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1. INTRODUCTION AND PRELIMINARIES

One of the most important tools in fixed point theory is Banach contraction principle. A lot of authors
have extended or generalized this contraction and proved the existence of fixed and common fixed point
theorems (for example see [19]- [28]). In this sequel, Bakhtin [7] and Czerwik [10] introduced b-metric spaces
as a generalization of metric spaces. They proved the contraction mapping principle in b—metric spaces
that generalized the famous Banach contraction principle in such spaces. After that, several papers have
dealt with fixed point theory for single-valued and multi-valued operators in b-metric spaces (for example

see [11], [27], [29], [32]).

On the other hand, Matthews [21] introduced the notion of partial metric space as a part of the study
of denotational semantics of dataflow networks, showing that the contraction mapping principle [8] can be

generalized to the partial metric context for applications in program verifications.

b—metric spaces [7] and Partial metric spaces [21] are two well known generalizations of usual metric
spaces. Also, the Banach contraction principle is a fundamental result in the fixed point theory, which has
been used and extended in many different directions. Recently, Shukla [35] introduced a generalization and

unification of partial metric and b-metric spaces as the concept of partial b-metric space.

In this section, we recall some useful definitions and auxiliary results that will be needed in the sequel.

Throughout this paper, N and R denote the set of natural numbers and the set of real numbers, respectively.

Definition 1.1. ( [7], [10]) Let X is a nonempty set and let s > 1 be a given real number. A function
d: X x X — [0,00) is said to be a b—metric space on X if and only if for all x,y,z € X, the following

conditions hold:

(1) d(z,y)
(2) d(l‘, y) = d(y> .1‘),
(3) d(z,z) < sld(z,y) + d(y, 2)].

0 if and only if z =y,

The triplet (X,d, s) is called a b—metric space.

It is well known that the class of b-metric spaces is larger than the class of metric spaces when s = 1, the

concept of b-metric space coincides with the concept of metric space.

Example 1.1. Consider the set X = [0,1] endowed with the function d : X x X — [0,00) defined by

d(z,y) = |z — y|2 for all z,y € X. Clearly, (X,d,3) is a b—metric space but it is not a metric space.
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Example 1.2. Let X = R and let the mapping d : X x X — [0,00) be defined by
d(z,y) =|x—y|* for allz,y € X.
Then (X,d) is a b-metric space with coefficient s = 2.

Definition 1.2. [21] Let X be a nonempty set. A function p : X x X — [0,00) is called a partial metric

space if for all x,y,z € X, the following conditions are satisfied:

p1) =y < p(z,z) = p(r,y) = p(Y,y),

(p1)
(p2) p(z,7) < p(z,y),
(p3) p(z,y) = p(y,z),
(pa) p(z

( ) < p(a?,Z) +p(25y) —p(Z,Z).

The pair (X, p) is called a partial metric space(PMS). The sequence {z,} in X converges to a point z € X
if lim,, o0 p(@n, ) = p(z, ). Also the sequence {z,} is called p—Cauchy if the lim, m—ooP(Zn, Ym) exists.
The partial metric space (X, p) is called complete if for every p-Cauchy sequence {z,, }-, there is some x € X

such that

p(r,x) = nlggcp(xn, r) = n’}%rgoop(xn, Tp)-

A basic example of a partial metric space is the pair (R, p), where p(z,y) = max{z,y} for all z,y € RT.

Definition 1.3. [35] Let X be a nonempty set. A function b: X x X — [0,00) is called a b—partial metric

space if for all x,y,z € X, the following conditions are satisfied:

) z =y if and only if b(z,x) = b(x,y) = b(y,y),
) b(z,z) < b(z,y),

p3) b(z,y) = by, z),
)

there exists a real number s > 1 such that b(z,y) < s[b(z, z) + b(z,y)] — b(z, 2).

(Pe1
(Po2
(

(Pba

Remark 1.1. [35] In a partial b—metric space (X,b) if x,y € X and b(xz,y) = 0, then © = y, but the

converse may not be true.

Remark 1.2. [35] It is clear that every partial metric space is a partial b—metric space with coefficient
s =1 and every b—metric space is a partial b—metric space with the same coefficient and zero self-distance.

However, the converse of this fact need not hold.
Example 1.3. [35] Let X =R*, p > 1 is a constant and b: X x X — R be defined by

b(z,y) = [max{z,y}" — |z —y/|’
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for all z,y € X. Then, (X,b) is a partial b—metric space with coefficient s = 2p > 1, but it is neither a

b-metric nor a partial metric space.

Proposition 1.1. [35] Let X be a nonempty set such that p is a partial and d is a b—metric with coefficient
s> 1 on X. Then the function b: X x X — R defined by b(x,y) = p(x,y) + d(x,y) for all z,y € X is a

partial b-metric on X, that is, (X,b) is a partial b—metric space.

Definition 1.4. [35] Let (X, b) be be a partial b—metric space with coefficient s. Let {x,,} be any sequence
in X and v € X. Then:
(i) A sequence {x,} C X converges to a point x € X if lim, oo b(xp,x) = b(z, x),
(i) A sequence {zx,} C X is said to be a Cauchy sequence in (X,b) if, for every given e > 0, there exists
n(e) € N such that limy, 100 O(Tn, Tm) exists and is finite for all m,n > n(e),
(#i1) (X,b) is said to be complete partial b—metric space if Cauchy sequence {xz,} C X there exists x € X
such that

n,}vlgloo (X, ) = nh_}n;o b(xy,x) = b(z, ).

Note that in a partial b—metric space the limit of convergent sequence may not be unique.

Samet el al. [31] introduced the notion of a—admossible mapping and studied many fixed point theorems.
After that several authors used the notion of a-admissible to prove and construct many fixed and common

fixed point theorems (see [14]- [1]).

Samet et al. [31] presented the notion of a-admissible mapping as follows:

Definition 1.5. [31] Let f: X — X and a: X x X — [0,00). Then f is called a-admissible if Vx,y € X
with a(x,y) > 1 implies a(fz, fy) > 1.

Definition 1.6. [17/ LetT: X — X and o: X x X — [0,00). Then T is called a triangular a-admissible
mapping if

(1) T is «-admissible;

(2) a(z,z) > 1 anda(z,y) > 1 implya(z,y) > 1.

Sintunavarat [32] presented the notion of weak a-admissible mappings as follows:

Definition 1.7. [32] Let X be a nonempty set and let o : X x X — [0,00) be a given mapping. A mapping

f: X — X is said to be a weak a-admissible mappings if the following condition holds:

r € X with oz, fr) > 1= afz, f2z) > 1.
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Remark 1.3. [32] It is customary to write A(X,«) and WA(X,a) to denote the collection of all a-
admissible mappings on X and the collection of all weak a-admissible mappings on X. One can verify that

A(X,a) CWA(X, ).

Qawaqgneh et al. [23] presented the notion of a-admissible with respect to another function 7 for the pair

of self-mappings S and T on a set X as follows:

Definition 1.8 ( [23]). Let S,T : X — X be two mappings and o : X x X — [0,400) be a function such
that the following conditions hold:

(1) if a(x,y) > 1, then a(Sz,Ty) > 1 and a(T'Sx, STy) > 1;

(2) if a(z,2) > 1 and ofz,y) > 1, then o(x,y) > 1.

Then we say that the pair (S,T) is triangular a-admissible.

Definition 1.9 ( [23]). Let S,T : X — X be two mappings and a,n : X x X — [0,400) be two functions
such that the following conditions hold:

(1) if a(z,y) > n(z,y), then a(Sz, Ty) > n(Sz, Ty) and a(TSx, STy) > n(T Sz, STy);

(2) if a(z,2) > n(z, 2) and a(z,y) > n(z,y), then alz,y) > n(z,y).

Then we say that the pair (S,T) is triangular a-admissible with respect to 7).

Lemma 1.1 ( [23]). Let S,T : X — X be two mappings and o,n : X x X — [0,+00) be two functions
such that the pair (S,T) is triangular a-admissible with respect to 1. Assume that there exists xg € X such
that a(xg, Sxo) > n(xo, Sxo). Define a sequence {x,} in X by Swon = Tapnt1 and TTapt1 = Tonta. Then

Ty, Tm) > n(Tn, Stm) for allm,n € N with n < m.
In 2014, Ansari [4] defined the concept of C-class function as the following;:

Definition 1.10. [4] A mapping F : RT x RT — R is called a C-class function if it is continuous and for

s,t € [0,00), F satisfies the following two conditions:
(1) F(s,t) <s; and
(2) F(s,t) = s implies that either s =0 ort = 0.

The family of all C'—class functions is denoted by C.

Example 1.4. [}/ The following functions F': R™ x RT — R are elements in C.

(1) F(s,t) =s—t forall s,t € [0,00).

(2) F(s,t) =ks for all s,t € [0,00), where 0 < k < 1.

(3) F(s,t) = e for all st e [0,00), where 1 € [0, 00).

(4) F(s,t) = (s + )A/AFD) 1 for all s,t € [0,00), where r € (0,00), [ > 1.
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(5) F(s,t) = slog,, ,a for all s,t € [0,00), where a > 1.

(6) F(s,t) =s— (5£2)(1%) for all 5,t € [0,00).

(7) F(s,t) =spB(s) for all s,t € [0,00), where B : [0,00) — [0,1) is continuous.

(8) F(s,t) = ©(s) for all s,t € [0,00), where ¢ : [0,00) — [0,00) is a continuous function such that
p(t) =0 if and only if t = 0.

(9) F(s,t) = sh(s,t) for all s,t € [0,00), where h : [0,00) — [0,00) is a continuous function such that

h(s,t) <1 for all s,t € [0,00).
(10) F(s,t) = s — (3E)t for all s,t € [0,00).
(11) F(s,t) = /In(1+ s™) for all s,t € [0, 00).
In 2016, Ansari and Kaewcharoen [6] gave the definition of a generalized & — n — 1 — ¢ — F-contraction

type mapping and proved same fixed point theorems for such mappings in complete metric spaces.

Definition 1.11 ( [6]). Let (X, d) be a metric space and a,n : X x X — [0,00) be two functions. A mapping

T:X — X is said to be a generalized o« — n—1) — o — F-contraction type mapping if a(xz,y) > n(x,y) implies

P(d(T, Ty)) < F(O(M(x,9)), p(M(z,y))),

where

M(.’E, y) = max{d(x, y)v d(l’, Tm)a d(ya Ty)}
Hussain et al. [15] introduced the concepts of v —n-complete metric spaces and a—n-continuous functions.

Definition 1.12 ( [15]). Let (X, d) be a metric space and a,n : X x X — [0,00) be two functions. Then X is
said to be an «, n-complete metric space if every Cauchy sequence {x,} in X with a(xpn,xnt1) > N(Tn, Tni1)

for all n € N converges in X.

Definition 1.13 ( [15]). Let (X,d) be a metric space and a,m : X x X — [0,00) be two functions. A
mapping T : X — X is said to be an a,n-continuous mapping if each sequence {x,} in X with z, — x as

n — 00 and a(Ty, Tni1) = N(Tn, Tni1) for alln € N implies Tz, — Tx as n — oo.

Theorem 1.1 ( [6]). Let (X,d) be a metric space. Assume that a,n: X x X — [0,00) are two functions

and T : X — X is a mapping. Suppose that the following conditions are satisfied:

1) (X,d) is an o, n-complete metric space;

2) T s generalized o — 1 — 1 — ¢ — F'-contraction type mapping;
4) there exists v1 € X such that a(x1,Tz1) > n(z1, Tx1);

(1)
(2)
(3) T is triangular a-orbital admissible mapping with respect to n;
(4)
(5)

T is an o, n-continuous mapping.
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Then T has a fixed point x* € X.
Khan et al. [20] introduced the notion of an altering distance function as follows:

Definition 1.14. [20] A mapping ¢ : RT — R* is called an altering distance function if the following

properties are satisfied:

(1) 4 is monotone and nondecreasing;

(2) ¥(t) =0 if an only if t = 0.

The set of all altering distance functions is denoted by W.

In the rest of this paper, we let ¢ be the set of all functions ¢ : R* — R¥ such that

(1)  is continuous.

(2) (t) =0 if and only if t = 0.
2. MAIN RESULT

In this section, we introduce the concept of generalized C'—class functions for Geraghty contraction type

mappings on a set X and we prove fixed point results for self mappings on «, n— partial b—metric space.

Now, we present the notion of triangular weak a-admissible with respect to another function 7 for the

self-mapping S on a set X.

Definition 2.1. Let S: X — X be a mapping and a,n: X x X — [0,400) be two functions such that the
following conditions hold:

(1) if a(z, S"z) > n(x, S"x), then a(S™x, S"Tlz) > n(S™z, S" lx),

(2) if al@,2) = n(x, 2) and a(z,y) = 1(2,y), then a(z,y) = n(z,y),

for alln € N. Then we say that S is triangular weak a-admissible with respect to 7).
Now, we introduce the following example to illustrate our new definition.

Example 2.1. Let X = [0,+00). Define S: X — X by Sz = x2. Also, define the functions a,n: X x X —
[0, +00) by a(z,y) = e and n(z,y) = e¥=%. Then S is triangular weak a-admissible with respect to 7.

Proof. If a(z,Sx) > n(z,Sz), then et > e~ 8o x + a2 > 22 — 2. So 2z > 0. Hence z > 0. Since

4

z > —x, then z + 2% > 24 — 2. So e**" > ¢' . Hence a(z,t) > n(z,*). So a(Sz,Ty) > n(Sx, Ty).
Also, since 22 > —a2, then 22 + % > y2 — 22, So e” 7% > ¥ ~*°_ Hence a(z2,y%) > n(z2,42). So
a(Sxz, S%x) > n(Sx, S?%z). Also, if a(x, z) > n(x, 2), and a(z,y) > n(z,y), then 242 > z—z and z+y > y—2.

So # > —x and hence x + 22 > 22 — x. Therefore e**¥ > e¥~%. Therefore a(z, Sx) > n(z, Sz). O
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By taking a special case of Lemma 1.1and generalize with is triangular weak a—admissible with respect

to 1, we present a lemma that will be helpful for us to achieve our main result.

Lemma 2.1. Let S : X — X be a mappings and a,m : X x X — R are a functions such that S is triangular
weak a—admissible with respect to 1. Assume that there exist xg € X such that a(xg, Szo) > n(xo, Sxo).

Define a sequence {x,} in X by St = xpy1. Then a(xn, Tm) > 9(@n, Tm) for all m,n € N with n < m.
Proof. Since a(xg, Sxg) > n(xo, Sxo) and S is weak a—admissible, We get

axg, 1) = oo, Sxo) > n(x0, 1), then
a(Szg, Sz1) = a(Swo, S%x0) = a(x1, 22) > (21, T2).
By triangular a—admissibility, we get
a(Sxo, Sx1) = a(zy, x2) > n(x1,x2), then
a(S%xg, S%21) = a(wa,23) > n(wa, 23)
and
a(52x1,52$2) = afx3,24) > (T3, 24).

Again, since a(x3,x4) > n(x3,x4), then
a(S?x3, S%x4) = g, v5) > (24, T5)

and
a(S?xy, S%x5) = alxs, x6) > n(xs, z6).
By continuing the above process, we conclude that a(z,, Tni1) > 7@, Tne1) for all n € NU {0}.
Now, we prove that
a(Tp,Tm) > 1, Ym,n € N with n < m.

Given m,n € N with n < m. Since

(T, Tny1) 2 N(Tns Tng1),
a(Sxn, S*n) = a(Tni1, Tpt2) > N(Tnt1, Tni2),
then, we have
(T, Tnt2) 2 N(Tn, Tniz).
Again, since
(T, Tnt2) 2 N(Tn, Tni2)

(STpi1, S2Tn11) = A(Tng2, Tngs) = N(Tnt2, Tnis),

we deduce that

a(xn; $n+3) Z 77(‘75717 xn+3)~
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By continuing this process, we have
ATy, Tin) > N(Tn, Tpn)

for all n € N with m > n.

O

In order to facilitate our subsequent arguments, we introduce the notion of generalized C'—class functions

for self mappings on a set X.

Definition 2.2. Let (X,b) be a complete b—partial metric space with coefficient s > 1, S : X — X be a
Geraghty contraction type mapping and c,n : X x X — R be a function. Let F € C, ¢ € ¥ and ¢ € .
Then S is called generalized C'—class function with a(x,y) > n(x,y), then

b(b(Sz, Sy)) < AF(P(M(2,9)), (M (2,9))), (2.1)
where
M(x,y) = max{b(a,y), bz, S2), by, Sy), "2 20+ 5D), (2.2
and X € [0,1).

Theorem 2.1. Let (X,b) be a complete b—partial metric space with coefficient s > 1 and S be Geraghty
contraction type mapping on X. Assume that a,n : X x X — [0,400) are a functions. Suppose that the

following conditions hold:

1) S is generalized C'—class function.

3
4

(
(
(3) There exists xg € X such that a(xg, Szo) > 1.
(

)

2) S is a triangular weak a-admissible.
)
)

S is o, n—continuous mappings.

Then S has a unique fixed point.

Proof. We divide the proof to three steps:

Step 1. Let zg € X be such that a(xg, Szo) > n(xo, Szg). Define a sequence {z,} in X such that
Tp+1 = Sz, for all n € N. If x,,, = xp, 41 for some ng € N, then it is very easy to show that S has a fixed

point. Now, since the pair S is a—admissible, then
a(z1,20) = a(Sxo, S*x) > n(21, T2)

and

axg,x3) = oz(thS’Za:l) > n(xza,x3).
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Again, by using the property of weak a—admissible and repeating the above process for n-times, we have
AT, Tnt1) 2 N(Tns Tng1) and a(Tnt1,Tn) > N(Tpt1, Tn).

Using the property of triangular weak a—admissible, we can deduce that for any n,m € N with m > n, we
have a(xp, Tm) > N(Tn, Tm) and oz, ,) > 9(Tm, Tn)-

Suppose z,, # x,41 for all n € N| by Lemma 2.1, we have a(xy,, Zn11) > n(zn, 2p41) for all n € N. Since S

is a generalized C'—class function, we have

PO(@ni1,2n)) = PO(Stn, STn1))

< AF(W(M (2, Tp1)), p(M (2, ©11)))
< MM (2, Tn-1)), (2.3)
for all n € N, where
M(zn,0n_1) = max{b(xn,xn_l),b(xn,an),b(xn_l,an_l),b(xmsxn_l);b(xn_l’smn)}
= (b, 7). b ). B, ), ) s )
= max{b(xn,Tn-1),0(Tn, Tn+1)} (2.4)

If M(2p,xn-1)=0b(zn,Tnt1), then

PO(xni1,2n)) < AWM (20, Tn-1), o(M(2n, Tn-1)))
S )\'()[)(M(.’En7l'n71))
= M(xnt1,2n)),

< Y(b(xpne1,xn)). (2.5)

Which is contraction. Thus we conclude that M (z,, xn—1) = b(xyn, Tn—1). By (2.2), we get that

w(b(wvwla xn)) < Az/;(b(xn, xnfl))

for all n € N.

On repeating this process, we obtain

Y(O(@nt1,2n)) < A"P(b(21,70)) (2.6)

for all n > 0.

Since v is nondecreasing, we have b(x, 11, Tni2) < b(@p, Tp1) for all n € N.
Similarly, we can show that b(x,, Zpt1) < b(Tp—1,2,).
for all n € NU {0}.

It follow that the sequence {b(zn,Zn+1)} is nonincreasing for all n € N. Therefore there exists r > 0 such
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that lim, e b(2p, n11) = r. We claim that » = 0.

Now, we have

Y(O(@nt1, Tnt2)) < AF (D (0(Tn, Tnt1)), 0(0(@n, Tnt1))) < FD(0(@0, Tnt1)), 0(0(2n, Tnt1)))-

Taking n — oo , we obtain that

U(r) S AF((r), o(r)) < F((r), ¢(r)).
This implies that ¢(r) = 0 or ¢(r) = 0 which yields

lim b(xy, zpy1) = 0. (2.7)

n— oo

Step 2. To prove that {z,} is a Cauchy sequence, there exist ¢ > 0 and two subsequences {Z,,x)} and

{Zn@) } of {xn} with my > np > k such that:
d(Zn k), Tm(k)) = € A Zn k), Tmr)—1) < €

Then, using the triangular inequality we get

(X Tri)) < S[0(Tn(k)s Tr(k)+1) F O(Tri)+1> Tm(r))] = O(@nk)+1, Tn(k)+1)
< $b(@nky Tuk)+1) + SO @011, Tngky+2) + 0(@nk)+2: Tme)) — SH(Tn(k) 42, Tn(k)+2)

< by, Tnk)+1) + SO @n(i)+15 Ty 42) + 0@y 12, Tn(ky+2) + oo+ 8™ DT (k)—15 T (k) )-
Using (2.6) in the above inequality

b(@n, Tm)) < SA™b(m1,20) + PNV T b(21, 20) + PN T30(21, m0) + o+ 8™ TAN T b(21, 20)

< SAM[LH sA 4 (sA\)? + .. ]b(w1, 20)

SA™

mb(l’l,xo).

As A €[0,1) and s > 1, it follows from the above inequality that

o M Fm) =0

Therefore, {x,} is a Cauchy sequence in the complete b—partial metric space X

Step3. We now prove that S has a fixed point.

Since {x,} is a Cauchy sequence in the complete b—partial metric space X and by completeness of X,
then there exists z* € X such that

lim b(z,,2") = Um bz, zm,) = bla™, z¥). (2.8)

n,m—00 n,m—00
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We will show that x* is a fixed point of S. For any n € N, we have

b(a”, Sa*) < s[b(@”, xnt1) + b(@ns1, S27)] = 0(Tni1; Tnga)]

IA

sib(x*, xpt1) + b(Szp, S*))

IN

sb(x™, xpy1) + sAb(zy, ).

Using (2.8) in the above inequality, we obtain b(z*, Sz*) = 0, that is, Sx* = x*. Thus, x* is a fixed point
of S.
Step4. Let us show that the fixed point of S is unique.

Let u,v € X be two distinct fixed points of S, that is, Su = u and Sv = v. It follows from (2.2) that

Y(b(u,v)) = Y(b(Su,Sv))
b(u, Sv) + b(v, Su)

< AF(p(max{b(u,v), b(u, Su),b(v, Sv), 1), o(masc{b(u, v), bu, 51), b0, 5v),
b(u, Sv) ; b(v, Su) )

< Mﬁ(max{b(uav),b(U,Su),b(v,Sv)7b(u’sv);b(”asu)})

= Afﬁ(max{b(u?v),b(u,u)7b(v7u)7w})

= M(b(u,v)),

< (b(u,v)).

Which is contraction. Therefore, we must have b(u,v) = 0, that is, u = v. Thus, the fixed point of S is

unique.

The continuity of S in Theorem 2.1 can be dropped.

Theorem 2.2. Let (X,b) be a complete b—partial metric space with coefficient s > 1 and S be Geraghty
contraction type mapping on X. Assume that c,n : X x X — [0,400) are a functions. Suppose that the

following conditions hold:

1) S is C—class function.

(1)

(2) S is triangular weak a-admissible.

(3) There exists xg € X such that a(xg, Szo) > n(xo, Sx0).

(4) If {zn} is a sequence in X such that a(Tn, Tnt1) > (T, Tns1) for alln € N and x, — z* € X as
n — 00, then there exist a subsequence {Ty )} of {xn} such that a(z,m),v*) > n(Tnk), ") for all
ke N.

Then S has a unique fixed point.
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Proof. Following the same proof as in Theorem 2.1, we construct the sequence {x,} be defining x,+; = Sz,
for all n € N converging to 2* € X such that a(zy,Znt1) > 17(Tn,Tn41) for all n € N. By condition (5),

there exist a subsequence {,,(x)} of {x,} such that oz, z*) > n(2pk),2*) for all & € N,

Therefore,
Y(O(@nm)+1, TT")) = Y(d(SThm), Tz™)),
< AFWM(@ny, ), o(M (Tn(ry, 7))
< F(M(znm,z"))), (2.9)
for all n € N.
Now,
M(xn(k)a x*) = max{b(xn, .fﬂ*), b(mn(k), an(k)), b(lL'*, S$*)a (210)
b(Zn(k), ST*) + bz, an(k))}
2 )
= max{b(Tn(k), "), b(Tn(k)> Trnik)+1), b(x™, "), (2.11)
b(a:n(k), I*) + b(l’*, an(k)) }
2 )
= max{d(xn(k),x*),d(zn(k),:pn(k)+1))}. (212)

By taking n — oo in (2.9) and using (2.7), we obtain
P(b(a™, Sz7)) < AF(¢(b(x”, Sx7)), (b(z”, Sx7))),
which implies that b(x*, Sz*) = 0, that is, Sx* = a*. |
Now, we use Theorem 2.1 and Theorem 2.2 to present many fixed point results:

Corollary 2.1. Let (X,b) be a complete b—partial metric space with coefficient s > 1 and S be mapping on

X. Assume that o : X x X — [0,400) is a function. Also, suppose that the following conditions hold:
1) For all x,y € X with a(x,y) > 1), we have Y (b(Sz, Sy)) < AF(¥(b(x,y)), ¢(b(z,y)).

2) S is generalized C—class function.

4

(1)

(2)

(3) S is a triangular weak a-admissible.

(4) There exists xg € X such that a(xg, Szg) > 1.
(

5) S is a, n—continuous mappings.

Then S has a unique fixed point.
Proof. Follows the same proof of the Theorem 2.1 by defining n: X x X — R via n(z,y) = 1. O

Corollary 2.2. Let (X,b) be a complete b—partial metric space with coefficient s > 1 and S be mapping on
X. Assume that a: X x X — [0,+00) is a function. Also, suppose that the following conditions hold:
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1) For all z,y € X with a(x,y) > 1, we have (b(Sz, Sy)) < AF((b(x,y)), o(b(x,y)).

2) S is generalized C'—class function.

4

(1)

(2)

(3) S is a triangular a-admissible.

(4) There exists xg € X such that a(xg, Szo) > 1.
(5)

5) If {x,} is a sequence in X such that a(x,,Tnt1) > 1 for alln € N and x,, —» 2* € X as n — oo,

then there exist a subsequence {xnk)} of {xn} such that a(x,ky,x*) > 1 for all k € N.

Then S has a unique fixed point.

Proof. Follows the same proof of the Theorem 2.2 by defining n: X x X — R via n(z,y) = 1. |

Let 8 : [0,400) — [0,1) be a continuous function. Define S : [0,00) x [0,00) — [0, 00) via F(s,t) = sf(t).
Then F' € C. By Theorem 2.1 and Theorem 2.2, we have the following results:

Corollary 2.3. Let (X,b) be a complete b—partial metric space with coefficient s > 1 and S be mapping
on X. Assume that a,n: X x X — [0,400) are a functions. Suppose there exist » € U and a continuous

function 8 : [0,4+00) — [0,1) such that for all x,y € X with a(z,y) > n(x,y), we have

P((Sz, Sy)) < AF(B((b(z,9))), (b2, y))- (2.13)

Also, suppose that the following conditions hold:

1) S is generalized C'—class function.

3) There exists vg € X such that a(xg,Sxg) > 1.

(1)
(2) S is a triangular weak a-admissible.
(3)
(4) S is a,n— continuous mappings.

Then S has a unique fixed point.

Corollary 2.4. Let (X,b) be a complete b—partial metric space with coefficient s > 1 and S be mapping
on X. Assume that a,n: X x X — [0,+00) are a functions. Suppose there exist 1» € U and a continuous

function B : [0,4+00) — [0,1) such that for all z,y € X with a(x,y) > n(x,y), we have

P(b(Sz, Sy)) < AF(B((b(z,9))), ¢(b(z,y))- (2.14)

Also, suppose that the following conditions hold:

1

(1) S is generalized C'—class function.
(2) S is a triangular weak o-admissible.

(3) There exists xg € X such that a(xg, Szo) > n(xo, Sxo).

(4) If {zn} is a sequence in X such that oy, Tpy1) > N(Tn, Tpt1) for alln € N and z, — 2* € X as

n — oo, then there exist a subsequence {x,)} of {xn} such that oz, ) > N(Tpry,z*) for all

keN.
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Then S has a unique fixed point.

Example 2.2. Let X = [0,1] and b : X x X — R define by b(z,y) = |z — y|2 for all x;y € X. Define
P, ¢ :[0,00) = [0,00) by ¥(t) =t and () = %t. Define the mapping S : R — R by Sx = h‘T‘” Also, we
define the functionsa,n: X x X — [0,00) by

v if z,y € [0,1], 1 ifz,yel0,1],

a(z,y) = n(z,y) =
0 if otherwise, 0 if otherwise.

and F(r,t) =r—t for all rt,z,y € X.
Firstly, It is easy to see that (X,b) is a complete partial b—metric space with s = 3.

Then S is a triangular weak a-admissible with respect to n. Indeed, if a(x,Sz) > n(x,Sz), then
oSz, S%x) > n(Sz,S%x), So afz,Inx + 1) = "% > 1 = p(z,Inz),then a(lnz,In(Inz)) = emetnnz >

e=n(lnz,In(Inx)).So x > 0 and hence Sz < 0. Therefore, a(x, Sz) > n(z, Sx).

We will prove that S is a generalized C—class function. Since a(x,Sxz) > n(x,Sx). Then we have

x,y € [0,1] and then

Inz Iny 2

P(d(Sz, Sy)) =

= F(M(z,y)), o(M(z,y))).

Then S is a generalized C'—class function and all assumptions of Corollary 2.1 are satisfied. Hence S has

a unique fixed point.

3. Applications

In this section, we apply our results to construct an application on Lebesgue-integrable. Denote by I" the

set of all functions v : R™ — RT satisfying the following conditions:
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(1) v is Lebesgue-integrable on each compact of R¥;

(2) For each € > 0, we have

/O6 v(z)dz >0

Theorem 3.1. Let (X,b) be a complete b—partial metric space with coefficient s > 1 and S be Geraghty
contraction type mappings on X. Also, let F € C and 1,72 € I'. Assume that a,n: X x X — [0,00) be two

functions such for all z,y € X with a(z,y) > n(x,y), we have

d(Sz,Ty) max{d(z,y),d(z,5z),d(Tz,Ty), 225 £00.52)
/ m(z))dz < F(/ 7 (z)dz,
0 0

/max{d<x,y>,d<z,5z>,d<Tz,Ty),W%’W}

'yg(z)dz).

0
Also, suppose the following hypotheses:

1) S is generalized C'—class function.

2

(1)

(2) S is a triangular weak a-admissible.

(3) There exists v € X such that a(zg,Sxo) > 1.
(1)

S is a, n—continuous mappings.

Then S has a unique fixed point.

Proof. Define the functions v, ¢ : Rt — R via 9 (t) = fot 7v1(2))dz and ¢(t) = fot v2(2))dz. Noting that v
is an altering distance function and ¢ € ®. So S is triangular weak a—admissible with respect to . So S

satisfies all the hypotheses of theorem 2.1. Therefore S has a fixed point. ]

Theorem 3.2. Let (X,b) be a complete b—partial metric space with coefficient s > 1 and S be Geraghty
contraction type mappings on X. Also, let F € C and 1,72 € I'. Assume that a,n: X x X — [0,00) be two

functions such for all x,y € X with a(x,y) > n(zx,y), we have

d(Sz,Ty) max{d(a:,y),d(z,Sr),d(Tx,Ty),w}

[ ene < r( [ ()i,
0 0

/max{d(x,y),d(z,Sz),d(Tz,Ty),b(m’sy);b(‘y’sm) }

WQ(Z)dz).

0
Also, suppose the following hypotheses:
(1) S is generalized C—class function.

(2) S is a triangular weak o-admissible.

(3) There exists xg € X such that a(xg, Szo) > 1.
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(4) If {x} is a sequence in X such that a(xn, Tni1) > N(@n, Tpy1) for alln € N and x, — z* € X as
n — 00, then there exist a subsequence {T, )} of {xn} such that a(z,u), ") > n(n k), 2*) for all

keN.

Then S has a unique fized point.

Proof. Follow from Theorem 2.2 by defining ¢(t) = fot v1(2))dz and p(t) = fot ~2(2z))dz. Noting that the

mapping S satisfies all the hypotheses of theorem 2.2. O
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