(W) — R,
defined by H(A, B) = max{sup,,¢ 4 d(w, B), sup,cp d(A,y)}, is called Hausdorff b-multiplicative metric on
P(W).

Lemma 2.2. Let (W,d) be a b-multiplicative metric. Let H be a Hausdorff b-multiplicative metric on
P(W). Then for all A,B € P(W) and for each w € A there exist y € B satisfying d(w, B) = d(w,y) then
H(A,B) > d(w,y).

Definition 2.9. Let (W,d) be a complete b-multiplicative metric and wg € W and S : W — P(W) be the
multivalued mapping on W, then there exist wi € Swo be an element such that d(wg, Swy) = d(wp,w1).
Let we € Swy be such that d(wy, Swy) = d(wy,ws). Let wy € Sway be such that d(wq, Swy) = d(wsa,ws).
Continuing this process, we construct a sequence {wy,} of points in W such that w,+1 € Swy,, d(wy,, Swy,) =
d(wp, wpt1). We denote this iterative sequence by {WS(wy)}. We say that {WS(wy,)} is a sequence in W

generated by wy.
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3. RESULTS FOR b—MULTIPLICATIVE METRIC SPACE

Definition 3.1. Let (W,d) be a b-multiplicative metric space and S : W — P(W) be the multivalued
mapping. Let wg € W and {WS(wy,)} be a sequence in W generated by wy. We define the family M(S)
of all functions a : W x W — [0,1) which satisfy the following property a( wy, wn,+1) < a(wo,w1), for all
n € NU{0}. Also, if {WS(wy)} — h, then a(wy, h) < a(wg, h).

Theorem 3.1. Let (W,d) be a complete b-multiplicative metric space with coefficient s, S : W — P(W) be

a multivalued mapping on W and 8,0, € M(S). If the following relations hold:

H(Swna SwnJrl) é [d(wna wn+1)]ﬁ(w"’w"+1).[d(’wn, Swn+1).d(wn+1, Swn)]g(w"’w"+1)

.[d(wn,Swn).d(wn+17Swnﬂ)]w(w“’“’"“), (3.1)

for all wy, wp41 € {WS(wy)}, n € NU{0}, a,b >0, and

56 (wo, w1 ) + (82 +s)o(wo,w1) + (s + Dh(wo,w1) <1 for wo, w1 € {WS(wn)}, (3.2)

then {WS(wy,)} — w* € W. Also, if inequalities 3.1 and 3.2 hold for h, then S has a fized point w*.

Proof. Considering a sequence {WS(w,)} in W generated by wg, then we have w, 1 € Sw,, where n =
0,1,2,--- now by using Lemma 2.2, we can write d(wy, w,+1) < H(Swp_1, Swy,)

< [d(wn_1,w,)]PWn=1wn) [d(wy, 1, Swy,).d(wy, Swy,_1)]7Wn=1:wn)

[d(wn_1, Swn_1).d(wy, Swy, )] Wn-1wn)

< (A1, wa) P, [d (w1, 1) 1, )] 10)

[d(wn—1,wn).d(wy, wyy1)]P@n-1200)

by using the Definition 3.1 and triangle inequality, we can write

d(wp, wnt1) < [d(wn—1,wn )P0 [d(wn—1, wp)-d(wn, wy41)]7 0

A1, 100w, W10 [d 10, 11|50 0 ) )

< [d(wp—1, wy,))Pworwn)t+so(wo,wi)+4(wo,wi)

B(wg, wr) + so(wg,wr) + P (wo, wr)
d(wn,wpe1) < [dlwa—r,wy)] L s0Wow) =wo, wi) - — fa(w,_y,w,)]¥. (3.3)

Now,

d(wp—1,wp) < H(Swp—2,Sw,_1)

< [d(wn—g, wp—1)]P =21 [d(w,, g, Swy_1).d(Wn—1, Stwy,_g)]7Wn=2:n-1)
[d(wn_2, Swn_2).d(wn_1, Swy,_1)]PWn-2:1wn-1)

S [d(wnf% wnfl)]ﬂ(wo’wl)- [d(wnf% wnfl)-d(wnfla wn)]sa(wg,wl)_ [d(wnf% wnfl)-d(wnfh wn)]¢(w07w1)
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[d(wn—h wn)]lfso'(wg,wl)fw(wg,wl) < [d(’wn_g, wn_l)]B(wg,w1)+sa(wo,w1)+w(wo,w1)

B(wg, wr) + so(wg,wr) + ¥(wo, wr)
d(wnfhwn) S [d(wnf%wnfl)] 1- SU(U}O,U}l) - w(wo’wl) = [d(wn*%wnfl)]K' (34)

From 3.3 and 3.4, we can write
d(wn, wny1) < [dwn 1, w)]5 < [d(wn_2, wn1)5KTE = [d(wn—2, wn- ) < [dwn_sg,wn_2)]"

n

<o < [d(wo, w)]XT (3.5)

Now, for m,n € N, with m > n, we have

m—n—1 m—mn

s S

d(wn7 wm) S d(w'ru wn—i—l)s-d(wn-l-la wn+2)32 e ~d(wm—2a wm—l)( ~d(wm—1a wm)

by using the inequality 3.5, we have
d(wnv wm) S d(wru wn+1)s~d(wn+17 wn+2)82 e -d(wmf% 'wm,fl)sm_n_1 -d(wmfla wm)sm_n
SKn.[d(wO) wl)]s2K1L+1 L [d(wo’ wl)]s7n—n71K7n72.[d(wo, wl)]sm.anvnfl

SK™ (148K +(sK)2 s M2 gM =2 gmon—lgm-n-—1)

SK™ (148K +(sK)2 4t (sK)™ "2 4 (sK)™ 1)

< [d(wg, wy SK™(14+sK+(sK)?+) _ [d(wmwl)]sK"(ﬁ).

Taking lim,, n— o0, We get d(wy,, Wy, ) — 1.

Hence {W S(w,)} is a b-multiplicative Cauchy sequence. By completeness of (W, d), we have w,, = w* € W.
Also

lim d(w,,w*) = 1. (3.6)

L
Now,

d(w*, Sw*) < [d(w*, wp 41).-d(wp 1, Sw*)]* < d(w*, wp41)* H(Sw,, Sw*)*

(wWn, Sw*).d(w*, Swy )7 [d(wy, Swy).d(w*, Sw*)]s(wnw")
d(wp, w*).d(w*, Sw*)] o (wnw?)

A(w* Wy 1)%7 ) [d(wy, wh 1 ).d(w*, Sw*)]5Pwnw”),

< d(w*, wp1)-[d(wg, w*)]Pmw) [d
< d(w*vwn-i-l)s'[d(wnvw )}56 Wa " [
By using Definition 2.8, we can write
d(w*, Sw*) < d(w*, wy11)®.[d(wy,, w*)]*P @) [d(w,, w*).d(w*, Sw*)]sz"(wﬂ’w*).d(w*,wn+1)3‘7(w07“’*)
[d(wn, wpy1).d(w*, Sw*)]s¥(wow™),
On taking lim,,_, ., and by using inequality 3.6, we get
d(w*, Sw*) < [d(w*, Sw*)]szo(wo’w*).[d(w*, Sw*)]sw(wo,w*)
[d(w*7Sw*)]17520(w0,w*)7s¢(w0,w*) <1

1
d(w*, Sw*) S (1) 1-— 520(w0,w*) - S@/}(’LU(),U)*) < 1.

This implies that d(w*, Sw*) = 1 and hence w* is a fixed point of mapping S. |
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Theorem 3.2. Let (W,d) be a complete b-multiplicative metric space with coefficient s, S : W — P(W) be
the multivalued mapping on W and B € M(S). If the following relations hold:

H(Swy, Swpy1) < [d(wn,wnﬂ)}ﬁ(w"’w"“), (3.7)
for all wy, wp41 € {WS(wy,)}, n € NU{0},a,b >0 and
sB(wo,w1) <1 for wo,wy € {WS(wy,)}, then {WS(w,)} —w"eW. (3.8)
Also if inequalities 3.7 and 3.8 hold for h, then S has a fixed point w*.

Theorem 3.3. Let (W,d) be a complete b-multiplicative metric space with coefficient s, S : W — P(W) be

the multivalued mapping on W and o € M(S). If the following relations hold:
H(Swy,, Swyy1) < [d(wn,Swn+1).d(wn+1,Swn)]g(“’"’w"“), (3.9)
for all wy, w11 € {WS(wy)}, n € NU{0}, a,b >0 and
(s* + s)o(wo,wy) <1 for wo,wy € {WS(wy)}, then {WS(w,)}— w*eW. (3.10)
Also if inequalities 3.9 and 3.10 hold for h, then S has a fized point w*.

Theorem 3.4. Let (W,d) be a complete b-multiplicative metric space with coefficient s, S : W — P(W) be
the multivalued mapping on W and ¢ € M(S). If the following relations hold:

H(Swn, Swni1) < [d(Wn, Swy).d(wn 1, Swpqr)] PO+, (3.11)
for all wp, wpy1 € {WS(wy)}, ne NU{0}, a,b6>0
(s + Do(wo,wy) <1 for wo,wy € {WS(wy,)}, then {WS(w,)} — w*eW. (3.12)

Also if inequalities 3.11 and 3.12 hold for h, then S has a fized point w*

4. RESULTS FOR b—METRIC SPACE

Theorem 4.1. Let (W,d) be a complete b-metric space with coefficient s and wqg be any point in W. Let the

mapping S : W — P(W) satisfy the following relations:

a + d(wy, Swy,)
b —+ d(wn, wn+1)

¢+ d(wy, Wnt1)
d + d(wy, Swy)

H(Swp, Swpt1) < ard(wy, wpy1) + az| |d(wp, Swy,)

+ a3 ld(wnt1, Swni1) + agld(wp, Swpi1) + d(wnp1, Swy)],  (4.1)

for all wy, wni1 € Blwo;r) N{WS(wo)} and a,b, ¢, d ,a1,as,as,a4 >0 with a <b, ¢ <d . Also

d(wg, Swo) < B(1 —sB)r, where B = %, r>0 and sB<1. (4.2)
— a3 — Say
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Then {WS(wy)} is a sequence in B(wo;r) and {WS(w,)} — h € B(wo;r). Also if inequality 4.1 holds for

h, then S has a fized point h in B(wo;r).

Proof. Considering a sequence {WS(w,)} in W generated by wg, then, we have wp41 € Sw,, where
n=0,1,2,... From 4.2, we have d(wp,w;) < f(1 — sf)r < r. This implies wy; € B(wp;r). Now by using
Lemma 2.1 and inequality 4.1, we can write d(w,ws) = d(wy, Swy) < H(Swp, Swy)

a + d(wg, Sw ctd(wo we
< ard(wo, wy) + az] (wo 0)]d(w075w0)+a3[M]d(w1,Sw1)

b+d(w0,w1) d’+d(wo,Swo)
+ay [d(wo, S’wl) + d(wl, Swo)]
a+ d(wp, wy) ctd(wo,w1)
< ayd(wo, wr) + a2[m]d(w07 w1) + a3 e s ld(wr, we) + sasd(wo, wi)

+sagd(wy,ws). As a < band ¢ < d', we have
[1—a3—saq|d(wi,ws) < [a1+az+sas]d(wo, wi)d(wy,wy) < [LE22E58a] gy, i) < Bd(wo, wy) < B2(1—sB)r.

l—az—say

Now,

d(wo, wz) < s[d(wo, w1)+d(wr,ws)] < s[B(1—sB)r+B2(1—s8)r] < Bs(1—sB)(1+8)r < Bs(1—sB)(1+sB8)r <
Bs[1 — (sB)*r <.

This implies we € B(wo;r). Considering ws, wa, ws, -+ ,w; € B(wo;r).

Now,
a+ d(wj_l, S’LUj_l)
b+ d(wj1,w;)

d(wj, wj1) < H(Swj—1, Sw;) < ard(wj—1,w;) + as] Jd(wj—1, Swj—1) +

¢+ d(wj1,w;)
d/ + d(qu, SU}J‘,1)
a+d(wj—1,w;)
b+ d(wj—1,w;)
+ saq[d(wj—1,w;) + d(wj, Swjt1)].

+a3[ ]d(wj,Swj)+a4[d(wj_1,5wj)+d(wj,Swj_1)]

¢+ d(w;—1,w;)

dlws 1. ws N Pt et VA
JCw 17wj)+a3[d'+d(wj—1,wj)

< ard(wj-1,w;) + az| Jd(wj, wjt1)
Asa<band c< d,, we have
(1 — a3 — sag)d(wj, wjy1) < (a1 + az + sag)d(w; 1, w;)d(w;, wj41)

w]d(wrh wj) = Bd(wj—1,w;) < BlBd(w;—2,wj—1)] < B2[Bd(w;—3,w;—2)].

<
[17a375a4

(1 —as — 5a4)d(wj,wj+1) S Bjd(wg,wl) v ] eEN (43)

Now,

d(wo,wjr1) < sd(wg,wr) + s*d(wi,wa) + -+ + sfd(wj,wjt1) < sd(wo, wr) + s2Bd(wrywy) + - +
S B0, 01) < (14 58+ (587 -+ (58 dw, 1)) < SR IB(1 = s)r < 81— (8P < v
Thus wj41 € B(wo; 7).

Hence w,, € B(wp;r) for all n € NU{0}, therefore {WS(w,)} is a sequence in B(wp; 7). Now, the inequality
4.3 can be written as

d(wy, wpe1) < B"d(wo,wy) for all n € N. (4.4)

Hence for any m > n

d(Wn, W) < 8d(Wn, Wni1) + S2d(Wpi1, Wni2) + o + " (w1, W) < [sB" + 2B 4+
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sm B d(w, wy ) by using 4.4

< 881+ 5B+ (sB)2 4+ oo + s d(wg, wy) < sBP[L 4 sB 4+ (sB)? + - ]d(wo,wy) <

[gsi);]d(wo,wl) - 0 as m, n — oo. Thus, we prove that {WS(w,)} is a Cauchy sequence in
B(wo;r). As every closed ball in complete b-metric space is complete, so there exists h € B(wp;r) such that
{WS(wp)} — h or lim,_,o d(wy, h) = 0. If h € Sh, the desired result is obvious and straight forward. If
h ¢ Shthend(h,Sh) = z > 0, that is d(h, Sh) < s[d(h, wp41)+d(Wpt1, Sh)] < s[d(h, wpy1)+H (Swy, Sh)] <
sd(h, wn 1) +sard(wn, h)+az| ezl ]d(w,, Swn)+a3[%]d(h, Sh)+asd(wn, Sh)+d(h, Swy,)]

< sd(h,wni1) + sard(wn, h) + ag[ s d(w,, w,10) + %[%}d(h, Sh) + say[d(wn, h) +
d(h, Sh)]. Taking n — oo, it follows that d(h, Sh) < asd(h, Sh) + sasd(h, Sh)

(1 — a3z — saq)d(h, Sh) < 0. This implies d(h, Sh) = z < 0, a contradiction, so h € Sh. Hence proved O

Corollary 4.1. Let (W,d) be a complete metric space and wo be any point in W. Let S : W — W be a

mapping and wy, = Sw,_1 be a Picard sequence. If

a + d(wn, Swy,)
b+ d(wp, Wpit1)

¢+ d(wy, Wpt1)
d + d(wy, Swy)

d(Swn7 Swn,+1) S ald(wny wn+1) + (12[ ]d(wn7 Swn)

+ ag| Jd(wp41, Swnt1) + agld(wp, Swpt1) + d(Wny1, Swy)],  (4.5)

for all wy, w1 € B(wo;r) U{w,} and a,b,c,d ,a1,as,as,a4 > 0 with a < b, ¢ < d . Also d(wg, Swp) <

B(1— B)r, where B = 1toetas 3 -1

l—az—ay

Then {wy,} is a sequence in B(wo;r) and w, — h € B(wg;r). Also if inequality 4.5 holds for h, then S has

a fized point h in B(wo;T).

Corollary 4.2. Let (W,d) be a complete b-metric space with coefficient s and wqy be any point in W. Let
the mapping S : W — P(W) satisfy the following:

a~+ d(wy, Swy,)
b + d(wny w7z+1)

¢+ d(wy, Wpi1)
d + d(wy, Swy)

H(Swn7 SwnJrl) S ald(wna wn+1) + a2[( ]d(wna Swn)

+ a3 ld(wny1, Swny1) + as[d(wn, Swyy1) + d(wp g1, Swy)],  (4.6)

for all wy,, wp41 € {WS(wy)} and a, b, c, d ,a1,as,as,as > 0 with say + sas + as + (s> +5s)ag < 1, and a < b,
c<d.

Then {WS(w,)} = h € W. Also if inequality 4.6 holds for h, then S has a fized point h in W.
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