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ABSTRACT. In this study we define the notions of asymptotically paper, we introduce the concept of Z-
asymptotically statistical equivalent and Z-asymptotically lacunary statistical equivalent functions defined

on discrete countable amenable semigroups. In addition to these definitions, we give some inclusion theorems.

1. INTRODUCTION

Fast [5] presented an interesting generalization of the usual sequential limit which he called statistical con-
vergence for number sequences. Schoenberg [24] established some basic properties of statistical convergence
and also studied the concept as a summability method.

Using lacunary sequences Fridy and Orhan defined lacunary statistical convergence in [6]. Also, in another
study, they gave the relationships between the lacunary statistical convergence and the Cesaro summability.
After their definition, Freedman et al. [7] established the connection between the strongly Cesaro summable
sequences and the strongly lacunary summable sequences.

The concept of Z-convergence of real sequences is a generalization of statistical convergence which is based
on the structure of the ideal Z of subsets of the set of natural numbers. P. Kostyrko et al. [8] introduced the

concept of Z-convergence of sequences in a metric space and studied some properties of this convergence.
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Recently, the idea of statistical convergence and lacunary convergence was further extended by Das et al. [2]
to Z-statistical convergence, Z-lacunary statistical convergence.

In 1993, Mursaleen [15] defined A-statistical convergence by using the A sequence. Let A denote the set
of all non-decreasing sequences A = (\,,) of positive numbers tending to co such that A,41 < A, +1 and
A =1

Asymptotic equivalence of sequences was introduced by Pobyvanets [18]. Marouf’s work [9] was extension
of Pobyvanets’s work. In 2003, Patterson [16] extended these concepts by presenting an asymptotically
statistical equivalent analog of these definitions and natural regularity conditions for nonnegative summability
matrices.

In [17] asymptotically lacunary statistical equivalent which is a natural combination of the definitions
for asymptotically equivalent, statistical convergence and lacunary sequences was studied. Also in [20],
T-asymptotically statistical equivalent and Z-asymptotically lacunary statistical equivalent sequences were
examined.

Let G be a discrete countable amenable semigroup with identity in which both right and left cancelation
laws hold, and w(G) and m(G) denote the spaces of all real valued functions and all bounded real functions
f on G respectively. m(G) is a Banach space with the supremum norm || f|| . = sup{|f(9)| : g € G}.

Nomika [23] showed that, if G is countable amenable group, there exists a sequence {5, } of finite subsets of
G such that (i) G = U2, Sy, (i) Sy C Sy, n=1,2,3, ..., (i) lim, a0 % =1, limy,_ o0 % -
1 for all g € G. Here |A| denotes the number of elements in the finite set A. Any sequence of finite subsets
of G satisfying (4), (%) and (4i7) is called a Folner sequence for G.

Amenable semigroups were studied by [1]. The concept of summability in amenable semigroups was
introduced in [13], [14]. In [3], Douglas extended the notion of arithmetic mean to amenable semigroups and
obtained a characterization for almost convergence in amenable semigroups.

In [21], the notions of convergence and statistical convergence, statistical limit point and statistical cluster
point of functions on discrete countable amenable semigroups were introduced.

Nuray F. Rhoades B.E. [22] defined the notions of asymptotically, statistically, almost statistically and
strong almost asymptotically equivalent functions defined on discrete countable amenable semigroups. In
addition to these definitions, they gave some inclusion theorems. Also, they proved that the strong almost
asymptotically equivalence of the functions f(g) and h(g) defined on discrete countable amenable semigroups
does not depend on the particular choice of the Folner sequence.

In [12], the concepts of o-uniform density of subsets A of the set N of positive integers and corresponding
T,-convergence of functions defined on discrete countable amenable semigroups were introduced. Further-
more, for any Folner sequence inclusion relations between Z,-convergence and invariant convergence also

Z,-convergence and [V] p-convergence were given. They introduced the concept of Z,-statistical convergence
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and Z,-lacunary statistical convergence of functions defined on discrete countable amenable semigroups. In
addition to these definitions, they gave some inclusion theorems. Also, they made a new approach to the
notions of [V, A]-summability, o-convergence and A-statistical convergence of Folner sequences by using ideals
and introduced new notions, namely, Z,-[V, A]-summability, Z,-A-statistical convergence of Folner sequences.

Kisi and Giiler [11] introduced the concepts of S,-asymptotically equivalent, S, y-asymptotically equiv-
alent, o-asymptotically lacunary statistical equivalent and strong (o, 8)-asymptotically equivalent functions
defined on discrete countable amenable semigroups.

The purpose of the study [10] was to extend the notions of Z-convergence, Z-limit superior and Z-limit
inferior, Z-cluster point and Z-limit point to functions defined on discrete countable amenable semigroups.
Also, a new approach to the notions of [V, A\]-summability and A-statistical convergence by using ideals and
introduce new notions, namely, Z-[V, A\]-summability and Z-A-statistical convergence to functions was defined
on discrete countable amenable semigroups.

This study presents the notion of Z-asymptotically lacunary statistical equivalence which is a natural
combination of Z-asymptotically equivalence, lacunary statistical equivalence for functions defined on discrete

countable amenable semigroups. We introduce new concepts, and establish certain inclusion theorems.

2. DEFINITIONS AND NOTATIONS

Definition 2.1. [21] Let G be a discrete countable amenable semigroup with identity in which both right
and left cancelation laws hold. f € w (G) is said to be convergent to s, for any Folner sequence {S,} for G,

if for each € > 0 there exists kg € N such that |f (g) — s| <& for allm > ko and g € G \ Sp,.

Definition 2.2. [21] Let G be a discrete countable amenable semigroup with identity in which both right

and left cancelation laws hold. f € w(QG) is said to be strongly summable to s, for any Folner sequence {Sy}

for G, if

. 1
lim == > |f(9) =] =0,
where |Sy| denotes the cardinality of the set S,.

Definition 2.3. [21] Let G be a discrete countable amenable semigroup with identity in which both right
and left cancelation laws hold. f € w(G) is said to be statistically convergent to s, for any Folner sequence

{Sn} for G, if for every e > 0,

lim ——[{g €5, :[f(g)—s|>e} =0

n— oo |S |

1

The set of all statistically convergent functions will be denoted S(G).
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Definition 2.4. [22] Let G be a discrete countable amenable semigroup with identity in which both right and
left cancelation laws hold. Two nonnegative functions f,h € w(G) are said to be asymptotically equivalent,

for any Folner sequence {S,} for G, if for every e > 0 there exists kg € N such that
i<
for allm > ko and g € G\Sy,. It will be denoted by f ~ h.

Definition 2.5. [22] Let G be a discrete countable amenable semigroup with identity in which both right
and left cancelation laws hold. Two nonnegative functions f,h € w(G) are said to be strong asymptotically
equivalent, for any Folner sequence {S,} for G, if

n~)oo |S | Z

geSyH

9
h(g)

’ 0
It will be denoted by f ~" h

Definition 2.6. [22] Let G be a discrete countable amenable semigroup with identity in which both right
and left cancelation laws hold. Two nonnegative functions f,h € w(G) are said to be statistically equivalent,

for any Folner sequence {S,} for G, if for every e > 0,

hm —|{g€S ‘1'>s}|0
o0 | S|

Definition 2.7. [10] Let G be a discrete countable amenable semigroup with identity in which both right
and left cancelation laws hold. f € w (G) is said to be I-convergent to s for any Folner sequence {S,} for
G, if for every e > 0;

{gesSn:lf(9) sl >} el

i.e., |f (g9) — s| < e a.a.g. The set of all Z-convergent sequences will be denoted by T (G).
3. MAIN RESULTS

Definition 3.1. Let G be a discrete countable amenable semigroup with identity in which both right and left
cancelation laws hold. [ € w(G) is said to be T-statistically convergent to s, for any Folner sequence {Sy}

for G, if for each e > 0 and § > 0,
{nen: loes @ -slz a2} ez
The set of all T-statistically convergent Folner sequences will be denoted by Sz (G).

Definition 3.2. Let 6 be lacunary sequence and G be a discrete countable amenable semigroup with identity
in which both right and left cancelation laws hold. f € w(G) is said to be lacunary statistically convergent to

s, for any Folner sequence {S,} for G, if for every e > 0,

lim *I{g €Sy, :|f(g9)—s|>¢e}[=0.
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The set of all lacunary statistically convergent Folner sequences will be denoted Sy(G).

Definition 3.3. Let 6 be lacunary sequence, T C 2V be an admissible ideal in N and G be a discrete countable
amenable semigroup with identity in which both right and left cancelation laws hold. f € w (G) is said to be

Z-lacunary statistically convergent to s, for any Folner sequence {S,} for G, if for each € >0 and § > 0,

{rEN:hl|{g€Sn:|f(g)s|25}|25}€1.

The set of all Z-lacunary statistically convergent sequences will be denoted by SY (G).

Definition 3.4. Let 0 be lacunary sequence, T C 2~ be an admissible ideal in N and G be a discrete countable
amenable semigroup with identity in which both right and left cancelation laws hold. f € w (G) is said to be
strongly T-lacunary convergent to s or N2 (G)-convergent to s, for any Folner sequence {S,} for G, if for
each € > 0,
N S If(g)-slzep et
r P — — .
I g)—s|>e€
gESn

The set of all strongly T-lacunary convergent sequences will be denoted by Ng (GQ).

Definition 3.5. Two nonnegative functions f,h € w(G) are said to be asymptotically T-equivalent, for any

Folner sequence {S,} for G, if every e > 0,
{gESn:‘fl‘ ZE}GI.
h(9)
It will be denoted by f ~Z(&) h.

Definition 3.6. Two nonnegative functions f,h € w(G) are said to be T-asymptotically statistical equivalent,

for any Folner sequence {S,} for G, if for each € >0 and § > 0, the following set

frenffoen 8124

h(g)
belongs to I. It will be denoted by f ~57(G) p,

For Z = Iy;y,, Z-asymptotically statistical equivalence coincides with asymptotically statistical equivalence

for any Folner sequence {S,} for G.

Definition 3.7. Two nonnegative functions f,h € w(G) are said to be T-asymptotically lacunary statistical

equivalent, for any Folner sequence {S,} for G, if for every e > 0 and § > 0, the following set

e tffoes {221

belongs to Z. It will be denoted by f ~S7(G) .
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For T = Zyy,, Z-asymptotically lacunary statistical equivalence coincides with asymptotically lacunary

statistical equivalence for any Folner sequence {S,,} for G.

Definition 3.8. Two nonnegative functions f,h € w(G) are said to be strongly T-asymptotically lacunary

equivalent, for any Folner sequence {Sy,} for G, if for every e >0

1
TGN:h—Z

" ges,

f(g)l‘>e el

(9) -

It will be denoted by f ~N7(&) p.

Definition 3.9. Two nonnegative functions f,h € w(G) are said to be strongly Az (G)-asymptotically equiv-

alent, for any Folner sequence {Sy,} for G, if for everye >0

1
nGN:)\—Z

" geS,

f(g)l‘z»s S

h(g)

It will be denoted by f ~V>z(%) p,

Definition 3.10. Two nonnegative functions f,h € w(G) are said to be T-asymptotically A-statistical equiv-
alent provided that for every e, 6 > 0,

1
N: —
{ne .,

It will be denoted by f ~*z(&) .
Theorem 3.1. Let A € A and T is an admissible ideal in N. If f ~Y22(E) b then f ~52(E) p,

Proof. Assume that f ~"*z(%) b and ¢ > 0. Then,

D %—1’ > %71’
gESy 9ESR&| HD —1|>e
> < |{gesi:|fg -1z}
and so,
1 7 (9) 1 f(9)
=l 1 > — Sn 1=
£n 2 (9) S h(g) )

Then for any § > 0,

{neN:i {gesn;‘%—l‘zs}‘zé}
g{neN:;” > %—1‘255}.
gESn

Since right hand belongs to Z then left hand also belongs to Z and this completes the proof. (|
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Theorem 3.2. Let A € A and T is an admissible ideal in N. If f,h € m(G) are bounded functions and
[ ~D2(@)  then f~V22(@) .

Proof. Let f,h € m(G) are bounded functions and f ~2(G) b, Then, there is an M such that

i
(9)
for all k. For each £ > 0,
1 1
- 1) _ - o) _
" Z‘ 1| = 2 i3 -1
€5n 9ESR&| £D —1|>e
1
f(g)
LD SR ' R
™ geSn &|{1§-‘7§71|<e
<Mt { €S, |{@ 1‘ }‘+E
=M g R(9) 9
Then,
1
— I(g) _
fnem:st = |5-1]2]
1 €
eN: — S, ‘——1‘ }‘>7 T.
{ ™ ge 517 [ €
Therefore f ~"z(&) . O

Theorem 3.3. If liminf An

m > 0 then f ~57(G) b implies f ~5z(C) .
n

An An
5] > 0 there exists a § > 0 such that ‘ S, > ¢ for sufficiently large n. For given
€ > 0 we have,
1 (9) 1 f(9)
k<|Sn: ‘ 1’25}2{k€]n:‘—1 >eo,
[Snl { h(g) |l h(g)
where I, = [n — A, + 1, n]. Therefore,
1 ) 1 fla) _
E {k§‘5n|"h<g> 1‘ ZEH > a {f“ﬂ ’hg) 1‘ ZE}
n f(g9)
> n fla) 1>
> 5 (e s |G = 1] >}
1
il FACI
>0 |{kel, £ —1| > £}

then for any n > 0 we get
{ken: i 1 z<) 2]
- :

frem: g
{eNl

and this completes the proof. O

Theorem 3.4. If A = (\,,) € A be such that lim,, =1, then f ~z(&) b is subset of f ~7(G) .

3|3
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An An )
Proof. Let 6 > 0 be given. Since lim,,_, 5] = 1, we can choose m € N such that ‘|S | — 1‘ < 3 for all
n n
n > m. Now observe that, for ¢ > 0
1 1
I _ _ S ‘ H
< > = < : >
Al {k <1l ‘ 1‘_5}‘ o {k <180 = A ‘h@ 1 >¢
P kel : |5 -1 =}
1S h(g)
[Sin| = An ()
< — L) gl >
TN T {Fen:|fig 1|z
5 1 (9)
< - (1) ke g 1]
_ 0.1 /(9)

for all n > m. Hence,

1
ge S, —
{ |5

{k§|5n|: M—l‘ze}’26}

h(g)
{gES {ke[ ‘M—1‘>5}‘23}U{1,2,...7m}

If f ~%z(G) p then the set on the right hand side belongs to Z and so the set on the left hand side also

belongs to Z. This shows that f ~57(G) p, O

Definition 3.11. Two nonnegative functions f,h € w(G) are said to be strongly Cesdro I-asymptotically

equivalent, provided that for every e > 0,

geSy: ! Z ‘JC(Q)—IIZE cT.
|

It will be denoted by f ~IC1DIG) b,
Theorem 3.5. If f ~Y*2(&) 1 then f ~C1DIG) p,

Proof. Assume that f ~"*z(%) b and € > 0. Then,

[Sn|=An
1 flg) _ 1‘ _ 1 flg) _ 1’ 4 flg) _ 1’
[Snl geZS h(g) [Sn] = (9) [Snl keliges h(g)
1 1Snl=An 1
= fla) _ ‘ = f9) ‘
< 1 -1
= * An kelnz,;es hi9)
2
f(g) ’
< = fa)
T Ankerlges, M9
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and so,
1 f(9) 1 f(g) e
GES o > | R 1 zepClgeS:— > [T >0
[9n] gESn h(g) An kel ges, (9) 2
belongs to Z. Hence f ~[C1(DIE) p, 0

Theorem 3.6. Let A € A and T is an admissible ideal in N. If f,h € m (G) are bounded and f ~>z(@) h
then f ~C1 @G p,

Proof. Suppose that f,h € m (G) and f ~z(%) h. Since f,h € m(G), they are bounded, assume that

f(9)

lg) 1‘ < M for all g. Let € > 0 be given and set

For each £ > 0,

1 ‘f(g) ’ 1 f(9) 1 f(9)
Lyl - gtk 5
A ge%. h(g) A el h(g) n gedL, h(g)
flg) €
Then,
1
neN: — ‘M—l‘zs
{ )"ﬂgESn h(9)
1 € €
. flg) _ < =
- nEN.)\n {geSn 10 1‘22}‘22]\4}61
Therefore, f ~Y2z(G) . ]

Theorem 3.7. If f ~C1DGE) h then, f ~5(G) p.

Proof. Let f ~€1(D(&) b and e > 0 given. Then,
g

1 flo) 1 flg) _
5 2 | R(g) 1’ Z & 2 w(9) 1‘
sesul f-12e
> ¢ Hk<\Sn|:‘%—1‘25H
and so
1 f(9) ‘ 1 { ’f(g) ‘ H
1> — k<) [ _q]>
T 2 i) B S R

So for a given § > 0,

Therefore f ~5(&) h, ]
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Theorem 3.8. Let f, h € m(G). If f ~°

) h then f ~C1 (DG p,

Proof. Suppose that f, h € m (G) and f ~5*(G) h. Then, there is a M such that ‘f(g) 1’ < M for all k.

Given € > 0, we have

Then, for any § > 0,

{nGN:

fl9)
h(g

EgRlic
geESH

Therefore f ~C1((G) p,

|

IN

IA

 geSn&|H B —1]>e

3

f(9)
geESL& W71|<5

Slnl'MHk < |Snl:

+‘S|E’{k<|5|

M
|l

{k<|5\

Theorem 3.9. Let f,h € w(G) two nonnegative functions. Then,

(a) If f ~N2(@ p then f ~S7(&) p,

) If f,h € m(G) and f ~57(G) h_ then f ~N2(G) p,

Proof. (a). Let € > 0 and f ~¥#(©) b, Then, we can write

and so

Then, for any 6 > 0

£la) _
h(g) 1
£(9)

@ — 1

f(g)
he) 1 26}’

5 =1 <<}

f(— 1’>€}’+6

29

e -9

/(9) ’ { ,‘f(g)
29 _1lze{ges,: |22
g;:n h(g) h(g)
1 f(9) ‘ 1
SN > —
hy 2 ) 7 h h(o)
{ren:it|{gesn: [£8 1|2} =06}
g{reN:hl ‘%
gE€Sn
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Hence, we have f ~S7(G) p,
(b) Suppose that f,h € m(G) and f ~S2(@) h. Since f,h € m (G), they are bounded, assume that
%71’ < M for all g.

1 ‘f(q) ‘ ’f(q) ‘ 1 f(9)
SN FACRE] I S (OB (—-"—1’
h, ggn h(g) hy ge%. h(g) hy gean\Ln h(g)
M € €
M M_‘ ,‘ €
< >
= hr‘{ges" 8 -12 5} +3
And define the sets
1 f(g) ‘
D, = TEN:—Z —— — 1| >¢
h 9E5n h(g)
and
1 f(9) £ £
Dy = N:— St |2 — - —
c={remwfoes [T -2 5] o
IfrgéDg,thenh%ngSn:‘%—1‘2%}’<ﬁ.

Also we can get

< = + £ = €
2 2
Thus, r ¢ D;. Consequently, we have
TENI% > ‘%—1‘25
" gESn
.1 | e € i}
clrem:t{ges.: [f8 1>} > e
Therefore, f ~N2(&) . This completes the proof. O
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