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PARABOLIC EQUATIONS IN MUSIELAK-ORLICZ-SOBOLEV
SPACES

M.L. AHMED OUBEID!, A. BENKIRANE! AND M. SIDI EL VALLY?2*

ABSTRACT. We prove in this paper the existence of solutions of nonlinear
parabolic problems in Musielak-Orlicz-Sobolev spaces. An approximation and
a trace results in inhomogeneous Musielak-Orlicz-Sobolev spaces have also
been provided.

1. INTRODUCTION

Let © a bounded open subset of R™ and let @ be the cylinder Q x (0,7) with
some given T' > 0.

This paper is concerned with the existence of solutions for boundary value prob-
lems for quasi-linear parabolic equations of the form

9u 4 A(u) = fin Q
(1) u(z,t) =0 on 002 x (0,T)
u(z,0) = up(z) in Q

where A is a Leray-Lions operator of the form:
A(u) = — div (a(x, ta u, vu)) + 0,0(1’7 ta u, VU),

with the coefficients a and aq satisfying the classical Leray-Lions conditions.
Consider first the case where a and ay have polynomial growth with respect to u and
Vu. Therefore A is a bounded operator from LP(0,T, Wy (Q)),1 < p < oo,into its
dual. In this setting, it is well known that problems of the form (1) were solved by
Lions [16], and Brzis and Browder [9] in the case where p > 2, and by Landes [14]
and Landes and Mustonen [15] when 1 < p < 2. See also [6, 7] for related topics.

In the case where a and aq satisfy a more general growth with respect to v and
Vu (for example of exponential or logarithmic type), it is shown in [10] that the
adequate space in which (1) can be studied is the inhomogeneous Orlicz-Sobolev
space WL/ (Q), where the N-function M is related to the actual growth of a
and ag. The solvability of (1) in this setting was proved by Donaldson [10] and
Robert [18] when A is monotone, and by Elmahi [11] and Elmahi-Meskine [12].
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Our purpose in this paper is to prove existence theorems for the problem (1)
in the setting of inhomogeneous Musielak-Orlicz-Sobolev spaces W1* L, (Q) by ap-
plying some new approximation result in inhomogeneous Musielak-Orlicz-Sobolev
spaces (see Theorem 1), as it is done in the setting of Orlicz-Sobolev spaces (see
[12]), which allows us, on the one hand, to regularize a test function by smooth ones
with converging time derivatives (and thus enlarge the set of test functions in order
to cover the solution v and then get the energy equality), and, on the other hand,
to prove a trace result (see Lemma 3) which states that if u € Wy L,(Q) N L*(Q)
such that 2% € W1 Ly, (Q) 4+ L*(Q), then u € C([0,T], L*(2)), showing that the
assumption ug € L?(£2) cannot be weakened.

Our result generalizes that of the Elmahi-Meskine in [12] to the case of inhomo-
geneous Musielak-Orlicz-Sobolev spaces.

Let us point out that our result can be applied in the particular case when
¢(z,t) = tP(z), in this case we use the notations LP(*)(Q) = L (2), and W™P®) (Q) =
W™L,(§2). These spaces are called Variable exponent Lebesgue and Sobolev
spaces.

For some classical and recent results on elliptic and parabolic problems in Orlicz-
sobolev spaces and a Musielak-Orlicz-Sobolev spaces, we refer to [1, 2, 5, 10, 11, 12].

2. PRELIMINARIES

In this section we list briefly some definitions and facts about Musielak-Orlicz-
Sobolev spaces. Standard reference is [17]. We also include the definition of inho-
mogeneous Musielak-Orlicz-Sobolev spaces and some preliminaries Lemmas to be
used later.

Musielak-Orlicz-Sobolev spaces : Let €2 be an open subset of R™.
A Musielak-Orlicz function ¢ is a real-valued function defined in €2 x R such that

a): p(z,t) is an N-function i.e. convex, nondecreasing, continuous, ¢(z,0) =
0, ¢(x,t) >0 for all ¢t > 0 and

lim sup (1) = 0
t—0gcq 1
lim it 28 g

t— o0 z€N)

b): ¢(.,t) is a Lebesgue measurable function

Now, let ¢, (t) = p(z,t) and let p, 1 be the non-negative reciprocal function with
respect to t, i.e the function that satisfies

or (p(x,t) = (z, ¢, ") =t.

For any two Musielak-Orlicz functions ¢ and v we introduce the following or-
dering :
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c): if there exists two positives constants ¢ and T such that for almost every-
where x € Q) :
o(z,t) <y(z,ct) for t > T
we write ¢ < v and we say that v dominates ¢ globally if 7' = 0 and near
infinity if T > 0.
d): if for every positive constant ¢ and almost everywhere x € Q2 we have

t t
lim (sup plz,c )) =0or lim (sup Pl c )) =0
t=0"2eq Y(z,1) t=oo zep Y(w,1)

we write ¢ << v at 0 or near co respectively, and we say that ¢ increases
essentially more slowly than + at 0 or near infinity respectively.

In the sequel the measurability of a function u : ) — R means the Lebesgue mea-
surability.

We define the functional
0o0(u) = /Q o, [u() e

where u : 2 — R is a measurable function.
The set

K, () = {u: Q — R mesurable /g, 0(u) < +oo}.
is called the Musielak-Orlicz class (the generalized Orlicz class).

The Musielak-Orlicz space (the generalized Orlicz spaces) L, (€2) is the vector
space generated by K, (), that is, L,(f2) is the smallest linear space containing
the set K, ().

Equivelently:
|u(z)]
A

L,(Q) = {u : 2 = R mesurable /o, of ) < 400, for some A > O}

Let

Y(x,8) = TQE{“ —p(z, 1)},

¥ is the Musielak-Orlicz function complementary to ( or conjugate of ) ¢(x,t) in
the sense of Young with respect to the variable s.

On the space L,(Q2) we define the Luxemburg norm:

||u||¢971nf{)\>0// )d , < 1}
and the so-called Orlicz norm :
lellln = sup [ ju(e)o(w)lds.
vl <
where 1 is the Musielak-Orlicz function complementary to . These two norms are
equivalent [17].

The closure in L, (£2) of the set of bounded measurable functions with compact
support in 2 is denoted by E,(f2). It is a separable space and Ey(2)* = L, ()
[17].
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The following conditions are equivalent:

e): E,(Q) = K,()

f): K,(Q) = Ly(Q)
g): ¢ has the Ay property.

We recall that ¢ has the Ay property if there exists & > 0 independent of x € )
and a nonnegative function h , integrable in  such that p(z,2t) < kp(z,t) + h(x)
for large values of ¢, or for all values of ¢, according to whether {2 has finite measure
or not.

Let us define the modular convergence: we say that a sequence of functions
un € Ly(§2) is modular convergent to u € L, () if there exists a constant & > 0
such that

Up — U

A, epa(—5—) =0.

For any fixed nonnegative integer m we define
W™ML,(Q) ={u € L,(Q) :V|la| <m D% € L,(Q)}

where o = (a1, ag, ..., @, ) with nonnegative integers a;; |o| = |ag|+|az|+ ... + | x|
and D%u denote the distributional derivatives.
The space W™ L, () is called the Musielak-Orlicz-Sobolev space.

Now, the functional

E@,Q(u) = Z 0p.0(D%),
la|<m
for u € W™L,(Q) is a convex modular. and
u

Il = (A > 0:2,0(3) < 1}

is a norm on W™ L, ().
The pair (W™ Ly (€2), [|u[|7 ) is a Banach space if ¢ satisfies the following condition

there exist a constant ¢ > 0 such that in}”2 o(z,1) > ¢,
EAS

as in [17].

The space W™ L, () will always be identified to a o(IIL, I1Ey) closed subspace
of the product ], <, Lo () =1 L.
Let Wi L, (2) be the o(IIL,,,IIEy) closure of D(£2) in W™ L,(€2).

Let W™ E,(Q) be the space of functions u such that u and its distribution deriva-
tives up to order m lie in E,(f2), and let Wi E,(2) be the (norm) closure of D(£2)
in WML, (Q).
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The following spaces of distributions will also be used:

W"Ly(Q) ={f € D'(Q); f = Y (=1)*'D*f, with fo € Ly(Q)}

lal<m

W™Ey(Q) ={f € D'(Q):; f = > (=DI*ID*f, with f, € E,(2)}

la|<m

As we did for L,(§2), we say that a sequence of functions u,, € W"™L,(Q) is
modular convergent to u € W™ L, (Q) if there exists a constant k£ > 0 such that

Up — U

From [17], for two complementary Musielak-Orlicz functions ¢ and ¢ the follow-
ing inequalities hold :

h) : the young inequality :
t.s < o(x,t) +¢P(z,s) for t,s >0, z € Q

i) : the Holder inequality :

/Qu(x)v(x) dx
for all w € L,(Q2) and v € Ly ().

< lullg.alllv[lly.0-

Inhomogeneous Musielak-Orlicz-Sobolev spaces :

Let © an bounded open subset of R” and let Q = Q2x]0, T with some given T
0. Let ¢ be a Musielak function. For each o € N" , denote by Dg the distributional
derivative on @ of order oo with respect to the variable x € R™. The inhomogeneous
Musielak-Orlicz-Sobolev spaces of order 1 are defined as follows.

W L,(Q) = {u € Ly(Q) : V]a| < 1 Dgu € Ly(Q)}
and
W EL(Q) ={u € Ey(Q) : V|a| <1 D2u € E (Q)}

The last space is a subspace of the first one, and both are Banach spaces under the

norm
lul = > IDSullg.q-

laj<m
We can easily show that they form a complementary system when 2 is a Lipschitz
domain [4]. These spaces are considered as subspaces of the product space I1L,(Q)
which has (IV +1) copies. We shall also consider the weak topologies o(IIL,, IIEy,)
and o(IlLy, [ILy). If u € WH*L,(Q) then the function : ¢ — u(t) = u(t,.) is
defined on (0,7") with values in W'L, (). If, further, u € W'*E,(Q) then this
function is a W!E,,(2)-valued and is strongly measurable. Furthermore the follow-
ing imbedding holds : W'*E,(Q) C L'(0,T;W'E,(Q)). The space WL, (Q)
is not in general separable, if u € WH*L(Q), we can not conclude that the func-
tion wu(t) is measurable on (0,7"). However, the scalar function ¢t — |lu(t)||e.o is
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in L'(0,T). The space W, " E,(Q) is defined as the (norm) closure in W% E,(Q)
of D(Q). We can easily show as in [4] that when 2 a Lipschitz domain then each
element u of the closure of D(Q) with respect of the weak * topology o(IIL,,IIEy,)
is limit, in W% L, (Q), of some subsequence (u;) C D(Q) for the modular conver-
gence; i.e., there exists A > 0 such that for all |a] <1,

D%u; — D2 ‘
/ ¢(x,(M))dmdt —0asi— oo,
Q

this implies that (u;) converges to u in W' L, (Q) for the weak topology o (ILL s, IILy,).

Consequently
o(IIL,,I1E,) ————0(IIL,,IIL )

D(Q) =D(Q) ,
this space will be denoted by W, * L, (Q). Furthermore, Wol’mEg, Q)= W&’ILV,(Q)Q
1E,.

Poincaré’s inequality also holds in I/VO1 " L,(Q) ie. there is a constant C' > 0
such that for all u € W, L,(Q) one has

Y IDfullpq <C Y IDSullp.-

lal<1 lal=1

Thus both sides of the last inequality are equivalent norms on VVO1 TL,(Q). We
have then the following complementary system

(W&’“’LAQ) F)
Wo"Ee(Q) Fo)’

F being the dual space of WO1 PE,(Q). It is also, except for an isomorphism,
the quotient of IIL, by the polar set VVO1 “E,(Q)*t, and will be denoted by F =
W=1%L,(Q) and it is shown that

WL {1 X i L)
la|<1

This space will be equipped with the usual quotient norm

11l =inf > [l fallv.o
le|<1
where the inf is taken on all possible decompositions
f= Difa: fa€LyQ).

l|<1

The space Fy is then given by
Fo={f="> Defu:facEu@)}
o<1

and is denoted by Fy = W12 E,(Q).

The following technical lemmas are important for the proof of our main result.
Lemma 1. If u € W' (), then ||u, — ul|1.0 < o||Vu||1.0, where u, = u* p, and
where (py) is a mollifier sequence in RY.
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Lemma 2. Let ¢ be an Musielak-Orlicz function. Let (u,) be a bounded
sequence in Wy L, (Q) N L®(0,T; LY(Q)). Tf u,(t) — u(t) weakly in L*(Q) for
almost every t € [0, T], then u,, — u strongly in L'(Q).

Proof.For cach v € Wy'" L, (Q), denote v, (z,t) = Jen (Y, t)po(z — y)dy, where
v(y,t) = 0 if y ¢ Q and where (p,) is a mollifier sequence in R .

Since u,(t) — u(t) weakly in L'(Q), we have u,,(x,t) — u,(z,t) almost every-
where in Q
and Upe (t) — Uy (t) strongly in L(Q) for almost every t € [0,T],we have

/Q i () — up (8)]dar < / i () — 1t (6)| i + / i (£) — 10k (D)l + / ko (8) — i (8) iz
< o /Q Vi ()| + /Q Vur(D1d) + tne (£) — ko (D] 1.0

Integrating this over [0, 7] yields

T
/Q [tn (t) — ug(t)|dedt < a(/Q |V, (t)|dedt + /Q |Vug (t)|dxdt) +/0 ||tno (t) — wro (t)]]1,0dE

which gives, since L,(Q) C L'(Q) with continuous imbedding,

T
/ [un(t) — ur(t)|dedt < oCL([|Vunllp,q + [[Vurllp,q) +/ |[tno (t) — uko ()] [1,0dt
Q 0

where C7 and Cs are constants which do not depend on n and k such that
l|v]|1,@ < Cil|v]|g,q for all v € L,(Q) and |[Vuy||,o < Cs for all n. Consequently,
we obtain :

T
/ |t () — ug(t)|de < 2C1Ch0 —l—/ [Jtno (t) — uke ()| ]1,0dt-
Q 0

Since ||tne(t) — uke (t)]]1,0 — 0 almost everywhere in [0, 7] when n, k — oo
and ||uno ()||210) < [un(®)|lz1@) < C uniformly with respect to n and ¢ €
[0,T],we deduce by using Lebesgue’s theorem that

T
/ [|tne (t) — uke (t)|]1,0dt — 0
0

as n, k — oo implying, since o is arbitrary, that fQ |t () — ug (t)|dzdt — 0 when n
and k — oo.
Hence (u,) is a Cauchy sequence in L'(Q) and thus u,, — u strongly in L(Q).

3. APPROXIMATION AND TRACE RESULTS

In this section, € is a bounded Lipschitz domain in RY and I is a subinterval
of R ( possibly unbounded) and @ = Q x I. Tt is easy to see that @Q also satisfies
Lipschitz domain.

Definition. We say that u, — u in W% L, (Q) + L?(Q) for the modular
convergence if we can write
Uy, = Z Dou® 4+ u? and u = Z Du® + u®

lee| <1 la<1
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with uf — u® in Ly (Q) for modular convergence for all |a| <1
and u® — u® strongly in L?(Q).
We shall prove the following approximation theorem, which plays a fundamental
role in the prove of our main results.
Theorem 1. If u € WL, (Q) N L*(Q) (respectively Wy'" Ly, (Q) N L*(Q))
and % €7W71’1L¢(Q) + L*(Q), then there exists a sequence (v;) in D(Q) (respec-
tively D(I1,D(f2)) ) such that v; — u in WL, (Q) N L*(Q) and
% — % in WL, (Q) + L*(Q) for the modular convergence.

Proof. Let u € WL, (Q) N L?(Q) such that 24 € W=1L,(Q) + L*(Q)
and let € > 0 be given. Writing %7; = jaj<1 Diu® + u?, where u® € Ly(Q)
for all |a] < 1 and u® € L?(Q), we will show that there exists A > 0(depending only
on u and N)
and there exists v € D(Q) for which we can write % = 2jaj<1 Dgv + 00 with
v, 0" € D(Q) such that

D% — D
2) / w(x,#)dwdt <eVal <1,
Q
(3) v —ullz2@) <,
(4) [0° = w2y <,
v — u®
(5) /Ql/J(m, 3 Ydxdt < e,V|a] <1,

The equation (2) flows from a slight adaptation of the arguments of [4],

(3) and (4) flow also from classical approximation results.

Regrading the equation (5) it is enough to prove that D(Q) is dense in Ly (Q),
for this end we use the fact that the log-Holder continuity(commutes with the
complementarity) i.e :if ¢ is log-HOlder the its complementary ¢ also it is, and
proceed as in [4] (with ¢ and v interchanged ) and using of course RV *! instead
of RY and Q = Q x (0,7) instead of Q.

These facts lead us to prove that

IKefllv.@ < Cllfllw.@: VS € Ly(Q)
(with K. f(z,t) = k! fQ Ke(z —y) f(key, t)dy K. (z) = FK(%) and K(z) is a
measurable function with support in the ball B = B(0, R) see [4]).
And then we deduce that D(Q) is dense in Ly (Q) for the modular convergence
which gives the desired conclusion.

The case of Wy'" L, (Q) N L*(Q) is similar to the above arguments as in [4].

Remark 1. If, in the statement of Theorem 1, one consider 2 x R instead of @,
we have D( x R) is dense in u € Wy "Ly,(Qx R)NL2(Q x R) : $% € W, Ly (Q x
R) + L?(©2 x R) for the modular convergence. This follows trivially from the fact
that D(R,D(Q)) = D(Q x R).

A first application of Theorem 1 is the following trace result generalizing a clas-
sical result which states that if u belong to L?(a,b; Hi()) and % belongs to
L%(a,b; H=1(Q)), then w is in C([a, b], L3(Q)).
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Lemma 3. Let a < b € R and let Q be a bounded Lipschitz domain in RY.
Then
{1 € WLy (9 (a,0)) L2 (2% (4, b)) : 2 € W17 Ly (2 (a,b) + L* (2% (a, b))}
is a subset of C([a, b], L*(Q)).

Proof. Let u € Wy " Ly(Q x (a,b)) N L*(Q x (a,b)) such that W=1% L, (9 x
(a,b)) + L*(Q x (a,b)). After two consecutive reflection first with respect to t = b
and then with respect to t = a,

Uz, t) = u(x,t)X(a,p) + u(@, 20 — )X (5,20—a) ON 2 X (a,2b — a)

ﬂ(l‘, t) = ﬁ(x, t)X(a,Qb—a) + ﬁ(xv 2a — t)X(Sa—Qb,a) on {2 X (30‘ —2b,2b - a)v

we get a function @ € Wy " L, (Q x (3a — 2b,2b — a)) N L2(Q x (3a — 2b,2b — a))
such that 2% € W=12L,,(Q x (3a — 2b,2b — a)) + L*(Q x (3a — 2b,2b — a)).

Now, by letting a function n € D(R) with n = 1 on [a, b] and supp 1 C (3a—2b,2b—
a), setting @ = na, and using standard arguments (see [[8],Lemme IV, Remarque
10,p.158]), we have @ = won Q x (a,b) @ € Wy Ly(Q x R) N L>(Q x R) % €
W=LeL,(Q x R) + L2(Q x R).

Now let v; € D(2 x R) be the sequence given by Theorem 1 corresponding to ,
that is,

vj = € Wy  L,(QxR)NL*(QxR) and %—t — % € WLy (OxR)+L*(QxR)
for the modular convergence.
We have
/( (1) — v (T dx—?// Ovi avj)dxdt—ﬂ) as i,j — 0o
o J T ) 480

from which one deduces that v; is a Cauchy sequence in C(R, L?(2)), and since the
limit
of v; in L*(Q x R) is uw, we have v; — u inC(R,L?(2)). Consequently, u €

C([a,b], L3(2)).

4. EXISTENCE RESULT

Let © be a bounded Lipschitz domain in RVY(N > 2) , T > 0 and set Q =
Qx(0,T).
Throughout this section, we denote Q, = Q x (0, 1) for every 7 € [0,T].
Let ¢ and « two Musielak-Orlicz functions such that v < ¢.
Consider a second-order operator A : D(A) C WH*L,(Q) — W17 Ly)(Q) of the

form

A(’LL) = —div(a(z, tv u, VU)) + ao(lf, tv u, VU),

where a : Q2 x [0,T] x Rx RN — RNaq: Q x [0,T] x R x RY — R are Carathodory
functions, for almost every(x,t) € Q x [0,T] and all s € R, ¢ # ¢* € RV,
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(6) la(z,t,s5,6)] < Ble(x,t) + vy (@, 9)sl) + vg oz, 9I€]))
(7) lao(z, . 5,€)| < Ble(e, t) + ¥z My (x, 0ls]) + o7 p(a, IE]))
(8) (a($7t787§)_a($7t787£*))(€_€*) >0
(9) a(x,t,s,f)§+a0(a¢,t,s,§)s ZO&()D(IL',E)J) 7d($,t)

with c(x,t) € Ey(Q),c > 0,d(z,t) € LY(Q), «, 3,9 > 0. Furthermore, let
(10) few ELQ)

Consider then the following parabolic initial-boundary value problem.
9u 4 A(u) = fin Q

(11) u(z,t) =0 on 0Q x (0,7T)
u(z,0) = up(z) in Q

where g is a given function in L?().
We shall prove the following existence theorem.

Theorem 2. Assume that (6)-(10) hold true. Then there exists at least one
distributional solution u € D(A) N W, *L,(Q) NC(([0,T], L*(Q)) of (11) satisfying
u(z,0) = up(x) for almost every = € Q. Furthermore, for all 7 € [0, 7], we have

G [ a@o)dals + [ latest, . V) To-+ aofast, v, Vaoldsdt = (7, .
for every ¢ € Wy " L,(Q) N L*(Q) with 22 € W17 Ly (Q) + L2(Q)
and for ¢ = u, which gives the energy equality

1 1
5/ u?(1)dr — 5/ uddz —|—/ [a(z, t,u, Vu)Vu + ag(x,t, u, Vu)uldedt = (f, u)g,
Q Q .

Remark 2. Note that all the terms in (12) make sense. Indeed, it easy to see that
the first, third, and fourth terms are well defined.

For the second one, we have by the trace result in Lemma 3 that ¢ € C([0,T7], L*(Q)),
from which we can easily show that the second term of (12) makes sense.

Note also that taking ¢ € D(Q) in (12) shows that u is a distributional solution of
(11).

Remark 3. If ap = 0 and a(x,t,s,¢) = a(z,t,£) does not depend on s, then
the solution u is unique. Ineed, let v € Wol’de,(Q) N L?(Q) be another solution of
(11). Using u — v as a test function in both equations corresponding to u and v
with 7 =T, we get

%1?@@(15) —v(t))%dz]] + / [a(z,t,u, Vu) — a(z, t,u, Vv)|[Vu — Vu]dzdt = 0,

which implies that, by (8) and the fact that w(0) = v(0), Vu = Vou. This gives,
again by(13),
u(t) = v(t) for almost every t € [0,T] and hence u = v.

Remark 4. Note that the trace result in Lemma3 shows that the assumption
up € L?*() cannot be weakened in order to get a distributional solution for the
Cauchy-Dirichlet problem (11).
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Remark 5. As in the elliptic case (see, [5]), v is introduced instead of ¢ in
(6) and (7) only to guarantee the boundedness in L, (Q) of vy 'v(z,9|u,|) and
¥ y(z,9|Vuy,|) whenever u, is bounded in WH* L, (Q).

In the elliptic case, one usually takes v = ¢ in the term ¢ty (x, 9|uy,|) since u,
is bounded in a smaller space Ly(Q2) with ¢ < 0; see [5].
However, in the parabolic case, we cannot conclude that there is the boundedness.
Nevertheless, we can take v = ¢ if one of the following assertions holds true.
(1) o satisfies a Ay condition near infinity.
(2) A is monotone, that is (A(u) — A(v),u—v) > 0 for all u,v € D(A)HW&’JCLW(Q).
Indeed, suppose first that ¢ satisfies a Ag condition. Therefore (6) and (7),now with
v = ¢, imply that, for all € > 0,

la(z,t,5,8)| < Be(ce(z,t) + 1/{;1@(% els|) + w;l%’(% elél)),

lao(x, t,5,6)| < Be(ce(,t) + 05 p(x,els]) + v3 ' o(w,€l€])
which allows us to deduce the boundedness in L (Q) of a(x, t, uy, Vu,) and a(x, t, upn, Vu,).
Assume now that A is monotone. We have, for all ¢ € W, E,(Q), (A(u,) —
A(¢),un — ¢) = 0. This gives (A(un), §) < (A(un),un) — (A(9), un — ¢), which
implies that, since u,, is bounded in Wy L, (Q) and (A(uy), u,) is bounded from
above, thanks to the a priori estimates,

(A(uy), ¢) < Cy for all ¢ € Wy " E,(Q),

where C is a constant depending on ¢ but not n. Therefore, the Banach-Steinhauss
theorem applies so that we can obtain the boundedness of A(uy,) in W=1%L,(Q).
Proof of Theorem 2. We will use a Galerkin method due to Landes and Musten
[15]. For the Galerkin method, we choose a sequence {wi,ws,.....} in D() such
that (J,—, V;, with

Vi, = span{wy, wa,....,wp }
is dense in H{*(2) with m sufficiently large such that HJ"(f2) is continuously em-
bedded in C'(Q2). For any v € H{'(12), there exists a sequence (vg) C o, Vi
such that vy, — v in HF*(Q) and C1(Q) too.
We denote further V,, = C([0,T1],V,,). It is easy to see that the closure of [ J,2, V,
with respect to the norm

[[v|[c10Q) = supja<1i|Dzv(,t)| : (2,t) € Q}

contains D(€). This implies that, for any f € W~1*E,(Q), there exists a sequence
(f) € U2 Y such that fi, — f strongly in W—5*E,(Q). Indeed,let € > 0 be
given . Writing f = Z|a\§1 Dg fe for all |a] < 1, there exists g¢ € D(Q) such
that || f* — ¢%|]y,0 < m Moreover, by setting g = Z|a\§1 Dgg®, we see that
g € D(Q), and so there exists ¢ € |, V,, such that ||g — ¢[|s,0 < Tmeas@)): We
deduce then that

1f = dllw-renu@ < D I1F* = ¢%llsa +llg = dlluo

laf<1

For any ug € L?*(Q), there is a sequence uo, C |J;—, V;, such that uor, — ug in
L2(0).
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We divide the proof into three steps.

Step 1( a priori estimates): As in [15], by using [[14],Lemmal], we find that
there exists a Gelerkin solution u,, of (13) in the following sense.

(14) Uy € Vi, % € L0, T; V), un(0) = ugn,
and for all ¢ € V,, and all 7 € [0, 7]
aaitnqﬁdxdt +/ a(z, tyun, Vu,)Vodrdt +/ aop(z,t, upn, Vuy,)pdedt = / fodzdt.
Q- Qr T Q-

Letting ¢ = u,, in (13) with 7 = T and using (9) yields
||un||W011L¢(Q) < 07 ||un||L°°(O,T;L2(Q)) < Ca

/ a(x,tun,Vun)Vundxdt—i—/ ao(z, t, up, Vu, )u,dedt < C,

Q Q

where here and below C' denotes a constant not depending on n. Using (7) and the
fact that v < ¢, it is easy to see that ag(z,t, un, Vu,) is bounded in Ly (Q). This
implies that

/ a(z, t, un, Vuy)Vu,dedt < C.
Q

To prove that a(z,t,u,, Vuy,) is bounded in (Ly(Q))Y, let ¢ € (E,(Q))Y, with
l|¢l|p,0 = 1. In view of (8), we have

/ [a(z, t,un, Vuy) — alx, t, Uy, &)][Vu, — ¢dldxdt > 0,
Q
which gives

/Q[a(x,t,un,Vun)(bdxdtg/

a(x,t, Un, Vi, )Vupdedt — / a(x, t, un, @)[Vu, — ¢]dadt,
Q

Q

and since, thinks to (6), a(z,t, uy, ¢) is uniformly bounded in (L, (Q))", we deduce
that

/ a2, t,up, Vu, )pdrdt < C for all ¢ € (E,(Q)N,||6]]p.q = 1,
Q

which implies that, by the use of the dual norm of (Ly(Q))N,a(x,t, u,, Vuy,)
is bounded in Ly(Q))N. Hence, for a subsequence and some hg € L,(Q),h €
(Ly (@)Y,

Up — u in Wy'" Ly (Q) for o(I1L,, TIE,) and weakly in L?(Q),

ao(x, t, Un, V) = ho,a(z,t,uy, Vu,) = hin Ly (Q) for o(IILy, IIE,).

As in [15], we get u,(t) — u(t) in L'(Q) for almost every ¢ € [0,7], and then,
by using Lemma2, we deduce that w, — u strongly in L!(Q) and that, for some
subsequence still denoted by u,, u, — u almost everywhere in Q.
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Step 2( almost everywhere convergence of the gradients):For every 7 € (0,7]
and for all ¢ € C1([0,T],D(?)), we get from (10)

(15)/@ u%dmdth [/Q u(t)p(t)dz] +/ hV(bJr/ hopdxdt = (f,¢)q.,

, Q-

and then, by choosing 7 = T and taking ¢ to be arbitrary in D(Q), we have
3 € WTHLL(Q).

Consider now the prolongation of v to £ x R as int the proof of Lemma3. We see
that there exists a sequence v in D(Q x R) such that

v = win Wy Ly(Q) N LA(Q) and 9% — % in WL, (Q) + L*(Q) for the
modular convergence and so ( see the proof of Lemma 3), vy, — u in C([0, T], L3(f2)),
which implies that, in particular,

u € C([0,T], L?(Q2)). Consequently,

. s,
lim / %(vk — u)dzdt = 0,

which gives, by the use of the fact that 0”‘“ € Ey(Q),

lim lim %(vk — Uy )dzdt = 0.

k—o00 n—o00 Q

This implies that
. . ouy,
limsuplimsup | ——(vi — up)dzdt <0.
k—oco n—oo JQ ot
Since
Jo % (v — up)davdt = Lwn—won+bmk — uy)dxdt
= QHUOn _'Uk( )||L2(Q +fQ Bt 'Uk n)dwdt

and ug, — up in L2(Q) and vx(0) — u(0) in L*(Q)( note that u(0) = ug since
U, (0) — u(0) in L1(£2)).
From (14) and (15), we have

lim sup(/ [a(z, t,u, Vu,)Vu, — hVog + ap(x, t, up, Vg, )u, — hovg|dadt)
Q

n—roo

< limSup<fn7un> - <f7 vk) +

n—oo
lim sup(— O —updxdt) — / v udxdt + [/ u(t)vy(t)de]d
n—00 Q ot Q ot
= (fiu—wg) + hmbup/ — uy,)dxdt
n—oo a

Where we have used the fact that

v
- [ Gtdsat 1] uctmrasis

= lim (/Qa;tk(un)dxdtJr[/ (o (t)dz))

n— oo Q

= lim aaitn(vk)dxdt.

n—oo
Q
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We deduce that
lim sugf liGn sup(/ [a(x,t, tn, Vg, )V, — RV, + ag(x, t, un Vug) (uy, — vg)]dzdt) <0
k—oo n—oo Q

Since, as can be easily seen,
limy, o0 Jo(a(, b, tn, Vg ) Vop—Vogtao(z, t, u, Vg vy )dedt) = fQ(thk—i—hovk)dxdt.

In the sequel, and for any r > 0 and any & € N, we denote by xj x" the
characteristic functions of {(z,t) € Q : |Vug| < r} and {(z,t) € Q : |Vu| < r},
respectivly. We also denote by €(n, k, s) all quantities (possibly different) depending
on [ such that

lim lim lim e(n,k,s) =0,
§—00 k— 00 n—>00

and this will be the order in which the parametres we use will tend to infinity, that
is, first n, then k, and finally s. Similarly, we will write onlye(n), or £(n, k),...to
mean that the limits are only on the specified parametrers. We have, for any [ > 0,

/ [a(z, t, un, Vu,) — a(z, t, un, Vu.x*)|[Vu, — Vu.x*]dzdt
{lun|<t}
—/ [a(z, t, up, Vuy) — a(z, t, un, Vo X5)] [V — Vog.xgdzdt
{l“n'gl}
= / a(x, t, Up, Vog.xi) [Vun, — Vog.xi]dzdt
{lun|<i}
+/ a(x,t, un, Vuy) [Vug. x5 — Vu.x®|dzdt
{lunl<t}

/ a(z, t,un, Vu.x*) [Vu.x® — Vuy,|dzdt
{lun <8}

= Il —|—IQ +13

We shall go to the limit in all integrals I; (for ¢ = 1,2,3) as first n, then k and
finally s tend to infinity. Starting with I; and letting n — oo yields

L = / a(z, t,u, Vog.x5)[Vu — Vug.xgldedt + e(n)
{lu|<t}

Since X{|un|§l}a(x, t, Un, VUg.X5) — X{Wg}a(x, t,u, Vug.x; ) strongly in (Ew(Q))N
by (6) and the Lebesgue theorem while Vu,, — Vu in (L,(Q))". This implies, by
letting k£ — oo in the integral of last side, that

I = / a(x,t,u,0)Vudrdt + (n, k),
{lu]<3n{|Vu|>s}

from which we get I; = e(n, k, s), since the first term of the last side goes to 0 as
s — 0.
For I, we have, by letting n — oo,

I, = / h[Vug.x; — Vu.x’|dzdt + £(n),
{lul<i3n{|Vu|>s}

and so, by letting & — oo in the integral of last side and using the fact that
Vurxi — Vux® strongly in (E,(Q))Y, we deduce that Iy = e(n, k) .
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For the third term I3, we have, by letting n — oo,

I3 = a(x,t,u,0)Vudrdt + e(n, k),

/{ulﬁl}ﬂ{IVUI>s}

and since the first term of the last side tends to zero as s — oo , we obtain
I3 =e(n, k, s).
We have then proved that

/ [a(x,t, un, Vuy) — a(z, t, upn, Vu.x®)][Vu, — Vu.x’|dzdt
{‘un‘gl}

= / [a(x, t, Un, Vuy) — a(z, t, U, Vor.X5)][Vun — Vog.xi]dedt + (n, k, s).
{lun|<1}
Foralls>r>0andalll>§ >0, we have

(17 0< / [a(z, t, upn, Vu,) — a(z, t, upn, Vu)|[Vu, — Vuldzdt
{lun|<o}n{|Vu|<r}

<

/ [a(x,t, un, Vu,) — a(z, t, Uy, V)] [Vu, — Vu|dzdt
{lun |<B}N{IVu|<s}

< / [a(x, t, tn, Vu,) — a(x, t, un, Vu.x*) [V, — Vu.x®dzdt
{lun|<1}

= / [a(z, t, up, Vuy) — a2, t, tn, VU X5)] [V — Vog.xildzdt + e(n, k, s)
{lun|<1}
= —/ a(z, t, up, Vog.x3) [Vun, — Vog.xi]dzdt

+/ [a(z,t, upn, V) (Vuy, — Vo) + ao(z, t, un, Vg ) (U, — vg)]dedt
Q

—(/ a(x,t, un, V) [Vu, — Vog]dedt +/ ao (2, t, Up, Vg ) (un — vg)|dzdt)
{lun|<1} Q

+ / a(x,t, up, Vi, )Vordedt + e(n, k, s)
{lun|<83N{|vk]>s}

=J1+J> +J3+J4+€(n,k,s).

We shall go to the limit sup first over n and next over k and finally over s in all
integrals of the last side.
First of all, note that J; = —I; = e(n, k, s) and that, thanks to (16),

lim sup lim sup J5 < 0.

k—o0 k—o0

The third integral reads
I3 = = [qu sy la(@,t un, Vun ) (Vug — Vo) + ao (2, £, un, V) (un — vg)]dadt

_ f{|un\§l} aop(z,t, up, Vuy,)(u, —vg)dzdt,
and, by using (9),

J3 < / [a(x, t, tn, V) Vo + ag(z, t, un, Vuy, )vg]dedt
{lun|>1}

—/ d(z,t)dzdt — / aop(x, t, Un, V) (uy, — vg)dzdt,
{lun|>1}

{lun|<t}
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which gives
limsup,,_, J3 < f{|u|2l}(thk + hovg)dzdt — f{lu\zl} d(z,t)dzdt — f{|u\gl} ho(u —
vy )dzdt, where we have used the strong convergence of X {|y,,|>13 | Vr| and X {ju,, |13 [Vk|

and X{|un | <1} Un in Ega(Q)
as n — o0o. This implies that

lim sup limsup J3 < / (hVu + hou)dxdt — / d(x,t)dxdt
{lul21}

k—oo n—oo {Ju|>1}

since v — u in WO1 L4 (Q) for the modular convergence. For Jy, we have

lim J, = hVupdxdt

n=oo /{u|s1}m{|m>s}
SINCE X (Ju, |<1n{|Tox|>s} VUE = X{jul<}n{|Vux|>s} VU strongly in (E,(Q))Y as
n — oo. This implies that

lim lim Jy :/ hVudxdtS/ |hVu|dzdt
{lul<t}n{lul=>s}

k— o0 n—o0 {Jul>s}

and thus

limsup lim limn — ocoJy < 0.
s—o0 k—roo

Combining these estimates with (17) and passing to the limit sup first over n, then
over k, and finally over s, we deduce that

0 < lim sup/ [a(x,t, up, V) — alz, t, u,, Vu)][Vu, — Vuldzdt
{Jun| <6, Vu|<r}

n—oo
< / (hVu + hou — d(z, t))dxdt,
{lun|=1}

in which we can let | — oo to get
lim,, 00 f{\un\gé,\vmgr}[a(I’ t, upn, Vuy,) — a(z, t, up, Vu)|[Vu, — Vuldzdt = 0, and
thus, as the elliptic case (see [1]), we deduce that, for a subsequence still denoted
by un,

Vu, — Vu a.e in Q,

and so h = a(z,t,u,Vu) and hg = ag(z,t,u, Vu). Therefore, we get for every
7 € (0,T] and for all ¢ € C*([O, 7], D(R)),

0
(18) / " a(fdxdt—i—[ / w(t)p(t)d]] + / la(e, 0, V) Vo + ao(a, £, u, V) @ldadt = (f, do.
Q- Q -
Step 3 ( passage to the limit): Let v € Wy"L,(Q) N L*(Q) such that % in
W=12L,(Q) + L*(Q). There exists a prolongation ¥ of v such that (see proof of
Lemma 3)

o
"ot
By Theorem 1 (see also Remark 1),there exists a sequence w; C D(€ x R) such
that

197 =von Q,5€ WH"L,(Q x R)NL*(Q x R €W VL, (0 x R) + L2(Q x R).
0 ¥ P

(20)w; — T € Wy " L,( x R) N L*( x R) and % — % €W L, (Q x R) + L*(Q x R)



190 OUBEID, BENKIRANE AND VALLY

for the modular convergence.
Letting ¢ = w;x(o,r) ( which belongs to C*([0, 7], D())) as a test function in (18),
we get, for every 7 € (0,71,

.
—/ u%dwdt + [(RW(t)w;(t)dz]] +/ [a(z,t,u, Vu)Vw; + ao(z, t,u, Vu)w;ldedt = (f,w;)q., .
Q- Q .
We shall now go to the limit as j — oo in all terms of (21). In view of (20), there is

no problem with passing to the limit in the first and last three terms. For the second

one, observe that, as in the proof of Lemma 3, we have w; — v in C([0,T], L?(f2)),

and since, for all ¢ € [0, T],u(t) is in L?(£2), we have, for every ¢ € [0, 7],

/ u(t)w;(t dx—)/

Letting j — oo in both sides of (21)

—<%,U>QT + [/Q u(t)v(t)dz)] +/ [a(z, t,u, Vu)Vv + ag(z, t, u, Vu)vldedt = (f,v)q

To prove the energy equality, it suffices to take v = u in the above equality (note
that this is possible since u € Wy'* L, (Q) N L*(Q) and 2% € W=1*L,(Q)).
This gives
0
—(a—?,mQT + [/ u?(t)dx], Jr/ [a(z, t,u, Vu)Vu + ag(x, t,u, Vu)uldzedt = (f,u)q.,,
Q .

and since, as can by easily seen,

Ju 1 9 B 9
Givla = 5[ wyin = [ ugde)

we get the desired equality. This completes the proof of Theorem 2.
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