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ABSTRACT. Let R be a commutative ring with identity and let M be a unitary R-module. We say that
a proper submodule N of M is a weakly 2-absorbing semi-primary submodule if a1,a2 € R,m € N with
0 # ajagm € N, then ajag € \/m or aymm € N or aym € N for some positive integer n. In
this paper, we study weakly 2-absorbing semi-primary submodules and we prove some basic properties of
these submodules. Also, we give a characterization of weakly 2-absorbing semi-primary submodules and we

investigate weakly 2-absorbing semi-primary submodules of some well-known modules.

1. INTRODUCTION

Throughout this paper, we assume that all rings are commutative with 1 # 0. Let R be a commutative
ring and let M be an R-module. We will denote by (N : M) a residual of N by M, that is, the set of all
r € R such that rM C N. Clearly, VI = {r € R:r™ € I for some positive integer n} denotes the radical
ideal of R.

In 2003, Anderson and Smith [1] introduced the concept of a weakly prime ideal of a commutative ring.
They said that a proper ideal P of the commutative ring R is weakly prime if a,b € R and 0 # ab € P,
then @ € P or b € P. A weakly primary ideals were first introduced and studied by Atani and Farzalipour
in [2]. Recall that a proper ideal P of R is called a weakly primary ideal of R as in [2] if for a,b € R with

0 # ab € P, then a € P or b € P for some positive integer n. Clearly, a weakly prime ideal of R is also a
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weakly primary ideal of R. The concept of weakly 2-absorbing ideals, which is a generalization of 2-absorbing
ideals, was introduced by Badawi and Darani in [3]. Recall from [3] that a proper ideal I of R is said to be
a weakly 2-absorbing ideal of R if whenever a,b,c € R with 0 # abc € I, then ab € I or ac € I or bc € I.
In [4], Badawi et. al. defined a proper ideal I of a commutative ring R to be a weakly 2-absorbing primary
ideal if whenever a,b,c € R and 0 # abc € I, then ab € I or ac € VT or be € /1.

The concept of weakly prime submodule was introduced and studied by Behboodi and Koohi [5]. We recall
that a proper submodule N of M is called a weakly prime submodule, if 0 # rm € N, where r € R,m € M,
then m € N or r € (N : M). The idea of decomposition of submodules into weakly primary submodules
were introduced by Atani and Farzalipour in [2]. A weakly primary submodule N of M to be a proper
submodule of M and if r € R,mm € M and 0 # rm € N, then m € N or ™ € (N : M) for some positive
integer n. Clearly, every primary submodule of a module is a weakly primary submodule. In [6], the concept
of weakly 2-absorbing submodule generalized to 2-absorbing submodule of a module over a commutative
ring. A proper submodule N of M is called a weakly 2-absorbing submodule, if whenever a,b € R and
m € M with 0 # abm € N, then ab € (N : M) or am € N or bm € N. In 2016, Mostafanasab et al. [11]
introduced the concept of weakly 2-absorbing primary submodules of modules over commutative rings with
identities. Recall that a proper submodule N of M is called a weakly 2-absorbing primary submodule of M
as in [11] if whenever 0 # abm € N for some a,b € R and m € M, then ab € (N : M) or am € M — rad(N)
or bm € M — rad(N). The concept of weakly classical prime submodule, which is a generalization of
classical prime submodule, was introduced by Mostafanasab et al. in [10]. Recall from [10] that a proper
submodule N of M is said to be a weakly classical prime submodule of M if whenever a,b € R and m € M
with 0 # abm € N, then am € N or bm € N. The concept of weakly classical primary submodule, a
generalization of primary submodules was introduced and investigated in [9]. He weakly classical primary
submodule N of M to be a proper submoduleof R and if a,b € R and 0 # abm € N, then am € N or
mb"™ € N for some positive integer n.

Motivated and inspired by the above works, the purposes of this paper are to introduce generalization-
s of weakly 2-absorbing primary submodule to the context of weakly 2-absorbing semi-primary submod-
ule. A proper submodule N of M to be a weakly 2-absorbing semi-primary submodule of M if whenever
0 # ajagm € N for a1,a3 € Rym € M, then ajas € \/(N : M) or aym € N or aim € N for some positive
integer n. Some characterizations of weakly 2-absorbing semi-primary submodules are obtained. More-
over, we investigate relationships between 2-absorbing semi-primary and weakly 2-absorbing semi-primary

submodules of modules over commutative rings.
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2. PROPERTIES OF WEAKLY 2-ABSORBING SEMIPRIMARY SUBMODULES

The results of the following theorems seem to play an important role to study weakly 2-absorbing semi-
primary submodules of modules over commutative rings; these facts will be used frequently and normally

we shall make no reference to this definition.

Definition 2.1. A proper submodule N of an R-module M is called a weakly 2-absorbing semi-primary
(2-absorbing semi-primary) submodule, if for each m € M and ay,a2 € R, 0 # ajagm € N(ajasm € N),

then ajag € /(N : M) oraym € N or aim € N for some positive integer n.

Remark 2.1. [t is easy to see that every weakly 2-absorbing primary submodule (2-absorbing semi-primary)

submodule is weakly 2-absorbing semi-primary submodule.
The following example shows that the converse of Definition 2.1 is not true.

Example 2.1. Let R = Z and M = Z. Consider the submodule N = 12Z of M. It is easy to see that N is
a 2-absorbing semi-primary submodule of M. Notice that 2-2-3 € N, but2-3 ¢ N and (2-2)" ¢ (N : M)

for all positive integer n. Therefore N is not a 2-absorbing primary submodule of M.

Example 2.2. Let R = Z and M = Zsy. Consider the submodule N = {[0]} of M. It is easy to see that N is
a weakly 2-absorbing semi-primary submodule of M. Notice that (2-3)[5] € {[0]}, but 2-3 & \/(N : M), 2[5] ¢
{[0]} and 3™[5] & {[0]} for all positive integer n. Therefore N is not a 2-absorbing semi-primary submodule
of M.

Theorem 2.1. Let N be a proper submodule of an R-module M. Then the following statements hold:

(1) If N is a weakly 2-absorbing semi-primary submodule of M, then (N : m) is a weakly 2-absorbing
primary ideal of R for everym € M — N.
(2) For everym € M — N if (N : m) is a weakly primary ideal of R, then N is a weakly 2-absorbing

semi-primary submodule of M.

Proof. 1. Let ay,a9,a3 € R such that 0 # ajasas € (N : m). Clearly, 0 # ajas(agm) € N. By Definition

2.1, ajaz € \/(N : M) C \/(N :m) or ajagm € N or ajasm € N for some positive integer n. Therefore
ajag € (N :m) or azaz € \/(N :m) or ajaz € /(N : m). Hence (N : m) is a weakly 2-absorbing primary
ideal of R.

2. Let a1,as € R such that 0 # ajaem € N. Then 0 # ajas € (N : m). By assumption, a; € (N : m)
or a € (N : m) for some positive integer n. Therefore aym € N or aim € N for some positive integer n.

Hence N is a weakly 2-absorbing semi-primary submodule of M. O

But the converse of the above theorem is not true. For every m € M — N, if (N : m) is weakly 2-

absorbing primary ideal, then N may not be weakly 2-absorbing semi-primary. Let M = Z x Z X Z be an
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Z-module. Consider the submodule N = {0} x 6Z x Z of M. Clearly, (N : (m1,mg,m3)) = {0} is a weakly
2-absorbing primary ideal of R, where (mq,mg, m3) € M — N. Notice that (0,0,0) # (2-3)(0,1,1) € N, but
2-3¢+/(N:M),2(0,1,1) ¢ N and 3"(0,1,1) € N for all positive integer n. Therefore N is not a weakly

2-absorbing semi-primary submodule of M.

Theorem 2.2. If N is a weakly 2-absorbing semi-primary submodule of an R-module M, then (N : 1) is a

weakly 2-absorbing semi-primary submodule of M containing N for everyr € R— (N : M).

Proof. Let aj,as € R and m € M such that 0 # ajaam € (N : 7). Then 0 # ajas(rm) = rajagm € N.
By Definition 2.1, ajas € /(N : M) or ayrm € N or ajrm € N for some positive integer n. Therefore
araz € /(N : M) or aym € (N : 1) or a € (N :r) for some positive integer n. Hence (N : r) is a weakly

2-absorbing semi-primary submodule of M. O

Theorem 2.3. Let {0} be a 2-absorbing semi-primary submodule of an R-module M. Then N is a weakly

2-absorbing semi-primary submodule of M if and only if N is a 2-absorbing semi-primary submodule of M.

Proof. Suppose that N is a 2-absorbing semi-primary submodule of M. Clearly, N is a weakly 2-absorbing
semi-primary submodule of M.

Conversely, assume that N is a weakly 2-absorbing semi-primary submodule of M. Let a;,as € R and
m € M such that ajaam € N. If ajasm & {0}, then 0 # ajaam € N. By Definition 2.1, ajas € /(N : M)
or aym € N or afm € N for some positive integer n. Now if ajaam € {0}, then ajas € /(N : M) or
aym € N or afm € N for some positive integer n. Hence N is a 2-absorbing semi-primary submodule of

M. (]

Theorem 2.4. Let M and M be two R-modules and f:M— M be an epimorphism of an R-module.
If N is a weakly 2-absorbing semi-primary submodule of M such that kerf C N, then f(N) is a weakly

2-absorbing semi-primary submodule of M.

Proof. Let ay,a2 € Rand m € M such that 0 # ajagrh € f(N). Thus 0 # ajaqsrh = 1y for some 17y € f(N).
Since f is an epimorphism, there exist m € M and mg € N such that i = f(m) and 1y = f(mp). This
implies that 0 # ajas f(m) = f(mg). Therefore f(ajasm —mg) = 0 and so ajasm — mg € kerf C N. Also,
0 # ajasm € N, because if ajaom = 0, then mqg € kerf. It follows that f(mg) = 0, a contradiction. Now,
since N is a weakly 2-absorbing semi-primary, we have ajas € \/m or aym € N or afm € N for some

positive integer n. Therefore ajas € 1/ (f(N) : M) or ayrh € f(N) or ajri € f(N) for some positive integer

n. Hence f(N) is a 2-absorbing semi-primary submodule of M. O

Theorem 2.5. Let M be an R-module and N C K be two submodules of M. If K is a weakly 2-absorbing

semi-primary submodule of M, then K/N is a weakly 2-absorbing semi-primary submodule of M /N .
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Proof. Let aj,aa € R and m € M such that N # ajas(m + N) € (K/N). Then 0 # ajaam € K.
By Definition 2.1, ajas € /(K : M) or aym € K or afm € K for some positive integer n. Therefore
ajaz € \/(K/N: M/N) or aj(m+ N) € K/N or ay(m + N) € K/N for some positive integer n. Hence

K/N is a weakly 2-absorbing semi-primary submodule of M/N. O

Theorem 2.6. Let M be an R-module and N C K be two submodules of M. Suppose that N is a weakly 2-
absorbing semi-primary submodule of M. If K/N is a weakly 2-absorbing semi-primary submodule of M /N,

then K is a weakly 2-absorbing semi-primary submodule of M.

Proof. Let a1,a2 € R and m € M such that 0 # ajaom € K. If ajagm € N, then 0 # ajaom € N. By

Definition 2.1, ajas € \/(N : M) C /(K : M) or aym € N C K or aym € N C K for some positive integer
n. If ajasm € N, then N # ajaz(m + N) € N. Again, by Definition 2.1, ajas € /(K/N : M/N) or
ai(m+N) € K/N or af(m+ N) € K/N for some positive integer n. Thus ajas € \/(K : M) or aym € K or

aym € K for some positive integer n. Hence K is a weakly 2-absorbing semi-primary submodule of M. [

Corollary 2.1. Then N is a weakly 2-absorbing semi-primary submodule of an R-module M if and only if
N/ {0} is a weakly 2-absorbing semi-primary submodule of an R-module M/ {0}.

Proof. Tt is straightforward by Theorem 2.5 and Theorem 2.6. O

Theorem 2.7. Let N be a submodule of an R-module M and S be a multiplicative subset of R. If N is
a weakly 2-absorbing semi-primary submodule of M such that (N : M) NS = 0, then STN is a weakly

2-absorbing semi-primary submodule of ST M.

Proof. Clearly, S~'N is a proper submodule of S™'M. Let ai,as € R, 51, 52,53 € S and m € M such that

0 #£ @wa2m o g-LN  Then there exists s € S such that sajaem € N. If sajaom = 0, then &2 %&2m —

81 S2 S3 S1 82 83

sapazm — 0 contradiction. If sajagm # 0, then 0 # ajas(sm) € N. By Definition 2.1, ajas € /(N : M)

$S1 S2 S3 1

or ajsm € N or azsm € N for some positive integer n. Thus ¢-¢2 € \/(STIN : STIM) or 172 = ¢ €

81 83 81838
STIN or (2)e = ij:; € STIN for some positive integer n. Hence S™'N is a weakly 2-absorbing
semi-primary submodule of S~ M. O

Theorem 2.8. Let N be a submodule of an R-module M and S be a multiplicative subset of R. If ST N is
a weakly 2-absorbing semi-primary submodule of S~'M such that SN Zd(N) = 0 and SN Zd(M/N) = 0,

then N is a weakly 2-absorbing semi-primary submodule of M.

Proof. Let a1,a; € R and m € M such that 0 # ajaom € N. Then G 27 € STIN. If @ a2 = %, then
there exists s € S such that sajazm = 0 which is a contradiction. If %25 # %, then 2 QLR E STIN.
S

11 1
By Definition 2.1, 4242 € \/(S=IN : S=IM) or 4+% € S7'N or ()" 2 €

~IN for some positive integer
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n. If 4% ¢ \/(S~IN : S~1M), then (2 %)" € (STIN : S~'M) for some positive integer n. Thus there
exists s € S such that s(aja2)"M C N for some positive integer n. Since S N Zd(M/N) = 0, we have
(a1a2)"M C N so ajaz € \/m If 4472 ¢ S~IN, there exists s € S such that saym € N. Thus
s(aym+ N) =saym+ N = N. But SNZd(M/N) =0, aym € N. If ()"%= € N, there exists s € S such
that such that sa?m € N for some positive integer n. Thus s(afm + N) = saim + N = N for some positive

integer n. Since SN Zd(M/N) = 0, we have aim € N for some positive integer n. Therefore N is a weakly

2-absorbing semi-primary submodule of M. O

Theorem 2.9. Let N be a proper submodule of an R-module M. The following conditions are equivalent:

(1) N is a weakly 2-absorbing semi-primary submodule of M.

(2) For every aj,az € R— (N : M) if ajaz € R — /(N : M), then (N : ajaz) C (0 : ajaz) U (N :
a1) U (N : af) for some positive integer n.

(3) For every aj,az € R— (N : M) if R is a u-ring and ajaz € R — /(N : M), then (N : ajaz) C (0 :

araz) or (N :ajaz) € (N :aq) or (N :ajaz) C (N :ah) for some positive integer n.

Proof. (1 = 2) Let m € (N : ajaz). Then ajaesm € N. If ajaam = 0, then m € (0 : ajaz) C (0 :
arag) U (N :a1) U (N : a) for some positive integer n. If ajasm # 0, then 0 # ajaem € N. By Definition
2.1, a1as € \/m or aym € N or aym € N for some positive integer n. But ajas € R — \/m,
m € (N :ay) or m € (N : a}) for some positive integer n. Therefore m € (N : a1) U (N : af) for some
positive integer n. Hence (N : ajaz) = (0: a1a2) U(N :a1) U (N : al) for some positive integer n.

(2 < 3) It is obvious.

(2= 1) Let ay,as € R such that 0 # ajasm € N. Then m € (N : ajaz) and m & (N : 0). By assumption,
m € (0:ajaz) U(N :a1) U (N : a¥) for some positive integer n. Clearly, a;m € N or aim € N for some

positive integer n. Hence N is a weakly 2-absorbing semi-primary submodule of M. O

Corollary 2.2. Let N be a proper submodule of an R-module M. The following conditions are equivalent:

(1) N is a weakly 2-absorbing semi-primary submodule of M.

(2) For every a € R— (N : M) and every ideal I of R such that I (N : M), if al  \/(N : M), then
(N:al) C(0:al)U(N:a)U(N :I") for some positive integer n.

(3) For every a € R— (N : M) and every ideal I of R such that I € (N : M), if R is a u-ring and
al € \/(N: M), then (N :al) C (0:al) or (N :al) C (N :a) or (N :al) C (N :I") for some
positive integer n.

(4) For every ideals 1,J of R such that I,J ¢ (N : M), if IJ € /(N : M), then (N : 1.J) C (0 :
IJYU(N : I)U (N : J") for some positive integer n.

(5) For every ideals I,J of R such that I,J € (N : M), if R is a u-ring and IJ € \/m, then
(N:IJ)C(0:1J) or (N:IJ)C (N:1I)or(N:IJ)C (N :J") for some positive integer n.
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Proof. Tt is clear from Theorem 2.9. |

Theorem 2.10. Let N be a proper submodule of an R-module M. The following conditions are equivalent:

(1) N is a weakly 2-absorbing semi-primary submodule of M.
(2) For everya € R— (N : M) and m € M, if am ¢ N, then (N : am) C (0 : am) U (/(N : M) :

a) U /(N :m).

Proof. (1 = 2)Leta € R— (N : M) and m € M such that am ¢ N. Assume that r € (N : am). Then
ram € N. If ram # 0, then 0 # ram € N. By Definition 2.1, ar € /(N : M) or am € N or r"m € N
for some positive integer n. Since am ¢ N, we have r € (1/(N: M) : a) or 7 € \/(N : m). This implies
that 7 € (\/(N: M) : a) U/(N:m) C (0: am)U (/(N: M) :a)U+/(N:m). Thus (N : am) C (0 :
am)U(/ (N : M) :a)U+/(N :m). Ifram = 0, then 7 € (0 : am) C (0: am)U(\/((N : M) : a)U+/(N : m).
Therefore (N :am) C (0:am)U (v/ (N : M) :a)U/(N :m).

(2=1) It is clear. O

Corollary 2.3. Let N be a proper submodule of an R-module M. The following conditions are equivalent:

(1) N is a weakly 2-absorbing semi-primary submodule of M.
(2) For every ideal I of R such that ] C R— (N : M) and m € M, if Im € N, then (N : Im) C (0 :
Im)U /(N :M):I)U\/(N:m).

Proof. Tt is clear from Theorem 2.10. |

Definition 2.2. Let N be a proper submodule of M. If N is a 2-absorbing semi-primary submodule and
araom = 0,a1a2 € /(N : M),axm & N and aim & N for all positive integer n, then (a1,a2, m) is called a

absorbing semi-primary triple-zero of N where a1,a2 € R,m € M.

Theorem 2.11. Let N be a weakly 2-absorbing semi-primary submodule of an R-module M. Suppose that
K is a submodule of M and ay,a3 € R such that N C K and ajas K C N. If (a1, a2, m) is not a absorbing
semi-primary triple-zero of N for every m € K, then ajas € /(K : M) or a; K C N or ay K C N for some

positive integer n.

Proof. Assume that ajas ¢ \/m,alK Z N and ay K ¢ N for all positive integer n. Then there are
k1, ks € K such that a1ky ¢ N and alky ¢ N for all positive integer n. If ajask; # 0, then 0 # ajazk; € N.
By Definition 2.1, ay*k; € N for some positive integer ni. So let ajagk; = 0. By Definition 2.2, a5%k; € N
for some positive integer no. Now if ajasks # 0, then 0 # ajasks € N. Again, by Definition 2.1, aky € N.
Next let ajasks = 0. Now by Definition 2.2, a1ky € N. Let ng = max {n1,n2}. Then a°ky,a1ks € N.
Since ajas K C N, we have ajaz(k1 + ko) € N. If ajas(k1 + k2) # 0, then 0 # ajas(ky + k2) € N. Thus by
Definition 2.1, a1 (k1 +k2) € N or a5® (k1 + k2) € N for some positive integer ng. This implies that a1k; € N
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or ag*kes € N where ny = max{ng,n3} and we get a contradiction. Assume that ajas(k; + k2) = 0.
New since (a1, a2, k1 + ko) is not a absorbing semi-primary triple-zero of N, we have a;(k1 + k2) € N or
a3’ (k1 + ko) € N for some positive integer ns. Clearly, a1k1 € N or a5®ks € N, where ng = max {ng,ns},
which again is a contradiction. Hence ajas € /(K : M) or a1 K C N or ay K C N for some positive integer

n. O

Theorem 2.12. Let N be a weakly 2-absorbing semi-primary submodule of an R-module M. Suppose that
(a1,a2,m) is a absorbing semi-primary triple-zero of N for some ay,as € R and m € M. Then

(1) ayaaN = {0};

(2) a1(N : M)m = {0};
(3) (N : M)agm = {0};
(4) (N: M)*m = {0};
(5) ar(N : M)N = {0};
(

(
1) (

)
)
)
)
)
6)

(N : M)asN = {0}.

Proof. 1. Suppose that ajasN # {0}. Then there exists mg € N such that ajaamg ¢ {0}. Thus ajasm +
aragmy # 0 so 0 # ajaz(m + mg) € N. By Definition 2.1, ajas € /(N : M) or a;(m + my) € N or
a%(m+mg) € N for some positive integer n. Therefore ajas € \/(N : M) or aym € N or aim € N for some
positive integer n. This is a contradiction. Hence a1a2 N = {0}.

2. Suppose that a; (N : M)m # {0}. Then there exists r € (N : M) such that a;rm # 0. Since rm € N,
we have 0 # a1(az +7r)m € N. By Definition 2.1, aj(ag+71) € /(N : M) or aym € N or (az+r)"m € N for
some positive integer n. Thus ajas € /(N : M) or aym € N or a} € N for some positive integer n. This is
a contradiction. Hence aj (N : M)m = {0}.

3. The proof is similar to part 2.

4. Assume that (N : M)?m # {0}. Then there exist r,s € (N : M) such that rsm # 0. Then
by parts 1 and 2, (a1 + r)(as + s)m # 0. Clearly, 0 # (a1 + r)(az + s)m € N. By Definition 2.1,
(a1 +7r)(az+s) € /(N : M) or (a; +7r)m € N or (az + s)™m € N for some positive integer n. Therefore
ajaz € \/(N:M) or aym € N or ay € N for some positive integer n. This is a contradiction. Hence
(N : M)?>m = {0}.

5. Suppose that a1 (N : M)N # {0}. Then there exist » € (N : M) and mg € N such that a;rmg # 0.
Therefore by parts 1 and 2 we conclude that a;(ag +7)(m +mg) # 0. Clearly, 0 # a1(az +7)(m+mg) € N.
By Definition 2.1, aj(az + ) € \/(N : M) or a1(m + mg) € N or (az +r)"(m + mg) € N for some positive
integer n. Therefore ajas € /(N : M) or aym € N or aym € N for some positive integer n. This is a
contradiction. Hence a3 (N : M)N = {0}.

6. The proof is similar to part 5. ]
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Theorem 2.13. Let M be an R-module. If N is a weakly 2-absorbing semi-primary submodule of M that
is not 2-absorbing semi-primary, then (N : M)2N = {0}.

Proof. Suppose that N is a weakly 2-absorbing semi-primary submodule of M that is not 2-absorbing
semi-primary submodule. Then there exists a absorbing semi-primary triple-zero (a1, az, m) of N for some
ai,az € R and m € M. Assume that (N : M)2N # {0}. Then there exist r,s € (N : M) and mg € N
such that rsmg # 0. Since (a1 + r)(az + s)(m + mg) # 0, we have 0 # (a1 + r)(az + s)(m +mp) € N. By
Definition 2.1, (a1 + r)(az + s) € /(N : M) or (a1 +r)(m+n) € N or (az + s)"(m +n) € N for some
positive integer n. Therefore ajas € /(N : M) or aym € N or aym € N. This is a contradiction. Hence

(N : M)2N = {0}. O

Corollary 2.4. Let M be a multiplication R-module. If N is a weakly 2-absorbing semi-primary submodule

of M that is not 2-absorbing semi-primary submodule, then N3 = {0}.

Proof. Suppose that N is a weakly 2-absorbing semi-primary submodule of M that is not 2-absorbing semi-
primary submodule. By assumption, N = (N : M)M. Then by Theorem 2.13, N3 = (N : M)3M = (N :
M)2((N: M)M) = (N : M)>N = {0}. O

Lemma 2.1. Suppose that N is a weakly 2-absorbing semi-primary submodule of an R-module M and

(0 : ma) is a 2-absorbing primary ideal of a ring R where mo € M — N. For all my € M, if rs € (N :

m1) — /(N : ma), then (N : rsmg) C (N : rma) U /(N : s"mzg) for some positive integer n.

Proof. Suppose that rs € (N : my) — (N : mg) where my € M and mge € M — N. Let a € (N : rsmg).
Then (ars)mg = a(rsmz) € N so ars € (N : mg). If arsmg # 0, then 0 # ars € (N : mg). By
assumption, ar € (N : mg) or as € \/(N : mz) or rs € /(N : ma). By the assumption, ar € (N : mz) or
as € \/m Thus a € (N : rmgy) or a € \/m for some positive integer n. This implies that
(N :rsmg) C (N : rma) U+/(N : s™my) for some positive integer n. Now if arsms = 0, then ars € (0 : my).
Thus ar € (0 : mg) or as € /(N : ma) orrs € \/(N : ma). Therefore (N : rsma) C (N : rmg)Uy/(N : s7msy)

for some positive integer n. O

Proposition 2.1. Let N be an irreducible submodule of an R-module M. For allr € R if (N :r) = (N : r?),

then N is a weakly 2-absorbing semi-primary submodule of M.

Proof. Let aj,as € R and m € M such that 0 # ajaam € N. Suppose that a1as € /(N : M),a;m ¢ N and
aim ¢ N for all positive integer n. Clearly, N C (N +ajaaM) N (N + Raym) N (N + Raym) for all positive
integer n. Let mg € (N + ajasM) N (N + Raym) N (N + Raym). This implies that mg € N + ajaoM, mg €
N+Raym and mg € N+Raim. Then there exist 71,72 € R,m; € M and n1,ny € N such that n;+ajaam; =

mo = Ny +ria1m = mo = ns+bym. Since a1y —l—a%agml =a1mgy = a1n2 —l—rla%m =a1mo = a1nz+abym,
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we have a?rym € N. It follows that rym € (N : a?). By the assumption, rym € (N : a1), so that riaym € N.

Thus N = (N4a1ae M)N(N+Raym)N(N+Raym). Now since N is an irreducible, we have N +ajaoM C N
or aym € N + Raym C N or aym € N 4+ Raim C N, a contradiction. Hence NN is a weakly 2-absorbing

semi-primary submodule of M. |

Theorem 2.14. Let M; be an R;-module and N; be a proper submodule of M;, for i =1,2. If Ny x My is
a weakly 2-absorbing semi-primary submodule of My x Ms, then Ny is a weakly 2-absorbing semi-primary

submodule of M; .

Proof. Suppose that N1 x M5 is a weakly 2-absorbing semi-primary submodule of M7 x Ms. Let a1,a2 € Ry
and m € M; such that 0 # ajazm € Ny. Then (0,0) # (a1,0)(az,0)(m,0) = (a1azm,0) € N1 x Ms. By

Definition 2.1, (aja2,0) = (a1,0)(az,0) € /(N1 x My : My x Ms) or (aym,0) = (a1,0)(m,0) € Ny x My
or (afm,0) = (az,0)"(m,0) € Ny x My for some positive integer n. This implies that ajas € /(N1 : M)
or aym € Ny or agm € N; for some positive integer n. Hence N; is a weakly 2-absorbing semi-primary

submodule of Mj. O

Corollary 2.5. Let M; be an R;-module and N; be a proper submodule of M;, for i =1,2. If My X Na is
a weakly 2-absorbing semi-primary submodule of My x Ms, then Ny is a weakly 2-absorbing semi-primary

submodule of Ms.
Proof. Tt is clear from Theorem 2.14. O

Corollary 2.6. Let M; be an R;-module and N; be a proper submodule of M;, fori=1,2,... k. If My X
Mox.. . XMj_1 xNjxM;j 1 x...x My is a weakly 2-absorbing semi-primary submodule of My x My x. .. x My,

then N; is a weakly 2-absorbing semi-primary submodule of M;.
Proof. Tt is clear from Theorem 2.14 and Corollary 2.5. ]

Theorem 2.15. Let M; be an R-module and let N; be a proper submodule of M;, for i = 1,2. Then the
following conditions are equivalent:
(1) N1 X M is a weakly 2-absorbing semi-primary submodule of My x Ms.
(2) (a) Ni is a weakly 2-absorbing semi-primary submodule of M.
(b) For each aj,a2 € R and m € My such that ajaam = 0, if aras & \/W and aym &

Ny,alm & Ny for all positive integer n, then ayjas € (0: Ma).

Proof. (1 =2). (a). This follows from Theorem 2.14.
(b). Let ajagm = 0,a1m ¢ Ny and aim ¢ N; for all positive integer n, where a1,a2 € R and m € M.

Suppose that ajas & (0 : My). There exists ma € My such that ajagms # 0. Thus (0,0) # ajas(m,ms) =
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(arasm,ajagms) € Ny X Ms. By part 1, i.e., ajas € \/(Nl X My : My x Ms) or ay(m,mg) € Ny X My or
a%(m,ma) € N1 x My for some positive integer n. Thus ajas € /(Ny: M) or aym € Ny or afym € N,
which is a contradiction. Hence ajas € (0: Ms).

(2=1). Let ay,a2 € R and (my,mg) € My X My such that (0,0) # (ajaemy,aiasms) = ajaz(my, ms) €

Ny x My. If ajasmq # 0, then 0 # ajaomy € Ny. By part (a), ajas € /(N1 : My) or aym; € Ny or

aimy € N; for some positive integer n. So ajas € \/(N1 X Ms : My x Ms) or aj(mi,ma) = (aymy,a;ms) €
Ny X My or ay(my,m2) = (aymq,aims) € Ny x My, and thus we are done. If ajaam; = 0, then ayjaamsg # 0.

Therefore ajas & (0 : Ms). By part (b), ajas € \/(Ny : My) or aym; € Ny or aim; € N; for some positive

integer n. Thus ajas € \/(Nl X My @ My x Ms) or a;(mq, ma) € N1 X My or ay(my,me) € N1 x Ms. Hence

N1 x M> is a weakly 2-absorbing semi-primary submodule of M7 x Ms. O

Corollary 2.7. Let M; be an R-module and let N; be a proper submodule of M;, for i = 1,2. Then the
following conditions are equivalent:
(1) My x N3 is a weakly 2-absorbing semi-primary submodule of My x M.
(2) (a) Ny is a weakly 2-absorbing semi-primary submodule of Ms.
(b) For each aj,a2 € R and m € My such that ayaam = 0, if aras & \/m,alm ¢ Ny and

aym & Ny for all positive integer n, then aiag € (0: My).
Proof. This follows from Theorem 2.15. O

Corollary 2.8. Let M; be an R-module and let N; be a proper submodule of M;, fori=1,2,..., k. Then
the following conditions are equivalent:
(1) My x My x ... x M;—1 X N; X M;y1 X My, is a weakly 2-absorbing semi-primary submodule of
My x My x ... x M.
(2) (a) N; is a weakly 2-absorbing semi-primary submodule of M;.
(b) For each ay,a2 € R and m € My such that apaam = 0, if aras & \/Wﬂﬂn & Ny and
aym & Ny for all positive integer n, then there exists j € {1,2,...,k} such that aras € (0: Mj;).

Proof. This follows from Theorem 2.15. O

Theorem 2.16. Let N; be a proper submodule of an R;-module M;, for i = 1,2. Then the following
conditions are equivalent:

(1) Ny is a 2-absorbing semi-primary submodule of M.

(2) N1 X My is a 2-absorbing semi-primary submodule of My x M.

(3) Ny X My is a weakly 2-absorbing semi-primary submodule of My X My, where My # {0}.

Proof. (1 = 2). This is clear, by Theorem 2.15.
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(2 = 3). The proof is clear.

(3 = 1). Suppose that N7 x M; is a weakly 2-absorbing semi-primary submodule of M; x Ms, where
My # {0}. Let aj,a2 € Ry and m € M; such that ajagm € Ni. By assumption, there exists mg € Ms such
that mo # 0. Since (a1, 1)(az,1)(m, ms) = (ajaem, ms) # (0,0) , we have (0,0) # (a1,1)(ag,1)(m,ms) €
N; x My. By Definition 2.1, (a1,1)(az2,1) € \/(Nl X My : My x Ms) or (ai,1)(m,mq) € Ny X My or

(ag,1)™(m,mg) € Ny x My for some positive integer n. Therefore ajas € /(N7 : M) or aym € Ny or

aym € N; for some positive integer n and hence N; is a 2-absorbing semi-primary submodule of M. O

Corollary 2.9. Let N; be a proper submodule of an R;-module M;, fori = 1,2. Then the following conditions
are equivalent:

(1) Ns is a 2-absorbing semi-primary submodule of M.

(2) My x Ny is a 2-absorbing semi-primary submodule of My x Ms.

(3) My x Ny is a weakly 2-absorbing semi-primary submodule of My x My, where My # {0}.

Proof. This follows from Theorem 2.16. O

Corollary 2.10. Let N; be a proper submodule of an R;-module M;, fori=1,2,... k. Then the following
conditions are equivalent:
(1) N; is a 2-absorbing semi-primary submodule of Mj .
(2) MyxMyx... X M;_1 X Ny x M1 X My, is a 2-absorbing semi-primary submodule of My X My X. .. X M.
(3) My x My x ... X M;—1 x N; Xx Mj1 X My is a weakly 2-absorbing semi-primary submodule of
My x My x ... X My, where M; # {0}.

Proof. This follows from Theorem 2.16 and Corollary 2.9. ]

Theorem 2.17. Let N; be a proper submodule of an R;-module M;, for i = 1,2. If N1 X Ny is a weakly

2-absorbing semi-primary submodule of My x Mo, then

(1) Ny is a weakly 2-absorbing semi-primary submodule of Mj .

(2) N2 is a weakly 2-absorbing semi-primary submodule of M.

Proof. (1). Suppose that N1 X Ny is a weakly 2-absorbing semi-primary submodule of M; x Ms. Let a1, as €
Ry and m € M, such that 0 # ajaam € Np. Clearly, (0,0) # (a1,1)(az,1)(m, ma) = (a1aam, ma) € N1 X Na.

By Definition 2.1, (ajas,1) = (a1,1)(az,1) € \/(Nl X Ny : My x M) or (aym,ms) = (a1,1)(m,ms) €
Ny x Ny or (aym, mg) = (az,1)*(m, ms) € Ny x Ny for some positive integer n. Therefore ajas € \/m
or aym € Ni or afm € Ny for some positive integer n. Hence Ny is a weakly 2-absorbing semi-primary
submodule of Mj.

(2). This follows from part 1. O
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Example 2.3. Let M = Zx Z be an Z-module. Consider the submodule N = 5Zx12Z of M. It is easy to see
that 5Z and 12Z are weakly 2-absorbing semi-primary submodule of M. Notice that (0,0) # 2-3(5,2) € N,
but 2-3 ¢ /(M : N),2(5,2) ¢ N, and (2-3)" & (N : M) for all positive integer n. Therefore N is not a
weakly 2-absorbing semi-primary submodule of M. This example shows that the converse of Theorem 2.17

s not true.

Theorem 2.18. Let N; be a submodule of an R;-module M;, for i = 1,2,3. If N is a weakly 2-absorbing
semi-primary submodule of My x Max Ms, then N = {(0,0,0)} or N is a 2-absorbing semi-primary submodule
Of M1 X M2 X M3

Proof. Suppose that N is a weakly 2-absorbing semi-primary submodule of M; x Ms x Mjs that is not
2-absorbing semi-primary. We will show that N = {(0,0,0)}. Now suppose that N; x Ny x N3 = N #
{0} x{0} x{0}. Thus N; # {0}, for some ¢ = 1,2,3. We claim that N; # {0}. There exists m; € N; such that
my # 0. To show that Ny = My or N3 = M5. Assume that Ny # My and N3 # Mj3. Thus there exist mo €
M5 and mg € Ms such that ma & Ny and mg ¢ Ns. Since (1,0,1)(1,1,0)(mq, ma, ms) = (m1,0,0) # (0,0,0),
we have (0,0,0) # (1,0,1)(1,1,0)(m1, ma, m3) € N1 x Na x N3. By Definition 2.1, we get (1,0,1)(1,1,0) €

V(N1 x No x N3 : My x My x Ms) or (1,0,1)(m1,ma,m3) € N or (1,1,0)"(m1,ma,m3) € N, for some
positive integer n. So mo € Ny or m3g € N3, a contradiction. Therefore N = N; x My x N3 or N =
Ny x Nyx Ms. If N = N3 X My x N3, then (0,1,0) € (N : My X Max M3). By Theorem 2.13, {0} x My x {0} =
(0,1,0)2N C (N : N1 x My x N3)2N = {(0,0,0)}, which is a contradiction. Hence N = {(0,0,0)}. O

Theorem 2.19. Let N; be a submodule of an R;-module M;, for i = 1,2,3. If N # {(0,0,0)} and N
is a 2-absorbing semi-primary submodule of My x My x Ms, then N is a weakly 2-absorbing semi-primary

submodule of My x My x Ms.

Proof. Similar to the proof of Theorem 2.18 |

The above theorem shows the relationship between 2-absorbing semi-primary and weakly 2-absorbing

semi-primary submodules in Ry X Rs X Rg-modules. From the above theorem, we have the following corollary.

Corollary 2.11. Let N; be a submodule of an R;-module M;, for i =1,2,3 with N # {(0,0,0)}. Then N
is a weakly 2-absorbing semi-primary submodule of My x My x M3 if and only if N is a weakly 2-absorbing

semi-primary submodule of My x My X Msj.
Proof. This follows from Theorem 2.18. ]

Corollary 2.12. Let N; be a submodule of an R;-module M;, fori=1,2,...,k > 3 with N # {(0,0,...,0)}.
Then N is a weakly 2-absorbing semi-primary submodule of My X Mo X ... X My, if and only if N is a weakly

2-absorbing semi-primary submodule of My X Ms X ... x Mj.
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Proof. This follows from Theorem 2.19. |
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