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ABSTRACT. The key aim of the paper is to show that how the efficiently the Reduced Differential Transform
Algorithm (RDTA) can be employed to price the exotic financial options. In this paper we have computed
the exact solution of the parabolic partial differential equation governing the dynamics of put-call parity in

the mathematical theory of Asian options, by means of RDTA.

1. INTRODUCTION

An option is an agreement that allows the holder to buy (call option) or sell (put option) at a specified
future time (expiration or maturity time) an underlying asset at a specified price (strike or exercise price).

Pricing of an Asian option is always complicated due to its path dependents derivatives whose payoffs
depend on some form of averaged prices of the underlying asset and no closed form solution exist in general.
Pricing them efficiently and accurately is very important both in theory and practice. Asian option can
avoid manipulation of the stock near expiration time. Asian options are popular in the financial community
as well as in the over-the-counter (OTC) market because they are often cheaper than the equivalent classical
European options.

Several analytical approaches have been proposed to address the problem. In [?] a closed form solution of
the no-arbitrage price of arithmetic averaged fixed strike price is obtained through the inversion of a Laplace

Transform.
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The standard approximation methods based on partial differential equations require some regularity con-
ditions of the solution of the no-arbitrage PDE. Considering path dependent contingent claims in general
setting, the PDE is a strongly degenerate parabolic equation in three dimensions (time, the underlying asset
price, and the path-dependent variable). In this setting, the needed regularity seemed out of reach. To
avoid this difficulty, many authors considered a two-dimensional second-order PDE which is obtained from
the original one through a change of variable (similarity reduction method) when the contingent claim final
payoff has a particular form (see [2,6,7,11,20,24,25]). This method covers a large set of contingent claim
contracts, including arithmetic Asin options, but not a contingent claim characterized by a general final
payoft.

The Black-Scholes PDE for the fixed strike arithmetic Asian options, considering dividend (see, [17], pp.
277-278) is

OV S—JOV  o® 0V

oV
wT T a2 e Um0 V=0 (1)

oS

(J— K)*, (call option with fixed strike price)
V(S,J,T) = . (1.2)
(K —J)*, (put option with fixed strike price)

V' denote the price of an Asian option, S is the value of the underlying asset, K the exercise price, T" the
expiration date, r is the interest rate, ¢ is the continuously paid dividend, o is the asset volatility, and
J = % f Srdt be the path variable, denote the average of asset price for the period up to ¢.
It isowell known that the difference between the prices of European vanilla call and put options is equal to a
European forward contract. Similarly, we have put-call parity relations for European style Asian options [16].
Let Cfiz (S, J,t) and Pyig (S, J,t) denote the price of the fixed strike arithmetic averaging Asian call

option and put option, respectively. Their terminal payoff functions are given by

Ctix (S, J,T) = (J — K)* =max (J — K,0) (1.3)

Ptin (S, J,T) = (K — J)" = max (K — J,0) (1.4)

Let W (S, J,t) denote the difference of Cy;, and Py, . Since both Cy,, and Py, are governed by the
same differential equation [see (1.1)], so does W (S, J, t) .The terminal condition of their difference W (S, J, t)

is given by

W(S,JT)=J-K)"—(K-J)t=J-K.
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Hence the problem we have to investigate is

oW S—JOW o W oW
_— _— _ — _ = 1.
5 + Y + 28 552 +(r q)SaS rW =0, (1.5)

Wler=(J-K) = (K- =J-K.

In a similar manner, we have other PDEs of put-call parities of other types of Asian options (floating/fixed
and arithmetic/geometric averaging) for the the investigation will see in section 3.

In this article, the fundamental objective is to investigate all four versions of PDEs of put-call parities
of Asian options using Reduced Differential Transform Method(RDTM) to validate the method. RDTM
proposed by Keskin [12] and successfully employed to solve many types of linear and nonlinear PDEs.
RDTM is a reliable semi-analytic method subject to appropriate initial condition. Taking into consideration
of this method, it is possible to find an exact solution or a closed approximate solution of a differential

equation.

2. REDUCED DIFFERENTIAL TRANSFORM METHOD

Consider a function of two variables u(z,t) and suppose that it can be represented as a product of two
single-variable functions, i.e., u(z,t) = f(z)g(t). Based on the properties of one dimensional differential
transform, the function u(z,t) can be represented as follows:

oo oo o0
u(a,t) = (ZFWCZ) <Z G(j)tﬂ) =3 Uit (2.1)
i=0 i=0 k=0
where Uy(z) is called t-dimensional spectrum function of u(x,t). The basic definitions of RDTM are intro-

duced as follows (cf. [12-15]):

Definition 2.1. If function u(x,t) is analytic and differentiated continuously with respect to time t and

space x in the domain of interest, then let

k
Ui(z) = % [gﬂiu(x,t)} (2.2)

t=0
where the t-dimensional spectrum function Ug(x) is the transformed function. In this paper, the lowercase

u(x,t) represents the original function, while the uppercase Uy (x) stands for the transformed function.
Definition 2.2. The differential inverse transform of Up(z) is defined as follows:
u(z,t) = Up(z)th (2.3)
k=0

Then, combining Eqs. (2.2) and (2.3) we write

o k
u(w, t) = Z% [aatku(x,t)} . tk (2.4)

k=0
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from the above definitions, it can be found that the concept of the RDTM is derived from the power series

exrpansion.

To illustrate the basic concepts of the RDTM, consider the following nonlinear partial differential equation
written in an operator form

Lu(z,t) + Ru(z,t) + Nu(z,t) = g(z,t), (2.5)

with initial condition u(z,0) = f(x),where L = %, R is a linear operator which has partial derivatives,

Nu(z,t) is a nonlinear operator and g(x,t) is an in-homogeneous term. According to the RDTM, we can

construct the following iteration formula:

(k+ 1)Uy () = G () — RUL () — NUg (), (2.6)
where Uy (x), RUg (), NUg (z) and Gy, (x) are the transformations of the functions Lu (x,t), Ru (x,t),
Nu (z,t) and g (z,t) respectively.
From the initial condition, we write
Uo (x) = f (x) . (2.7)
Substituting (2.7) into (2.6) and by a straightforward iterative calculation, we get the following Uy, (x)

values. Then the inverse transformation of the set of values {Uy, (z)},_, gives approximation solutions as,

Un, (wvt) = Z Uk (1}) tka (28)

where n is the order of approximation solution.

Therefore, the exact solution of problems given by

u(z,t) = lim a, (z,t) (2.9)

n—oo
The fundamental mathematical operations performed by RDTM can be readily obtained and are listed

in following table.

Table 1. Reduced Differential Transformation

[ Functional Form Transformed Form ]
u(@,t) Uk @) = [Zrue)]
w(z,t) =u(z,t)£v(z,t) Wil(z)=Us(z)+Vi(2)
w(z,t) = au(z,t) Wi, (z) = aUy (z), o is a constant
w(x,t) = ™" Wy (z) = ™6 (k — n) , the Kronecker delta
w(z,t) = 2™t u (z,t) Wy (z) = mmUk » (z), when k > n else 0.
W) =@ W)= ¥ V) Ui (@) = 3 Ur (@) Veer (0
w (e, t) = Zrule,t) Wi (@) = (k+1)... (k+7) Upyr (@) = S5O (2)
| w(@t) = Zulo) Wi (2) = Z Uy (2) ]
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3. Pricing of Four Versions of Call-Put Parities of Asian Options

In this section, we will price call-put parities standard PDEs of four version of Asian options [17], that
are:

1) Arithmetic average Asian option with fixed strike price.

2) Geometric average Asian option with fixed strike price.

3) Arithmetic average Asian option with floating strike price.

4) Geometric average Asian option with floating strike price.

by Reduced Differential Transform Method to validate the efficiency of the RDTM.
3.1. Call-Put Parity for Arithmetic Average Asian Option with Fixed Strike Price.
Assume that C (S, J,t) and P (S, J,t)denote the valuation of an Asian call and put option, respectively.
define

W (S, J,t) =C (S, J,t)— P(S,J,t)

Then in {0 < 5 < 00,0 <J <o00,0<t<T}, W satisfies

oW  S—JOW o W ow
ot et e age Trma)Shg —rW=0. (3.1)

Wler=(J-K) = (K- =J-K.

By the use of change of variable,

TK —tJ
f=—
the function
T
=W
YT
satisfies the Cauchy problem [17] in the domain {{ € R,0 <t < T} :
ow 0% ,0%w ow
S A - 1] 2= — qu = 2
8t+2§8§2 [(r Q)§+]8£ qu =0, (3.2)
w (é-vT) = _E'
where
w=w (¢ t)
For convenience to apply RDTM, we are assuming that w (£,¢) = u (¢, t) ,Thus
ou  o? ,0% ou
R 28 g [
5 Tt e (r—a)&+ ]a5 qu =0,

withu (§,T) = —¢€.

We take the change of variable 7 = T — ¢, to convert terminal condition into initial condition, so

ou ou

at o
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or
ou o2 282u ou
5_758752_[(7“_(1)54—1]875_(]“’ (3.3)
withu |,—o= —¢.
where

u=u(&T)

According to the RDTM, we construct the following recurrence relation for the Eq. (3.3)

0% 5 02 0
(m+1) Unya (§) = 7523752Um (©) = lr =) &+ 1 5:Um (§) = aUnm ()
Note: u = (£, 7) — functional form and U,, = U,, (§) — transformed form.
For m =0
0? 0
Ui (§) = 5 oe2 Uo (§) — [(T—Q)ﬁ‘i‘l]ango (£) = qUo (&)

From the initial condition, we write

u(§,0)="Uo (§) = —¢

So
0 0?
afoo € =-1, aTQUo € =0
Thus
Ui (&) =1+7¢
Form=1
2 () = G620 (€)= [ = )6+ 1] Vs (€) — Ui (9)
2 9E2 U q o€ 1 qU1
we get,
2 2
Us(6) =~ [ﬁg + TT_Z]
For m =2
1o}
3U3 (§) = 7626752(]2 &) —[(r—qg&+1] 8§U2 (&) —qUz (€)
we have,

3_ .3
U3(§)=% [r3§+rr_;]}

By an inductive argument we have following,

m m

_1)ymtl —
(=1) g ] , wherem > 0.

Un (§) = o [Tmﬁ‘F L
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For the solution, differential inverse transform of U, (§) is defined as below:

oo

u(€,7) D Un (@™

= (1) "

w(§m) = Z m! - {rmf—i_rr:g}

m=0
B 00 (71)m+17_m . 0 (71)m+17_m —

u@m)—fZ;——Ef—w5+g; — e

> ( l)meTm 1 S (_l)me m m
u(§r) = %Z; — —qu; =)
I I o

m=0 m=0 m=0

—rT 1 —rT —qT
u(, 1) = e —m[e —e q]

Here
= e =w(E)

where 7 in terms of ¢ so above equation can be written as

TK —tJ _,.p_ 1 T o
w(f’t):_Te (T t)—m [6 T t)—e a(T t):|

Cw(En) = W= W=

The exact solution, in closed form, is given by

C(S,J,t)— P(S,J,t) = W(S,J1)
t S S
W (S, J,t) = |=J————— —K|e T __ 2 __ a1
(51 T (r—qT (r—aq)T

which is same solution as obtained in [17]. Consider a six-month call option on stock. If Sp = K =
$145,r = 6,q = 3 and o = 29.5 then graphs of W (S, J,t), for average stock price J ranging from $140 to
$150, can be found in Figure 1 on next page.
3.2. Call-Put Parity for Arithmetic Average Asian Option with Floating Strike Price.

Consider
W (S,J,t) =C(S,J,t) — P (S, J,t)

then under appropriate transformations, standard call-put parities satisfies the Cauchy problem [17] in the
domain {0 < £ <00,0<t < T}
ow 0% ,0%w

E—i_? 87524‘[1_(7"_‘])‘5]71”_‘1“’:07 (3-4)
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when J =148 witen J =150

FIGURE 1. Plot of W(S,J,t) when Sy =K =$145,r =6,¢=3 and 0 =29.5

where
w=w (1)

Taking into consideration w (§,t) = u (§,t), for the sake of easy utility of RDTM, we have

ou  o? ,0% ou B
a el ge Tl -r—adg —aqu=0
u(E D) =15

We take the change of variable 7 =T — ¢, to convert terminal condition into initial condition, we have

ou  o? ,0%u ou
&= FeE - -85 —au (35)
u |-,—=0= 1—%

Applying the RDTM to Eq. (3.5), we obtain the following recurrence equation

(4 1) Ui (6 = S0 (€) 41— (r— ) €]

3_52 m gUm (&) = qUnm (§)
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For m =0
U9 = TE00 () + 1 - (r = )6 XU (6) = a¥ (€
1 2% d¢2 0 q o€ 0 qUo
According to the initial condition, we can write
u(E0) = Uy () =1- 5
So
Ui ()= 3 (6~ 1) — g
Form=1
_ T pd -2 ) -
25 (6) = G € 5l (O + L~ (r ~ )€ U (6) —ah €)
having
11 r? — q2
Uz (§) = ] {T {7"25— p— }—QQ}
For m =2
_Tpd —r—ad 2o, 6 -
3Us (€) 3 3 a2 U2 (§) +[1=(r—q)¢] 8§U2 (&) —qU2 (§)
we will obtained,
3_ .3
O =g {525} - ¢

By an inductive argument we have following,

71m+1 1 m __ m 7
Um(f)(ﬂ)ﬂ{T{Tmfrr_Z }qm ,Form >0

For the solution, inverse differential transform of U, (§) is defined as below:

w(ér) = Y Un(O7"
m=0

u . _ - (_1)m+1 l rme — " —=q" P
(£,>fm§=jom, {T{f T_q}q}

s (=) 1 — (—r7)" = (=q7)" | = (=g7)"
u(faT) = _Tmzz:o ml T(r_q)mz::o m)! +mZ::O m!
U(f,’]’) _ —%6_”— T(Tl_ q) (e—r‘r e_qT)+€_QT

_ 7£677’T 1 e’ _ 1 e a7
w6n) = e (L rpg)

Here
f= "2 ue) =w(E)

where 7 in terms of ¢ so above equation can be written as

tJ 1 1
_ —r(T—t) - —r(T-1) _ —q(T—t)
wibt) = ~gpe TTh—g° (1 T(r—q>)e
W= % = W (S, J,t) = Sw (£,1)
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In closed form, the exact solution is given by

1
C(S,J,t) — P (S, J,t) = _% Jerm—n S B _) Ge—a(T—1)

e—r(T—t)
T —9) (1 TG —q)

which is same as obtained in [17]. Consider a six-month call option on stock. If Sp = K = $145,r =
6, = 3 and o = 29.5 then graphs of W (S, J,t), for average stock price J ranging from $140 to $150, can

be found in Figure 2.

wihen J =150

FIGURE 2. Plot of w(S,J,t) when Syo= K =$145,r=6,¢=3 and 0 = 29.5

3.3. Call-Put Parity for Geometric Average Asian Option with Fixed Strike Price.
Suppose that

W (S, J,t) =C(S,J,t) — P(S,J,t)
Thus in {0 < 5 <00,0<J<00,0<t<T},W satisfies the problem:

ow nS—InJ oW o2 ,0*°W ow
o T e T e T aShg =0, (3:6)

Wler=(J-K)"—(K-)"=J-K.
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By the transformation,
_tlnJ 4 (T—t)InS

¢ T
in {{€R,0<t<T},W satisfies [17]:
oW o2 (T—t\° W o2\ (T —t\ oW

W |i=r= et — K.
where
W=W(1)
For convenience, we are assuming that W (§,t) = u (§,t), we get
2
gq:-i-U;(TT_t) gzzb—i—(r—q—(j;) (T;t)gz—ruzo, (3.8)
U == et — K.

We are taking the change of variable 7 = T — ¢, we have

G D))

U |r—o=e* — K.

where
u=u(&T)
By applying the RDTM, we construct the following iteration formula to Eq. (3.9)
(4 1) U1 (9) = Lo eg U (€) + (”‘) O U (©) 10 (9)
2772 9¢2 T 0¢

Here we used the property if v (z,t) = a™t"u (z,t) then Vi () = 2™Uk_y, () when k > n,else 0, on first
and second term.

By considering the initial condition, we can write

Up(§) =e* - K
For m = 0
Up (&) = —r(f — K)
For m = 1
U2(§)—21'{<rqTU;>e§+r2(eg—K)}
For m = 2
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we get,
Us (&) = % {10;65 3ret (T qT_ 02 ) -7 (65 —K)}
For m =3
2 52 . _a 9
Ui (6) = 37 5l (€ + (‘;) 5eU2 (€ =105 ()

Substitute Uy (§),Uz (§) and Us (§) in above equation, we get

2 2
1 2 r—g— % r—g— %
Us(§) = ] —4%7“6E +3 <qTQ> e +6 (2‘2> riet + (65 - K)

and so on.

For the solution differential inverse transform of U, (§) is defined as below:

w(ér) = Y Un(7"
m=0
(22*2 o) )
u(f,T) = ee — Ke™ 7

and from

tinJ+ (T —t)InS
§= T

we can write

t (T—t)

e = Jrs T

So finally, we have the exact solution, in closed form

(o)
(T-1) (f(%f)2+22(2f)>
e _ K efT(Tft)

W(S,Jt)={ JTS T

which is the same result as obtained in [17]. Consider a six-month call option on stock. If o = K =
$145,r = 6,q = 3 and o = 29.5 then graphs of W (S, J,t), for average stock price J ranging from $140 to
$150, can be found in Figure 3 on next page.
3.4. Call-Put Parity for Geometric Average Asian Option with Floating Strike Price.
Let

W (S, J,t) =C(S,J,t) — P (S, J,t)

Thus in {0 <5 <00,0<J <00,0<t<T}, W satisfies

oW  InS—InJOW o2 _,0%W
+J ——

oW | InS-InJow ow
ot t oJ 2 052

oS

+(r—q)S rW =0, (3.10)

Wler=(S—N" = (J-8)"T=5-J
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=142

when J

146

when J

=150

when J

140

when J

144

when J

when J =148

$145,7 =6, ¢ =3 and 0 = 29.5

=K

FIGURE 3. Plot of w(S,J,t) when Sy

satisfies the Cauchy problem [17] in the domain

the function wu

9

under the suitable transformations

{(z,y) eR{L0<t < T}:

(3.11)

T —t, we have

Taking the change of variable 7

(3.12)

e® —ev.

=0=

u|r

where

u(z,y,T)

u =
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Using the RDTM to Eq. (3.12), we get the following iterative formula

(m +1) Unta (2, 9)

with the initial condition

For m =0

Ul(x,y):0+0+i

Thus

Form=1

2U2 (.’ﬂ, y)

So

For m =2

So

For m =3

we have

0?2 02 o? 9? o? &
ﬁa—zﬂUmf2 (x,y) + 78?@1]77171 (x,y) + 7$Um (I’y) +

T
o? 10 0
(r=a=F ) |Ftm1 @)+ 5otn (@] = U )

U($,y,0) :UO (xay) =e" —¢é

2 92

Uo (z,y) + (rq UQ) {O+ gUO (x,y)] —rUp (z,y)

2 Ox2 2 O

Ur (2,y) = —q¢ +re?

2 62 0.2 82

E@Ul (z,y) +

(T _g-— "2> {layUl (z,y) + a%Uz (%y)} — Uz (z,y)

0.2 82 0_2 82 2 82

a2 o2 ) T gy 2 () g gt ()
o? 10 0

(T_q_ 2) |:Ta 2(9C7y)+£U3 (l‘,y):| _TU?) (Z‘,y)

2 2\ 2
1 2 g —g—
Us(2,y) = ] {q‘lem +4%rey -6 <T qT 2 ) rev —3 (T ({[ 2 ) eV — r4ey}
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For the solution, inverse differential transform of U, (z,y) is defined as below:

o
u(z,y,7) = Z Up (z,y) 7™
m=0
reqe 22 )2
<6627"T23+( q2T2) _”')
u(z,y,7) = ee 1T —eVe

cx=InS=e"=8

and
y— tan—i—(;—t)lnS Loy = gh g
also
T=T—-1
o, |2t (S 9

u(w,y,t) = Se 4T—D _ JT§ T ¢
Thus we reached to the exact solution, in closed form

¢ T—t o2(T—t)3 (T—q—%)(T_tﬂ

C (S, J,t) = P (S, J,t) = Se 1T=t) _ jr ST ¢ or7 * 27 —r(T=1)

which is the same solution as obtained in [17]. Consider a six-month call option on stock. If Sy = K =
$145,r = 6,q = 3 and o = 29.5 then graphs of W (S, J,t), for average stock price J ranging from $140 to

$150, can be found in Figure 4 on next page.
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when J =140 whenJ =142

when J =148 witen J =150

FIGURE 4. Plot of w(S,J,t) when Sy =K =$145,7 =6, ¢ =3 and 0 = 29.5

4. CONCLUSION

The Reduced Differential Transform Method (RDTM) for put-call parities PDEs of Asian options has
been presented. The solutions obtained by the method are an infinite power series for appropriate initial
condition, which can in turn in a closed form, the exact solution. The efficiency of the presented method is
validated through all four versions of PDEs of Asian options put-call parities and found exact solutions same
as Lishang solutions.We notice that the RDTM technique is highly accurate, rapidly convergent. RDTM is a
very easily implementable mathematical tool for the PDEs in Mathematical Finance subject to appropriate
initial condition.
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this paper.
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