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ABSTRACT. The problem of nonlinear ion-acoustic waves equation in a magnetized plasma, known as
Zakharov-Kuznetsov equation, is investigated by using symmetry analysis. The carryover of the symmetry
analysis has led to certain similarity reductions of this equation. Furthermore, exact solutions of similarity
reductions are obtained by modified Exp-Function method with computational symbolic. Some figures are

obtained to show the properties of the solutions.

1. INTRODUCTION

There are many well-known methods to obtain exact solutions [1 —5]. In order to unite and widen various
specialized solution method for partial differential equations Lie introduced the notion of continuous groups
now know as Lie groups. contiuing his investigations he shown that partial differential equation can be
reduced to many ordinary differential equations which is led to varied solutions . In the last century, the
application of the Lie groups has been developed by a number of reserchers. Ovsiannikov [6], Olver [7],
Ibragimov [8], and Bluman et al. [9] are some of the mathematicians who have huge number of studies in

that field.
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Consider the nonlinear ion-acoustic waves equation which is called (1+3)-dimensional Zakharov-Kuznetsov

(Zk) equation [10,11] in the following form:

Ut + P1uU Uy +p2ux,z,a: + P3Uz, y,y + Palg,z,» = 0 (1)

where p1, pa, p3 and p4 are nonzero constants. ZK [10] is described the diffusion of nonlinear ion-acoustic
waves in magnetized plasma [10]. This equation was devoted to study many properties including presence

and stability of solitary wave solutions for the ZK model [10, 13 — 15].

2. DETERMINATION OF THE SYMMETRIES

Firstly, we shall conclude the similarity reductions using Lie group method [16 — 22]. In order to apply

Lie group method we can write the one parameter Lie group of infinitesimal transformations as follow:

t* =t+eA(t,x,y, z,u) + o(e?),2* = x +eB(t,x,y, z,u) + o(e?),

u* =u+eB(t,x,y,2,u) + o(e?). (2)

If we set
A= Ut + P1U Uy +p2uw,w,;ﬂ +p3uz,y,y + Palyg 2 > = 0 (3)

where subscripts ¢, z, ¥ and z to the function u denote differentiation with respect to these variables. The
infinitesimal generator V associated with the above mentioned group of transformations can be presented as

following expression

o o o o 98
a2l il i pl gl 4
V=dg + B, v 0%, T Pa T e (4)

when the following invariance condition is satisfied:
ré(a) =o, (5)

where I'®) is the third order prolongation of the operator V

0 9 0 9 9
) g, T B gy, T Pleen) gy — + By g — + Blazay g — (6)

r®=v4+Eg
* 8ut 0 Yy 8ua:zz,

where the components Ej,), Ej;.), E]| Ely2), Epy....can be determined from the following expressions:

zyyl>

Ep) = D,E — u;Dy A — u, D, B,

E[wt] = DtE[s] - UtthA - UmetB (7)
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Substituting (3) into invariance condition (5), yields an identity components A,., A, B, By, -

.. hence we

collect the coefficients of ug, Uz 5 5,... and equate it to zero, which led to obtain a system of linear differential

equations of the infinitesimals A, B,C and F

Aac:Ay:Az:Au:At,t:Oy

1
By =B,=B,= Bt,t = OuB:L’ = gAta
1 —
Ci=Cy =B, =0,C,=3A, C: = p,,
2
1
Di=Dy,=D,=D,,=0,D, = §At,

_p%UQB;c +p1UA:c —pubB, —p1E+ A= 0,

3p2Cw,x + pSCy,y +p4Cz,z =0,

Solving resulting of partial differential equations system, we got:

1
A =cit +co, B:§clx+plc7t+04
1 1
C=-cay— 03&24- cs, D= sc1z+c3y+ ce,
3 P4 3
E=—ciu+ecr.
3 +c7

We can be easily write the vector field operator V from (9) as

V = Vi(e1) + Va(ez) + Va(es) + Va(ea) + Vs(es) + Vis(cs) + Va(er),

where
Vlt;+;<xaagj+y88+zaa zaau),
H=2 ng;%’za%w%
w:%,%:%,%f%,
V7=P1t%+§u.

The commutator relations are given in Table 1.

(11)
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Table 1: The commutator table

Vi Va V3 Vi Vs Ve V7
Vi 0 Vs 0 Fvi FVv FV i
Vo Vi 0 0 0 0 0 mVi
Vi 0 0 0 0 Vi BV 0
Vi Vi 0 0 0 0 0 0
Vs Vs 0 0 Vs 0 0 0
Vo Vs 0 ==V 0 0 0 0
Vi 2V -mVg 0 0 0 0 0

From the commutator relations in table 1, we utilized the following six non-equivalent possibilities of Lie
algebra
DV +mi Vo + moVy + maVs + my Vs + ms V7,
INHVa + miVy + maVs + maVs

IV)VQ +m1 Vs + maVy

(

(

(IIDVy + mi Vs + moVz
(

(V)Va +my Vi + ma V7
(

VI)‘/Q + m1V4 =+ m2V5
3. REDUCTIONS AND EXACT SOLUTIONS

In order to obtain the invariant transformation, we can write the characteristic equation as follow

dt B dx B dy B dz B du
A(tamvyaz?u) B B(t7xayazﬂu) B C(tax?y7z7u) B D(t7x7yaz7u) B E(t7x7yazvu)'

(12)

This equation is solved for the above six cases the invariant variables, then the corresponding reductions
to partial differential equations are obtained and by using the similarity transformations the govern partial

differential equations reduced to ordinary differential equations
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Table 2: The invariant variables and their corresponding partial differential equations

Case The invariant variables

Corresponding partial differential equations

¢y Co Cs U
o m5
I(1) fozmttn_ying 2ty E__4ms 9F4(,F F F¢.-3pi FF
® Crm)d @bmp¥ Grm)d rmpd 2 B S Rt
-3P2F ¢, ¢, ¢,-3P3F ¢, ¢,¢,-3PaF ¢, ¢3¢, =0
Case The invariant variables Corresponding partial differential equations
C1 Co Cs U
ms
(i) =t _uina 4 E_ 1ms f t p1FF¢ +(poF +psF
( ) (t+m1)% (t+m1)% (t+m1)% (t+m1)§ 2 we put p1 ¢1 (p2 616161 TP3Y (50,
+p4FC3§3)41:0, we conclude that
[2F+¢ 1 Fe, +CoF ¢, +(3F ¢, |=0
1I r—mqt y-mot z-msat F m1F<1+m2FC2 +m3F<3—p1FF<1
—P2F¢ ¢, ¢, —P3F¢ ¢, —PaF ¢ ¢ =0,
111 t y-mpxX Z-MoX F F¢, —p1F(m1F¢, +maFe, ) —my (pzm%
+p3)F¢,¢,¢, —m2(3pami+pzm)
FC2<243_m1 (3p2m%+p4m1)FC2(3C3
7m2(3p2m§+p4)F<343C3:0
v x y-mpt Z-mat F miFe, +moF¢, —p1FF¢, —paFe ¢ ¢,
7P3F<1<2<2 *p4F<1<3<3 =0,
A\ x-mpt y Z-mat F m1F¢1 +m2F43—p1FF41 _p2FC1C1C1
_p3F41<2<2 —p4F<1<3<3:0,
VI x-myt y-mot 4 F mlFCI +m2F42 _plFF§1 _p2FC1C141

—P3F¢ ¢o¢, —PaF¢ ¢5¢, =0,

where ng = 3mg, ng = 3my, n = 3my — %plmgmg)
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Case I(i):

In this case, we put 0 = k1(; + k2(s + k3(5,then, the equation can be written in the form:
2F + OF" — 3p1k1 FF' — 3k (pok? + psk3 + pak2)F" = 0. (13)

To obtain the solution for the ODE corresponding to this case, we assume that this solution takes the
following form
b b
F:ao+a19+a292+§1+9—3. (14)
Substituting Eq. (14) into Eq. (13), equating to zero the coefficients of all powers of 6 yields a set of
algebraic equations for ag, a1, a1, b1, be,solving the system of algebraic equations with the aid of Maple, we

obtain the following results:- ag=a;=b1=bo=0, alzﬁ, then, the final solution of Eq. (1) can be written

in the form:

1 ms ms
u(t,z,y,z2) = ———|ki(x — —pit +n) + ko(y + n3) + k3(z + ng)] + — 15
(0.9:2) = sl (o = Tt )+ Rl ) + kol + )]+ (15)
Case I(ii): In this case we have to solve the following two PDEs
PLEFG +PaFe ¢, ¢ P o0, TPaF g, = 0, (16)
2F+C Fe, +CoF, +(3Fe, = 0. (17)

We now introduce the simplified form of Lie-group transformations namely, the scaling group of transfor-

mation

F=eF, (=€, G=€e2(, (= (18)
Substituting from (18) into (17) we have € = €3 = €3 = —¢.
This mean that (16) is invariant under the transformation (18) and the characteristic equation can be

written as
d¢y _dG _dG _ —dF

GG G F 1)
We get the similarity variables
G G f
M= MNa= = == 20
PG TG ¢ 2

Substituting from (20) into (17) we find that it is satisfied. Also substituting from (20) to Eq.(16) we

obtain
plffﬂl +p2fn1mm + 12p3f771 + 8p3771f771 + 8p3772f772
p377%f771771771 +p377§fmnmz + 2p37]1772f771772712 +p4f7]1772772 =0. (21)

By using 6 = n; + 1, (21) can be written in form

piff +pof” +4aps(3+20)f + (p30® +pa)f” +40 46> +2—-60=0. (22)
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Using the same method in the previous case, hence, we have obtained the following exact solution to ODE

—12(p2+p4)

P then the solution of Zk equation is

corresponding this case in the form f =

12
u(t,z,z) = o5 _ (pznj- ) 5+ (23)
2 pi(ntng— Pt +2)
Case II: We take 6 = k1(y + k2(, + k3(5, then equation of case (IT) can be written in the form
(kimy + kamg + ksmg)F' — p1k  FF'
— k1(p2k? + p3k3 + psk3)F" = 0. (24)

To utilize the solution for the ODE corresponding to this case, we used modified Exp-Function method

[13,23], which is expressed in the form:

> an[o(0)]"
F(e) — n=-—c
;_dbm[qﬁ(@)]m
_a_c[Pp(0)] 7+ ...+ ay[B(0)]P
g Tt by lol6)] >
where ¢(0) satisfies the following Riccati equation
¢'(0) = A+ B ¢(0) + C ¢°(0). (26)

see [24-25].
We can freely choose the values of n and m in (25), that the solution does not depend on the balancing

of the highest order linear and nonlinear terms [24].

w o ar]p(0)] 78S Lt an[p(0)]P SIS

e bi[p(0)] 799 + ...+ bo[p(0)]% (27)
;o ag[p(0)] 72078 4 L+ ag[g(0)])2P TS

= b3[(0)] =99 + ... + ba[$(6)]% ’ (28)

where a; and b; are determined coefficients only for simplicity. From balancing the lowest order and highest
order of ¢ (27-28) we obtain —¢c—8d—3 = —2¢—7d—3, which leads to the limit ¢ = d and p+8d+3 = 2p+7d+3,

which leads to the limit p = ¢. For simplicity, we set p=q=1, we have

e a_1[¢(0)] 7t + ag + a1[p(0)]
b_1[p(0)] "+ bo + b1[6(0)]
_aa+ ao[6(0)] + a1[0(0)]? (29)
b1+ bo[d(0)] + bi[¢(0)]?
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Substituting (29) into (24), equating to zero the coefficients of all powers of ¢(6) yields a set of algebraic

equations for a; and b,;. By aid Maple we solve this algebraic equations, we get:

a_1 = (k1my + kamao + ksms
k1p1
— k1(B® + 8AC)(p2k? + psk3 + pak3))]b—1,
—12BC
ag = | o (pok? + psk3 +p4k32,)}b—17
—12C?
a1 = | (p2k? + psk3 + pak3)]b_1, bo=b1=0. (30)

The corresponding traveling wave solutions to (1) are:

Case 1: A# 0, B# 0, C# 0.

u(t,z,y,z) = Fapn (kimy + kama + ksms — ki (B* 4+ 8AC) (p2k3 + p3k3 + pak3))
12BC —B V4AC — B2
— k? k2 ) —
o (p2ki + p3ks + pa 3)[20 e
1
tan (5(\/ 4AC — B2(ky(x-mt) + ko (y-mot) + k3(z-mat)+dg)))]
_ 12C2 —B V4AC — B2

k? k2 [ —
s (p2ki + p3k; + pa 3)[2C+ 50

tan (5 (VAAC — B(ka(smyt) + ka(ymat) + ks(mat) o))

Case 2: A= 0, B# 0, C# 0.
1
u(t,z,y,2) = Tipr (kyma + kama + ksms — ki (B® 4+ 8AC) (p2k7i + psks + pak3))
1P1

12BC
- T(szf + p3k3 + pak3) {

—Bexp(B(k1(x-mit) + k2 (y-myt) + k3(z-mat)) + Bdy) }
Cexp(B(k1(x-myt) + ko (y-mqt) + ks(z-mat)) + Bdy) — 1

—Bexp(B (ki (x-myt) + ka(y-myt) + ks(z-mat)) + Bdy) }
(

1202
B Cexp(B(k1(x-myt) 4+ ko (y-mqt) + ks(z-mat)) + Bdy) — 1

(pok? + psk? + pak?) {

(32)
Case 3: A= %, B=0, C= %

(kimi + kama + ksms — 2k1 (paki + psk3 + pak3))

u(t,x,y,2) =
kip1
tan(ky (x-myt) + ko (y-myt) + ks(z-mot)) 17

1+ sec(ky(x-myt) + ka(y-myt) + k3(z-mat))

3
- 271(192/‘5% + p3k3 + pak3)
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Case III: We have two subcases

Subcase(a) We take 0 = k1(; + k2(y + k3(3, then equation of case (III) can be written in the form
ki F' — py(kamy 4 kgma) FF' — (kgmy + kzms)
(p2(kama + kama)® + paks + pak) " = 0. (34)

Substituting (29) into (34), equating to zero the coefficients of all powers of ¢(6) yields a set of algebraic

equations for a; and b; i.e i=-1:1. By aid Maple we solve this algebraic equations, yields
a1 =b_1=0by=0, B=0, ag is arbitrary
kl = (k2m1 + k3m2)(a()p1 + 8AC’(k2m1k3m2p2

+ k3 (mip2 + ps) + k3 (m3ps + pa))),

—12 A?
yal

+ k2(m2ps + pa))]b1. (35)

a_1 =] (kamiksmapa + k3 (mip2 + p3)

We apply the related ¢(0) functions for this choice of A, B and C.
Using the cases in Appendix A wherein A= 1, C=1, yields

12
u(t,z,y,2) = ag — F(k2m1k3m2p2
1

+ kT (mips + ps) + k3 (m3ps + pa))
1

36
tan?(k1t + ko(y-m;x) + k3(z-max)). (36)
where ky = (kamq + ksmz)(aop1 + 8(kamiksmaps + k3 (mips + p3) + k2 (mips + p4))).
For A= %, C= _71, we get the following solutions
3
u(t,z,y,2) = ag+ ;(k2m1k3m2p2
1
+ K (mip2 + p3) + k3 (m3ps + pa))
1 £ sech(kit + ka(y-m,x) + k3(z-m2x)) 5
[ ] (37)
tanh(kit 4 ko(y-m;x) + k3(z-max))
where ki = (kamy + ksma)(aop1 — 2(kamiksmaps + k3 (m3ps + ps) + k3(m3ps + pa)))
Subcase(b) Using the scaling transformation to case III
F=eF, (3 =¢"(, (=€, (3=€% (s (38)
Substituting from Eq.(38) into case 11T we have %261 = —2ey = —2¢3 = €.
Then, the characteristic equation can be written as
—-2d —2d —2d dF

3G G (s r
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We get the similarity variables

¢ ¢
771:%7 7]2:7?3 F=

S S

(40)

N
Hm\m‘&”

By substituting into case III we get

2 1 1
31 3mFny + g2, + mapif i, +mapi f fo,
+my(m3p2 + p3) fyunin, +m2(3m3pa + p3) foinin,

+ ma (3m3p2 + pa) fi,nyn, + M2(M3p2 + pa) fonon, = 0. (41)

By using 0 = k1ny + k2n4,(41) can be written in form

2 1
gf + gef/ + p1(maky + maoks) f f/
+ makf (mips + p3) [ + makTka(3mips + ps) f”

+ m1k3ky (3m3ps + pa) f 4+ mokd (m3ps + pa) f = 0. (42)

To find the solution for the ODE corresponding to this case, we assume that this solution takes the

following form

b b
f:a0+a19—|—a292+§1+0—§, (43)
where ag, a1, ag, biand by are arbitrary constants, Substituting from (43) into (42) and collecting the various
powers of 6 then equating them to zero, we get system of algebraic equations in the constants ag, a1, as,

biand by . Solving this system with the aid of Maple program, we get the following solutions:

ap =ay =by =by =0,

—(1
k ( +a1p1m2k2). (44)
aipimsi

Then, we have obtained the following new exact solution for (1)
a
u(t @y, ) = = (ka (y-m;%) + ks (z-msx)) (45)
Cases I'V: We take the transformation 6 = k1(; + kaCy + k3(3,we get

(k‘gml + k‘gmg)F/ — plleF/

— 3ky (p2ki + psk3 + pak3)F" = 0. (46)

To obtain the solution for the ODE corresponding to this case, substituting (29) into (46), equating to

zero the coefficients of all powers of ¢(6) yields a set of algebraic equations for ag, a;, b;, i=1, 2. By aid
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Maple we solve this algebraic equations, yields

1
ap = W(a,ﬂﬁpl(B2 + 8AC) + 12by A%(my kg + maks))
e (P o 2 (k2 4 pak2)), ap = 21D
b2 12k, 42" by DP3Ra T P4R3)), Qo "
b_y = by = 0. (47)

Using choices for A, B and C, then we obtain the follwing exact solutions of (1)
1
u(t, 2, y,z) = o——(2a_1kip1 + 3b1(miks + maks))
3p1ky
+ -
by (tan(kiz + ko (y-m,t) 4 ks(z-mat)) % sec(kyz + ka(y-myt) 4 ks(z-mot)))?’

(48)
where A= 3, B=0, C= 1 and py = —3,1€1 (pl]jil’l + 3(p3k3 + pak3)).
u(t,x,y,z) = (—2a_1k1p1 + 3by(m1ks + maks))
3p1k1
+ -
by (tanh(k1z + ko (y-myt) + ks(z-mat)) + sech(kiz + ko (y-myt) + ks(z-mat)))?’
(49)
where A= 1, B=0, C= 3! and p, = fﬁ(pfil’l + 3(psk3 + pak3)).

4. CONCLUSION

Symmetry analysis and modified Exp method were successfully used to obtain new solitary wave solutions
for ZK equation. The solutions have physical structures and depend on the real parameters. finally, new

type solutions of Riccati were obtained in family 1-4.
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Fig. 1: Singular wave solution of (24), where
P1=P2=p3=ps=n=mm;=mp=mg=ng =1,z=1.

Fig. 2: Periodic solution of (31), where
P1=P2=P3=ps=m1=mp=mz=ng =1,
ki=ko=k3z=1 and y=z=1.

Fig. 3: Periodic solution of (36), where
P1=p2=p3=ps=m;=mp=mg=ng =1,
ap=k;=ko=ks=1 and y=z=1.

Fig. 4: Periodic solution of (48), where
P1=p2=p3=ps=m;=mp=mg=ng =1,
kj=ko=ks=1 and y=z=1.
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