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ABSTRACT. In this paper, we are concerned with one of the difficult class of optimization problems called
the interval-valued optimization problem with vanishing constraints. Sufficient optimality conditions for a
LU optimal solution are derived under generalized convexity assumptions. Moreover, appropriate duality
results are discussed for a Mond-Weir type dual problem. In addition, numerical examples are given to

support the sufficient optimality conditions and weak duality theorem.

1. INTRODUCTION

Due to the mathematical challenges and important roles in various fields, mathematical programs with
vanishing constraints have attracted many mathematicians in the past decade. Mathematical programming
problem with vanishing constraints is a constrained optimization problem and it is closely related to the
Mathematical programs with equilibrium constraints, see for example [9, 10, 14]. This problem was first
studied by Achtziger and Kanzow in [2] and this serves as a model for many problems from topology and

structural optimization (see [2,5]). For Mathematical programming problems with vanishing constraints,
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it is well known that the usual nonlinear programming constraint qualifications such as Slater constraint
qualification, Mangasarian-Fromovitz constraint qualification, Cottle constraint qualification and linear in-
dependence constraint qualification do not hold (see [12]), while Mishra et al. [12] proved that the standard
generalized Guignard constraint qualification holds in many situations, and some sufficient conditions are
presented in [12].

The Guignard constraint qualification (GCQ) was introduced by Guignard [8] and is one of the weakest
among the most prominent constraint qualifications such as the Slater constraint qualification [19], Abadie
constraint qualification [1], Mangasarian-Fromovitz constraint qualification [11], Cottle constraint qualifica-
tion [7] and linear independence constraint qualification etc. For more information and inter-relation between
these constraint qualifications one can see the survey papers [15,22].

In recent years, a number of approaches have been developed to deal with interval-valued optimization
problems. In [24,25], Wu derived Karush-Kuhn-Tucker type optimality conditions for a optimization prob-
lem with an interval-valued objective function. Further, the Karush- Kuhn-Tucker type necessary optimality
conditions for a optimization problem in which objective and constraints functions are assumed to be interval
valued were investigated by Singh et al. [17]. However, optimality conditions for an interval-valued multiob-
jective programming with generalized differentiable functions (viz. gH-differentiable functions) are discussed
in [18]. Bhurjee and Panda [6] provided an overview of an interval-valued optimization problem by developing
a methodology to study the efficient solution for an interval-valued optimization problem. For more details
related to interval-valued optimization problems, we refer to the papers (see, for example [3,13,16,20,23,26]).
To the author’s knowledge, there are no results for an interval-valued mathematical programming problem
with vanishing constraints in the literature. Therefore, this paper focuses on an interval-valued mathemat-
ical programming problem with vanishing constraints to explore the sufficient optimality conditions and
Mond-Weir type duality results.

The rest of the article is organized as follows: Some background material and preliminary definitions are
provided in Section 2. The sufficient optimality conditions for a LU optimal solution for considered problem
under generalized convexity assumptions are given in Section 3. In Section 4, weak, strong and strict
converse duality theorems are discussed for a Mond-Weir type dual model. Finally, Section 5 is devoted to

the conclusion.

2. PRELIMINARIES

For a nonempty subset ) of R"™, we use the notations cl@ and clco@ to denote the closure of @ and
closure of the convex hull of @), respectively. Let © be the set of all closed and bounded intervals in R. Let
0, = [rL,7Y],02 = [pF, pY] € ©, then we have

(Z) ®1+@2:{T+p|7'€@1 andp6®2}:[7L+pL,TU+pU],
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(’LZ) -0, = {*T ‘ T E @1} = [7TU,7TL],

(’LZZ) @1 — 92 == @1 + (—@2) = [’TL — pU,TU — pL],

(iv) k+O1={k+7|7€61}=[k+7Lk+7Y],
[kl kTY], if k >0,

(v) k©1 ={kt | TE€ O} =
(kU kT, if k <0,

where k is a real number.

For ©; = [tE,7V] and ©, = [pL, pV], the order relation < is defined as follows:
(i) ©1 <py 9 if and only if 77 < p’ and 7V < pY.
(ZZ) 0, <LUu O, if and only if ©, <ru O, and O, 7& Os.
It is obvious that, O <py O3 if and only if
Tt < pland 7Y < pY,
or, b <pfand 7Y <)Y,
or, < pfand 7Y <pY.

An interval-valued function ¥ : R™ — © can be written as ¥(z) = [UX(z), WY (z)], where UL (x), ¥Y(z)
are real-valued functions satisfying the condition W (x) < WY (x) and © be the set of all closed and bounded
intervals in R. In the present analysis, we consider the following inter-valued optimization problem with
vanishing constraints:

(IVVC) mi]%l U(z) = [Tl (z), ¥V ()]
S

subject to

wi(z) <0, Vi=1,2,...,p,
Ci(x) =0, Vi=1,2,...,q,
G(x) >0, Vi=1,2,....1,

D (x)li(x) <0, Vi=1,2,...,7,

where ¥ : R" — O is an interval-valued function and W', WV, o, (;, 0;,®; : R* — R are assumed to be

continuously differentiable functions. The feasible region is given by
F={xe€ R"pi(x) <0, Vi=1,2,....p,
Ci(z) =0, Vi=1,2,...,q,
Li(x) >0, Vi=1,2,...,7,

(I)Z(l')fz(l') < 0, Vi = 1,2, ...,T‘}.
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Definition 2.1 (Sun and Wang [21]). A point @ € F is said to be a LU optimal solution to (IVVC), if there

exists no xg € F such that ¥(zo) <pv ¥(a).

Let 2* € F be any feasible solution of the (IVVC). The following index sets will be used in the sequel.
A, ={ie{1,2,...,p}pi(z") =0},
Ae={1,2,...,q},
Ay ={ie{1,2,...,r}(z*) > 0},
Ao ={ie{1,2,...,r}|t;(z*) = 0}.
Furthermore, the index set Ay can be divided into the following subsets
Ao ={ie{1,2,....,r}Hl;(z*) > 0,P;(z*) = 0},
A ={ie{l,2,...,r}t;(z") > 0,P;(z*) < 0}.
Similarly, the index set Ag can be partitioned in the following way
Aoy ={i e {1,2,....,r}{l;(z*) =0, P; (") > 0},
Ao ={i € {1,2,...,r}l;(z*) = 0, P;(x*) = 0},
Ao ={i e {1,2,..,r}l;(z*) = 0,P;(x*) < 0}.
Also, for z* € F, we define the sets QF, @k, k= L,U and Q as follows:
QF = {x € RV (z) < U'(z*),Vi=L,U, i #k,
vi(z) <0, Vi=1,2,...,p,
Ci(x) =0, Vi=1,2,...,q,
Li(x) >0, Vi=1,2,...,7,

D, (x)l;(x) <0, Vi= 1,2,...,r}.

Q"= {x € R"|W(z) < Wi(z*),Vi= L,U, i #k,
wi(z) <0, Vi=1,2,...,p,
Ci(z) =0, Vi=1,2,...,q,
Li(z) =0, ®;(x) >0, Vi€ Aoy,
D,;(z) <0,0;(x) >0, Vie Ag— UAg UA4o U A+}.

and

Q= {:r € R"|WE(z) < UE(z*), WY (z) < WY (2*),
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wi(z) <0, Vi=1,2,...,p,

Ci(x) =0, Vi=1,2,...,q,

Li(x) =0, ®;(x) >0, Vi € Apy,

D, (x) <0,4;(x) >0, Vi e Ao~ UAggUA o U A+}.
The linearizing cone @k, k=L,U at * € F is given by
L(Q"; 2*) = {5 € RV (z*) 6§ <0,Yi=L,U, i £k,

Vei(x*)T8 <0, Vi€ Ay,
V()8 =0, Vi € A,
Vei(x*)T6 =0, Vi € Aoy,
Vii(z*)T6 >0, Vi € Ago U Ag_,

V@l(m*)Té <0, Vi e A+0 U Aoo}.

and the symbol T denotes the transpose of a matrix. The linearizing cone to Q at z* € @, given by.

L@2") =L@ ;2*) NL(@Q

)

Definition 2.2. The tangent cone to Q) at x* € clQ) is defined by

n_x*
—>6}
tn

The modified Guignard constraint qualification was introduced by Mishra et al. ( [12], Definition 6.14)

T

T(z*) = {5 € R*|3H{a"} CF,{t,} L 0: 2" — " and

for a mathematical programming problem with vanishing constraints. From this perspective, we define the
modified Guignard constraint qualification (IVVC-GCQ) for an interval-valued optimization problem (IVVC)

as follows.

Definition 2.3. The modified Guignard constraint qualification (IVVC-GCQ) is said to holds at x* € F, if
L(Q;z*) C clcoT(QY; x*) N cleoT(QY; x*).

Mishra et al. [12] proved the Karush-Kuhn-Tucker type necessary optimality conditions for a multiob-
jective optimization problem with vanishing constraints under modified Guignard constraint qualification.
Along the lines of Mishra et al. ( [12] Theorem 6.4), if we set m = 2, we acquire the following Karush-Kuhn-

Tucker type necessary optimality conditions for (IVVC) as follow:
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Theorem 2.1. Let z* € F be a LU optimal solution of (IVVC) such that (IVVC-GCQ) holds at x*. Then
there exist 0 < NY AV € R, s € Ry,i=1,2,...,p, v € Ryi = 1,2,...,q and nf,nf’ € R,v=1,2,...,7 such
that
P q
ANVUE(2*) + AVVEY (%) + Z niVi(x®) + Z%VQ(SU*)
i=1 =1

—infwi(:c*)Jrin?’V@i(rﬂ*) =0, (2.1)

=1 =1
pi(z*) <0, pipi(z*) =0, Vi=1,2,...,p, (2.2)
Glz*) =0, Vi=1,2,...,q, (2.3)
nt=0,ie€Ay, nf>0, i€ NooUAo_, 1¢ free, i€ Aoy, (2.4)
nP=0,i€A,_UA_UAoy, 0¥ >0, i€ AigUAg, (2.5)
nili(z*) = 0,nE®;(z*) =0,Vi = 1,2,.., 7. (2.6)

We define the following index sets which will be useful to prove the sufficient optimality conditions and

duality results.

AL ={ie{1,2,..,p}u >0}, Azf = {i € A¢|yi > 0},
A; ={ieAcly <0}, AL ={ie Avlni >0}
A$ = {i € Ag|nf > 0}, Ay = {i € Aolnf < 0},

Ay, ={i € Aoy n < 0}, Ago = {i € Aoo|ny” < 0},

ATy=A{ie Apoln® < 0}, Ay = {i € Agolny” > 0},

Agp=1{i € A00|77;I) <0}, Aio ={ie A+0|7I? > 0},

Ajg={ie Ajolnf <0}, AJ_ = {i € Ao_|nf >0},

Af_={ieAi_|n} >0}

We now turn our attention to define some well-known concepts of convexity and generalized convexity for

a real valued differentiable function (see, for example, [4]).
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Definition 2.4. Let Q2 : X C R™ — R be a continuously differentiable function. Then, Q is said to be a

(strictly) convezx at (x # z* € X) o* € X if for any x € X, we have
Qz) — Q") (>) > (z — )T VQ(z*).

Definition 2.5. Let Q2 : X C R™ — R be a continuously differentiable function. Then, Q is said to be a

quasiconvex at x* € X if for any x € X, we have
Qz) < Q") = (z—29)TVQ(2z*) <0,

equivalently

(z —2*)TVQ*) > 0= Qz) > Q).

Definition 2.6. Let 2 : X C R™ — R be a continuously differentiable function. Then, Q) is said to be a

(strictly) pseudoconvex at =* € X if for any x € X, we have
(z —2z*)TVQz*) > 0= Qz)(>) > Qz*),

equivalently

Q) (<) < Q%) = (z — 2)TVQ(z*) < 0.
3. SUFFICIENT OPTIMALITY CONDITIONS

In this section, we establish sufficient optimality conditions for the problem (IVVC) using the concept of

generalized convexity.

Theorem 3.1 (Sufficient optimality conditions). Let & € F and there exist 0 < Al A\Y € R, y; € Ry i =

1,2,..,p,v: € Ryi=1,2,....,q and nf, 77;;’ € R,i=1,2,....,r such that

q
MNvuh(3) + AV VI (3 +ZMN% 2)+ > nVG(E)

- Z nivL(F) + Z nEve,(z (3.1)

0i(Z) <0, pipi(Z) =0, Vi=1,2,...,p, (3.2)
¢i(z)=0, Vi=1,2,...,q, (3.3)

nf =0, i€ Ay, nf >0, i€ AggUAg_, nf free, i€ Aoy, (3.4)

nP=0,i€A,_ UA_UAoy, 02 >0, i€ AigUAg, (3.5)
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nili(3) = 0,nF®i(2) =0,¥i = 1,2, ..., 7. (3.6)

P
Further, assume that \LWL() + \UWUY()) is pseudoconver at & on F and that . pipi(.), Gi()(E € Azf),
i=1

~Gi()G € AD), () € ATUAD), Gi()(i € Ay), —@i()(i € Ay, UM UATY), @4(.)(i € AdyUAT UAT U

AT_) are quasiconver at & on F. Then & is a LU optimal solution of the problem (IVVC).

Proof. Suppose contrary to the result that Z is not a LU optimal solution to the problem (IVVC), then by

Definition 2.1 there exists xzg € F such that
\I’(JZQ) <LU \I’(i)

That is,

Ul (2g) < UL(2) Ul (20) < UL(2) UL (zg) < UL (7)

WY (z0) < WY (%) , WY (z) < WY (%) 7 WY (x) < WY (F) |

Since A > 0, AY > 0, therefore the above inequalities yield
MWL () + AV Y (z0) < AEUE(2) + NV WY (2),
which by pseudoconvexity of AlWE(.) + AV WY (.) at Z on F, we obtain
(xo — )7 [ALV\I/L(fc) + AV WU@)} < 0. (3.7)

For g € F, u; € Ry,i=1,2,...,p, we have p;p;(xo) < 0,i=1,2,...,p, which in view of (3.2) implies that
P P
> mipi(ro) <Y mipil@),
i=1 i=1

P
which by quasiconvexity of > u;p;(.) at & on F, we get
i=1

(wo — )" niVei(#) < 0. (3.8)

i=1
By similar arguments, we have

(o — )TV¢(2) <0,Vi € AT,
—(zo —&)"V(i(E) <0,Vie AL,
—(z0 — 3)TV;(2) < 0,Vi € AT UAJ,
(zo —2)T'VL(7) <0,Vi € Ay,
—(mo — 2)TV®(F) < 0,Vi € Ay, UAgy UAT,

(2o — )TV (&) < 0,Vi € Afy UAJ UATUAT_,
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which by the definition of index sets one has

(zo — &) {chz anw )+Zn§>vq>i<rz)]so. (3.9)

On adding (3.7), (3.8) and (3.9), we get

q
(zg — 2)T [ALWL( )+ AVVeY (7 +Zuzwz )+ Y nVG(#)
=1

=D V(@) + anwi@] <0,
i=1 i=1
which contradicts (3.1). This completes the proof of this theorem. ]

Now, we verify the sufficient optimality conditions by the following example.

Example 3.1. Consider the following interval-valued optimization problem:
(IVVC-1) min  U(z) = [¥F(2), VY (2)] = [z + 2°, 2°]

zel;

subject to

Oy (z)(z) = 2(1 +2%) <0,
which is the form of (IVVC) withn =1, p=q =0 and r = 1. The feasible region of (IVVC-1) is
Fy ={x € R|¢1(z) > 0, ®1(x)l;(x) < 0}.

Note that & = 0 is a feasible solution of (IVVC-1) and it can be easily observe that there exist 0 < A, AV € R,
n{, and n¥ € R such that the relations (3.1)-(3.6) hold for the problem (IVVC-1). Also, it is not difficult
to see that NPWL () + A\VWY () is pseudoconver at & on Fy and {1(z), ®1(z) are quasiconvez at T on F;.
Since all the assumptions of Theorem 3.1 are satisfied, then £ = 0 is a LU optimal solution of the problem
(IVVC-1).
4. MOND-WEIR TYPE DUALITY
We present the following Mond-Weir type dual for (IVVC).

(IMWDVC) max ¥ (y) = [T (y), ¥Y(y)]

subject to

q
ALV OL (y) + AV VDY (y) +ZW% )+ > 7V

- anwi(y) + > Vei(y) =0, (4.1)

=1
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pi >0, pipi(y) >0, Vi=1,2,...,p, (4.2)

vi € Ryvi¢(y) =0, Vi=1,2,...,q, (4.3)

nl >0, Vie Ap,nl € R,Yi € A, (4.4)

—nti(y) >0, Vi=1,2,...,r, (4.5)

0< AN eRn? <0, VieAoy, nf >0, Vie (Ao UA,_), (4.6)

nP €R, Vie (AooUAio), nf®i(y) >0, Vi=1,2,...,r. (4.7)

We denote by W; the set of all feasible solutions of the problem (IMWDVC) and let prW; = {y €

R (y, N, AV, i, v,m%,n®) € W1} be the projection of the set W, on R™.

Now, we prove duality results between problems (IVVC) and (IMWDVC) under certain generalized con-

vexity assumptions imposed on the involved functions.

Theorem 4.1 (Weak Duality). Let x € F and (y, \E, AU, ., n,n®) € Wy. Further, assume that \PWE () +
P
AVWY () is pseudoconvex at y on F U prWy and that > miei(.), GG € AZF), —G() e Ay), —G()( €

i=1

ATUAD), GG € Ay), —Pi()(i € Agy UAGUAL), ®i()(i € AdyUAT_ UAT UAL_) are quasiconvez at

y on FUprWyq, then U(z) >rv U(y).

Proof. Suppose, contrary to the result, that
\I!(:v) <LUu \I/(y)

That is,
h(z) < TH(y) Uh(z) < Wh(y) Uh(z) < TH(y)

or or

7 )

W (a) < W (y) W (a) < W (y) Wia) < WU(y)

Since A > 0, AY > 0, therefore the above inequalities yield
MWL () + AV OY () < AL (y) + AV TV (y),
which by pseudoconvexity of ALWE(.) + AV WY () at y on F U prW, we obtain

(z — )T I NVEE(y) + AVVEY(y)| <o0.

(4.8)



Int. J. Anal. Appl. 18 (5) (2020) 794

Forx €F, u; > 0,i=1,2,....,p, we have p;p;(x) <0,i=1,2, ..., p, which in view of (4.2) implies that

P

p
Z.uisﬁi Z pipi(y
1=1

P
which by quasiconvexity of > u;p;(.) at y on FU prWy, we get
i=1

P
TN wiVeily) <. (4.9)
i=1
By similar arguments, we have
(x —y)TVE(y) <0,Vie Az,
—(z—y)"VGiy) <0,Vie A,
—(z — y)TV&(y) <0,Vie Ai U Aa',
(z —y)"Vei(y) <0,Vie Ay,
—(z—y)"V®i(y) <0,Vi € Ay, UMy UAL,
(z—y)"V®;(y) <0,Vi € AdyUAT UAT UAT_,

which by the definition of index sets one has

[Z%VQ ZnZW +Zn‘1’v<1> ] 0. (4.10)

On adding (4.8), (4.9) and (4.10), we get

(a0 TG+ ATy +Zw% D+ Y VGw)

- anw + Zn‘I’V@ ] 0,
which contradicts (4.1). This completes the proof of thls theorem. O

Now, we verify the weak duality theorem by the following example.

Example 4.1. Consider the following interval-valued optimization problem:

(IVVC-2) min  U(z) = [T (2), VY (2)] = [z + 2°, 2°]

z€lFs
subject to

l(x) = x>0,
Oy (x)ly(z) = (-2 +x)z® <0,
which is the form of (IVVC) withn =1, p=q =0 and r = 1. The feasible region of (IVVC-2) is

Fy = {!E S R|€1(:I:) >0, @1(,@)(1(3?) < 0}
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For any feasible x € Fq, the corresponding Mond-Weir type dual problem for the primal problem (IVVC-2)

is given by
(IMWDVC-1) max ¥(y) = [T5(y), VW (y)] = [y +4°,y°]
subject to
NEVE (y) + AUV Y (y) — i Vi (y) + 07 V1 (y)
=M 430y +5AYyt — 3niy? + 0t =0,
nt >0, ifleAy, 0t €R, ifi€ Ao,
nt <0, ifl1ehoy, nf >0, ifle(No-UA ), nf €R, ifie (AooUAio),
0 <\ AV e R,

—nili(y) >0, nf®(y) > 0.

Let Wy be the set of all feasible solutions of the problem (IMWDVC-1) and note that, (y, N, AV, n%, n®)
(0, %, %, ,—%) is a feasible solution for (IMWDVC-1). Furthermore, it is not difficult to see that \EWE(.) +
NUWY () is pseudoconvex at y on Fy U prWy and £1(.), ®1(.) are quasiconvez at y on Fy U prW,.

Also, for the feasible solutions x = 1 for (IVVC-2) and (y, \*, AV, nf,nE) = (0,1, 3,1, —2) for (IMWDVC-
1), we observe that

\I/(Q'J) >rLu \I/(y)

Hence the weak duality Theorem 4.1 is verified.

Theorem 4.2 (Strong Duality). Let & be a LU optimal solution to the problem (IVVC) and the generalized
Guignard constraint qualification (IVVC-GCQ) is satisfied at &. Then there exist AU > 0, AL > 0, ie R,
v € R, n* € R, and n® € R such that (Z,\", AV, u,v,n*,n®) is a feasible solution for (IMWDVC) and
the two objective values are same. Further, if all the assumptions of the Theorem 4.1 are fulfilled, then the

point (T, \*, ANV, u,v,1°,n®) is a LU optimal solution of (IMWDVC).

Proof. By assumption Z is a LU optimal solution for (IVVC) and the generalized Guignard constraint
qualification (IVVC-GCQ) is satisfied at this point, then by Theorem 2.1, there exist A >0, AL >0, s Rﬁ,
v € RI,n' € R, and n® € R" such that the conditions (2.1)-(2.6) are satisfied. Thus, (Z, A", AV, u, v, n%,n®)
is feasible in (IMWDVC), moreover, the corresponding objective values of (IVVC) and (IMWDVC) are equal.
Further, if (#, A2, AV, i, v,7%, 1n®) is not a LU optimal solution to (IMWDVC), then there exists a feasible
solution (7, \X, AV, i, v, 0%, n®) for IMWDVC), such that the following inequality is satisfied

\I/(f) <LUu \I/(g)
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This is a contradiction to the Theorem 4.1. Hence (&, A\, AV, u,v,n% n®) is a LU optimal solution to
(IMWDVC). O

Theorem 4.3 (Strict Converse Duality). Let & € F and (g, AE NV i, A, 0t 0%) € Wy such that

MWL () + AVOY (2) < MNEOE () + AV 0V (). (4.11)

- - P
Further, assume that NEWL () + A\UVWY()) is strictly pseudoconver at § on F U prWy and that > ji;pi(.),
i= 1

GG € AD), =G € Ag), —6i()(i € ATUAD), Li()(i € Ag), —i()(i € Agy UAgy UAT,), ®i()(i €

AJy UAS_ UAT UAT ) are quasiconvez at § on F U prWy, then & = §.

Proof. Suppose, contrary to the result, that & # §. Since & and (7, A\¥ Y LA, it 7i?) are feasible solutions
in problems (IVVC) and (IMWDVC), respectively, then

p P
2 uei(®) < D e
which by quasiconvexity of Y7, fi;¢0;(.) at § on FU prWq, we get

p
)" V() <0. (4.12)
i=1

By similar arguments as in Theorem 4.1, we have
(@ —9)TV¢(H) <0,Vie Al

—(F-9)"VG6(@) <0,Vie A,
—(@—9)"V(7) <0,Vi € ATUAS,
(Z—9)"VL(5) <0,Vi € Ag,
—(@ - §)VO(§) < 0,Vi € Ag, UAgy UAZ,
(& —§)TV®;(5) < 0,¥i € AfyUAT UAT UAT_,

which by the definition of index sets one has

[Z%VQ ZmV€ +va<1> ] 0. (4.13)

On adding (4.12) and (4.13), we get

[Z 1iVei(g) + Z V(g Z ; Vé ) + Z Ua V(I) ] 0,

which together with (4.1), implies that

(@ —9)T {)\LV\I!L(y) + )\UV\IIU(y)} > 0.
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In view of strict pseudoconvexity of ALWL(.) + AUVWY () at § on F U prW,, the above inequality gives
AWl (z) + NVOY (2) > Nwk () + AV e (p),
which contradicts (4.11). This completes the proof of this theorem. ]

5. CONCLUSION

In this paper, we have derived sufficient optimality conditions for an interesting class of interval-valued
optimization problems with vanishing constraints under generalized convexity assumptions. Furthermore,
weak, strong and strict converse duality results for a Mond-Weir type dual model have been established. It
would be interesting to see whether the results derived in this paper hold for a non-differentiable multiple
interval-valued objective programming problems with vanishing constraints. We shall investigate it in our

forthcoming papers.
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