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ABSTRACT. The uni-soft type of bi-ideals in ordered semigroup is considered. The notion of a uni-soft
bi-ideal is introduced and the related properties are investigated. The concept of d—exclusive set is given
and the relations between uni-soft bi-ideals and §—exclusive set are discussed. The concepts of two types of
prime uni-soft bi-ideals of an ordered semigroup S are given and it is proved that, a non-constant uni-soft
bi-ideal of S is prime in the second sense if and only if each of its proper d—exclusive set is a prime bi-ideal
of S. The characterizations of left and right simple ordered semigroups are considered. Using the notion of
uni-soft bi-ideals, some semilattices of left and right simple semigroups are provided. By using the properties
of uni-soft bi-ideals, the characterization of a regular ordered semigroup is provided. In the last section of

this paper, the characterizations of both regular and intra-regular ordered semigroups are provided.

1. INTRODUCTION

The notion of soft set was introduced in 1999 by Molodtsov [20] as a new mathematical tool for dealing
with uncertainties. Due to its importance, it has received much attention in the mean of algebraic structures
such as groups [9], semirings [11], rings [1], ordered semigroups [15] and hemirings [19,22] and so on. Feng
et al. discussed soft relations in semigroups (see [12,13]) and explored decomposition of fuzzy soft sets

with finite value spaces. Also, Feng and Li [14] considered soft product operations. Jun et al., [15] applied
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the concept of soft set theory to ordered semigroups. They applied the notion of soft sets by Molodtsov
to ordered semigroups and introduced the notions of (trivial, whole) soft ordered semigroups, soft ordered
subsemigroups, soft r-ideals, soft I-ideals, and r-idealistic and I-idealistic soft ordered semigroups [16]. They
investigated various related properties by using these notions. In [6-8] Khan et al., characterized different
classes of ordered semigroups by using uni-soft quasi-ideals and uni-soft ideals.

In this paper, we introduce the notion of a uni-soft bi-ideal in ordered semigroups. The concept of
d—exclusive set is given and the relations between uni-soft bi-ideals and d—exclusive set are discussed. We
also define two types of prime uni-soft bi-ideals of an ordered semigroup S and prove that, a non-constant
uni-soft bi-ideal of S is prime in the second sense if and only if each of its proper j—exclusive set is a
prime bi-ideal of S. The characterizations of some classes of ordered semigroups are given. By using the
notion of uni-soft bi-ideals, some semilattices of left and right simple subsemigroups are discussed. Using
the concept of an d—exclusive set, it is proved that a soft set of S over U is a uni-soft bi-ideal if and only if
the non-empty d—exclusive set is a bi-ideal. Regular ordered semigroups are chracterized by the properties
of uni-soft bi-ideals and it is shown that every uni-soft bi-ideal of S over U is idempotent if and only if the
ordered semigroup is regular. In the last section of this paper, the characterizations of both regular and

intra-regular ordered semigroups are discussed.

2. PRELIMINARIES

In this section, we give some basic definitions and results, which are necessary for the subsequent sections.
By an ordered semigroup we mean a structure (5, -, <) such that:

(OS1) (S, ) is a semigroup.

(0S2) (S, <) is a poset.

(08S3) (Va,b,z € 5) (a <b= ax < bz and za < xb).

For A C S, we denote

(A]:={t e S:t < hfor someh e A}.

For A,B C S, we have AB := {ab: a € A,b € B}. A nonempty subset A of an ordered semigroup S is
called a subsemigroup of S if A> C A. A nonempty subset A of S is called a left (vesp. right) ideal of S if:
(1) SAC A(resp. AS C A) and (2) a € A, S >b < a, implies b € A. By a two-sided ideal or simply an ideal
of S we mean a non-empty subset of S which is both a left and a right ideal of S. A nonempty subset A
of an ordered semigroup S is called a bi-ideal of S if: (1) A2 C A, (2) ASAC Aand (3)a€ A,S>b<a,
implies b € A. Let S be an ordered semigroup and () # A C S. Then the set (AU A% U ASA] is the

bi-ideal of S generated by A. In particular, if A = {z} (z € S), then we write (z U 2% U xSz], instead of

({z} u{z?} U{z}S{x}] (see [2)).
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3. BASIC OPERATIONS OF SOFT SETS

From now on, U is an initial universe, E is a set of parameters, P(U) is the power set of U and A, B,C... C

E.

Definition 3.1. A soft set Fa over U is defined as Fa : E — P(U) such that Fa(z) =0 if x ¢ A. Hence

F4 is also called an approximation function.

A soft set F4 over U can be represented by the set of ordered pairs Fy =
{(z,Fa(z))|lz € E,Fa(z) € P(U)}. It is clear from Definition 3.1, that a soft set is a parameterized
family of subsets of U. Note that the set of all soft sets over U will be denoted S(U).

Definition 3.2. (i) Let Fa,Fg € S(U). Then Fa is called a soft subset of Fg, denoted by FaACFg if
Fy(x) C Fp(x) for allx € E.

(ii) Let Fa, Fg € S(U). Then the soft union of Fa and Fg, denoted by FAUFg = Fayp, is defined by
(FAUFg) (z) = Fa(z) U F(z) for allx € E.

(iii) Let Fa, Fg € S(U). Then the soft intersection of Fa and Fg, denoted by FANFg = Fanp, is defined
by (FANFB) (z) = Fa(z) N Fp(z) for all z € E.

For x € S, we define
Ay ={(y,2) € S x S|z < yz}.
Definition 3.3. Let (Fs,S) and (Gg,S) be two soft sets over U. Then, the soft intersection-union product,
denoted by fsQgs, is defined by
N {Fs(y)UGs(2)} if A, #0,
Fs0Gs: S — P(U),x — ¢ (y,2)€A
U if Ay =0,

for all x € S. One can easily prove that 70” on S(U) is well defined and the set (S(U)7 0, i) forms an

ordered semigroup (see [7]).
4. UNI-SOFT BI-IDEALS
For an ordered semigroup, the soft sets "(ls” and " Tg” of S over U are defined as follows:
fs:S — PU),xz+— Os(x) =0,

Ts:S—PU),z+—— Tg(x)=U forall z € S.

Clearly, the soft set ”(s” (resp. " Ts”) of an ordered semigroup S over U is the least (resp., the greatest)
element of the ordered semigroup (S(U), ¢, C). The soft set "(g” is the null element of (S(U), O, C) (that
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is FsOls = 0sOFs = g and 0gCFy for every Fg € S(U). The soft set (Tg,S) is called the whole soft set
over U, where Tg(z) =U forall z € S.

For a non-empty subset A of S, the characteristic soft set (xa,A) over U is a soft set defined as follows:

U ifzeA,
0 if x e S\A.

Xa:S8— PU),z+—

For the characteristic soft set (x4, A) over U, the soft set (x4, A) over U is given as follows:

0 ifzeA,
U ifzxeS\A

X4:8 — PU),z+—

Definition 4.1. (c¢f. [15]). Let S be an ordered semigroup. A soft set (Fs,S) of S over U is called a

union-soft semigroup (briefly, uni-soft semigroup) of S over U if:

Fg(zy) € Fs(x) U Fs(y) Va,y € S.

Definition 4.2. (c¢f. [15]). Let S be an ordered semigroup. A soft set (Fs,S) of S over U is called a
union-soft left (resp. right) ideal (briefly, uni-soft left (resp. right) ideal) of S over U if

(SU1) r<y = Fs(v)C Fs(y),
(SU2) Fs(xy) C Fs(y) (resp. Fs(zy) C Fg(x)) Va,y € S.
If (Fs,S) is both a uni-soft left ideal and a uni-soft right ideal of S over U, then (Fg,S) is called a

uni-soft ideal of S over U.

Definition 4.3. (cf. [6]). Let S be an ordered semigroup. A uni-soft semigroup (Fs,S) of S over U is called
a union-soft bi-ideal (briefly, uni-soft bi-ideal) of S over U if

(SU6) Fs(zyz) C Fs(x)U Fs(2) ¥V z,y,z € S.

Definition 4.4. A soft set (Fs,S) of an ordered semigroup (S,-,<) over U is called idempotent if
(FS<>FS7S) = (F57S)

For a soft set (Fa,S) over U and a subset § of U, the d-exclusive set of (Fy4,S) denoted by e4(Fa;0) is
defined by

eA(FA;é) = {ac S A|FA(I) - 5}
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Theorem 4.1. A soft set (Fs,S) over U is a uni-soft bi-ideal over U if and only if the nonempty -exclusive
set of (Fg,S) is a bi-ideal of S for all § € P(U).

Proof. Assume that (Fs,S) is a uni-soft bi-ideal over U. Let § € P(U) be such that eg(Fs;d) # 0. Let
x,y € S with < y be such that y € eg(Fg;d). Then Fg(y) C 6. By (SU5) we have

Fs(z) C Fs(y) Co
and that x € eg(Fs;9). Let ,y € es(Fs;d). Then Fg(z) C ¢ and Fs(y) C 6. By (SU6) we have
Fs(zy) C Fs(z)U Fs(y) C 4
and so zy € eg(Fs;0). For x,z € eg(Fg;6). Then Fg(x) C 6 and Fg(z) C d. By (SU6) we have
Fg(wyz) C Fg(x) U Fs(z) €40

hence zyz € es(Fs;9). Therefore eg(Fs;d) is a bi-ideal of S.
Conversely, suppose that the nonempty J-exclusive set of (Fs,.S) is a bi-ideal of S for all 6 € P(U). Let
z,y € S with < y be such that Fg(xz) D Fs(y) = 0, then y € eg(Fs;d,) but « ¢ eg(Fs;0,). This is a

contradiction. Hence Fg(x) C Fs(y) for all x < y. If there exist x,y € S such that
FS(xy) D) FS(x) UFS(y) = 61 U(Sy = 6,2

then © € es(Fs;6,) and y € eg(Fs;0,) but zy ¢ eg(Fs;0,). This is a contradiction. Hence Fg(zy) C
Fs(xz)U Fg(y) for all z,y € S. If there exist z,y, z € S such that

Fs(xzyz) D Fs(x) U Fs(z) =0, Ud, = 45

then x € eg(Fs;d5) and z € eg(Fs;05) but zyz ¢ es(Fs;d5). This is a contradiction. Hence Fg(xyz) C
Fs(xz)U Fg(z) for all z,y € S. O

Corollary 4.1. (c¢f. [8]). For any nonempty subset B of S, the following are equivalent.

(1) B is a bi-ideal of S.

(2) The soft set (x%,S) over U is a uni-soft bi-ideal over U.

A bi-ideal P of an ordered semigroup S is called prime if P # S and for any bi-ideals A, B of S from
AB C P it follows that A C P or B C P. By analogy a non-constant uni-soft bi-ideal (Fs,S) of S
over U is called prime (in the first sense) if for any uni-soft bi-ideals (Gg,S), (Hg,S) of S over U from
(GsOHg,S) D (Fs,S) it follows that (Gg,S)2 (Fs,S) or (Hs,S)2 (Fs,S).

Theorem 4.2. A bi-ideal P of an ordered semigroup S is prime if and only if for alla,b € S from (aSb] C P
it follows that a € P or b € P.
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Proof. Assume that P is a prime bi-ideal of S and (aSb] C P for some a,b € S. Then obviously, the sets
A = (aSa] and B = (bSb] are bi-ideals of S, because (aSa]S(aSa] = (aSal(S](aSa] C (aSaSaSa] C (aSa]
and if z € S and ¢ < y € (aSa], then x € ((aSa]] = (aSa]. Similarly, (bSb] is a bi-ideal of S. So,
AB C (AB] = ((aSa](bSb]] C (aSabSh] C (aSb] C P, and consequently A C P or B C P. Let (z) be the
bi-ideal of S generated by z € S. If A C P, then (a) C (aSa] = A C P, whence a € P. If B C P, then
(by C (bSb] = B C P, whence b € P.

The converse part is obvious. O

Corollary 4.2. A bi-ideal P of a commutative ordered semigroup S with identity is prime if and only if for
all a,b € S from ab € P it follows a € P or b € P.

The result expressed by Corollary 4.2, suggests the following definition of prime uni-soft bi-ideals.

Definition 4.5. A non-constant uni-soft bi-ideal (Fs,S) of S over U is called prime (in the second sense)

if for all 6 € P(U) and a,b € S, the following condition is satisfied:

if Fs(axzb) C § for every « € S then Fs(a) C § or Fs(b) C é.
In other words, a non-constant uni-soft bi-ideal is prime if from the fact that axb € eg(Fyg;d) for every
x € S it follows a € eg(Fs;9) or b € eg(Fs;0). It is clear that any uni-soft bi-ideal which is prime in the

first sense is prime in the second sense. The converse is not true.

Example 4.1. Let S = {a,b,c} be an ordered semigroup with the following Cayley table and order relation

(see [3]).

<:={(a,a),(b,b),(c,c),(a,b)}.

Let (Fs,S) be a soft set over U = {1,2,3,4,5,6,7,8,9,10} in which Fg is given by

{1,3,5}ifz=c¢c
Fs:S— PU),xz+— {1,2,3,5,6}ifz =0
{1,2,3,5,6,8}ifx =a

is a uni-soft bi-ideal over U. It is prime in the second sense but it is not prime in the first sense.
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Theorem 4.3. A non-constant soft set (Fs,S) over U is a prime uni-soft bi-ideal over U in the second

sense if and only if the nonempty J-exclusive set of (Fs,S) is a prime bi-ideal of S for all 6 € P(U).

Proof. Let a uni-soft bi-ideal (Fg, S) over U be prime in the second sense and let eg(Fyg;0) be its arbitrary
proper d—exclusive set, i.e., § # es(Fs;0) # S (obviously es(Fs;d) is a bi-ideal of S (Theorem 4.1)). If
(aSb] C eg(Fs;6), then Fg(axb) C § for every x € S. Hence Fg(a) C d or Fs(b) C 0, i.e., a € eg(Fs;0) or
b € eg(Fg;0) which means that eg(Fs;d) is prime bi-ideal of S (Corollary 4.2).

For the converse part consider a non-constant uni-soft bi-ideal (Fs,S) over U. If it is not prime in the
second sense, then there exist a,b € S such that Fs(axzb) C § for all z € S, but Fg(a) D § and Fg(b) D 4.
Thus (aSb] C es(Fs;d) but a ¢ es(Fs;0) and b ¢ es(Fs; ). Therefore eg(Fs;d) is not prime. This is a

contradiction, which proves that (Fyg, S) is prime in the second sense. (]

Corollary 4.3. A soft set (x%,5) over U is a prime uni-soft bi-ideal over U if and only if B is a prime
bi-ideal of S.

An ordered semigroup (5, -, <) is called regular, if for every a € S, there exists x € S such that a < aza
or equivalently: (1) (Va € S) (a € (aSa]) and (2) (VA C S) (A C (ASA4]).

An ordered semigroup S is called left (resp., right) regular, if for every a € S, there exists x € S
such that a < xza® (resp., a < a’z) or equivalently: (1) (Va € S) (a € (Sa?]) (resp., a € (a?S]) and (2)
(VA C S) (A C (SA?]) (resp., A C (A29]).

An ordered semigroup is called completely reqular if it is regular, left regular and right regular.

Lemma 4.1. (c¢f. [4]). An ordered semigroup S is completely regular if and only if A C (A2SA2?] for every
A C S. Equivalently, if a € (a?Sa?] for every a € S.

Theorem 4.4. An ordered semigroup (S, -, <) is completely regular if and only if for every uni-soft bi-ideal

(Fs,S) of S over U, we have
(Fs(a),S) = (Fs(a®),S) for everya € S.

Proof. (=). Assume that (Fs,S) is a uni-soft bi-ideal of S over U. Let a € S. Since S is completely
regular, then a € (a?Sa?]. That is, a < a®xa? for some x € S. Since (Fg,S) is a uni-soft bi-ideal of S over

U, we have

Fs(a) C Fs(a*za®) C Fs(a®) U Fs(a?)

= Fs(a®) C Fs(a) U Fs(a) = Fs(a) (since (Fs,S) is a uni-soft semigroup) .

Thus, (Fs(a),S) = (Fs(a?),5) .
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(<=). Let A(a?) be a bi-ideal of S generated by a (a € S), i.e., the set A(a?) = (a? Ua* Ua%Sa?). By
Corollary 4.1, the soft set (x4, S) defined by
0 if x € A(a?),
U if z € A(a?),

X4:8 — P(U),z+—

is a uni-soft bi-ideal of S over U. By hypothesis, we have (x%(a),S) = (x%(a?),S) . Since a® € A(a?), we
have x4 (a?) = 0. Then x4 (a) = 0 and hence a € A(a?) = (a® U a* U a?Sa?]. Thus a < a® or a < a* or

a < a®za® for some x € S. If a < a?, then

2a2

agazza.aga. 2.a2.a>

= a.a®.a < a%.a*.a® € a*Sd>.

Similarly, in other cases we get a < a?va? for some v € S. Consequently, a € (a2Sa?] and by Lemma 4.1,

S is completely regular. O

5. SEMILATTICES OF LEFT AND RIGHT SIMPLE SEMIGROUPS

A subsemigroup F of S is called a filter (see [5]) of S if:

(1) Va,beS) (abe F=a€ Fandbe F) and

(2) (Vae S)(VWbe F)(a>b=a€F).

For x € S, we denote by N(zx), the least filter of S generated = (z € S). By N we mean the equivalence
relation on S defined by N := {(z,y) € S x S|N(z) = N(y)} (see [4]). An equivalence relation o on S
is called congruence if (a,b) € o implies (ac,bc) € o and (ca,cb) € o for every ¢ € S. A congruence o
on S is called semilattice congruence on S, if (a,a?) € o and (ab,ba) € o for each a,b € S (see [5]). If o
is a semilattice congruence on S then the o-class (), of S containing x is a subsemigroup of S for every
x € S (see [4]). An ordered semigroup S is called a semilattice of left and right simple semigroups if there
exists a semilattice congruence o on S such that the o-class (x), of S containing «x is a left and right simple
subsemigroup of S for every x € S. Equivalently, there exists a semilattice Y and a family {S,},cy of left
and right simple subsemigroups of S such that:

(i) SaNSg=0,Va,B €Y, a# B,

(ii) S = J S,

acYy
(iil) SaS5 C Sap, o, B €Y.
The semilattice congruences in ordered semigroups are defined exactly as in semigroups without

ordered—so the two definitions are equivalent (see [4,5]).

Lemma 5.1. (¢f. [2]). An ordered semigroup (S,-,<) is a semilattice of left and right simple semigroups if
and only if for all bi-ideals A, B of S, we have

(A%] = A and (AB] = (BA].
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Theorem 5.1. Let (S, -, <) be an ordered semigroup. Then the following are equivalent:

(1) S is regular, left and right simple.

(2) Every uni-soft bi-ideal (Fg, S) of S over U is a constant mapping.

Proof. (1) = (2). Assume that S is regular and left and right simple. Let (Fyg,S) be a uni-soft bi-ideal

over U. We consider the set
Eg:={ec S|e* > e}.

Since S is regular, so for every a € S, there exists = € S such that a < aza and we have
(az)? = (axa)x > ax,

hence ax € Es. Thus Eg # 0.

(A) Let t € Eg, we prove that (Fs,.S) is constant mapping on Fg. That is, for every e € Eg, we have
Fs(e) = Fg(t). Since t € S and S is left and right simple, we have S = (¢S] and S = (St]. Since e € S, we
have e € (¢S] and e € (St], then e < ts and e < zt for some s,z € S. Hence e? < t(sz)t. Since (Fs,9) is a

uni-soft bi-ideal over U, we have
Fs(e?) C Fs(t(s2)t) C Fs(t) U Fs(t) = Fs(t).

On the other hand, since e € Eg, we have ¢ > e and hence Fs(e) C Fg(e?). Thus, Fs(e) C Fs(e?) C
Fs(t). In a similar way, we can prove that Fg(t) C Fg(e). Thus, Fs(t) = Fs(e).
(B) Now we prove that (Fyg,S) is constant mapping on S. That is, Fs(t) = Fg(e) for every a € S. Since

S is regular, so for every a € S, there exists © € S such that a < axa. Then

2

(az)? = (axa)x > za and (za)? = z(azxa) > za.

Hence ax,za € FEg. Thus by (A) we have Fg(ax) = Fs(t) and Fs(xa) = Fs(t). Since (az)a(za) =

(axa)za > axa > a, we have
Fs(a) C Fs((ax)a(za)) C Fg(ax) U Fg(xa) = Fs(xa) = Fs(t).

Since S is left and right simple and a € S, we have S = (aS] and S = (aS]. Since ¢t € S, we have t € (aS)]
and t € (Sa), then t < as; and t < zja for some s1,2; € S. Now, t? < a(s1z1)a and (Fs, S) is a uni-soft

bi-ideal of S over U, we have
Fs(t?) C Fs(a(s121)a) C Fs(a) U Fs(a) = Fs(a).

Since t € Eg, we have t? > t, then Fs(t) C Fs(t?) C Fs(a). Therefore, Fs(t) = Fs(a).
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(2) = (1). Let a € S. Then (i) (aS]S(aS] = (aS](S](aS] C (aSSaS] C (a$], (ii) (aS](aS] C (aSaS] C
(aS] and (iil) If # <y such that S 5 2 <y € (a5], then x € ((aS]] = (aS]. Therefore, (aS] is a bi-ideal of S.
By Corollary 4.1, the soft set (Xfas],S) defined by

0if € (aS),

X(ag) 1S — P(U), 2 —>
Uifz ¢ (aS],

is a uni-soft bi-ideal of S over U. By hypothesis, (Xfas]v S) is a constant mapping, that is, for every x € .5,

there exists a subset § C U such that
XfaS] (x) =10

Let (aS] C S and t € S be such that ¢ ¢ (aS]. Then x{ g (t) = U. Since a® € (aS], we have X{(as] (a?) = 0.
This is a contradiction. Thus, S = (aS]. Similarly, we can prove that S = (Sa] and therefore, S is left and
right simple. Since S = (aS] = (Sa], we have a € S = (aS] = (a(Sa]] = (aSa] and hence S is regular. This

completes the proof. O

Lemma 5.2. (¢f. [2]). Let (S,-,<) be an ordered semigroup and B(x) and B(y) be the bi-ideals of S

generated by x and y, respectively. Then B(x)SB(y) C (xSy].

Theorem 5.2. An ordered semigroup (S, -, <) is a semilattice of left and right simple semigroups if and only

if for every uni-soft bi-ideal (Fs,S) of S over U, we have
(Fs(a),S) = (Fs(a?),S) and (Fs(ab),S) = (Fs(ba),S) for alla,b€ S.

Proof. (=) (A) Suppose that (Fg,S) be a uni-soft bi-ideal of S over U and let S be a semilattice of left
and right simple semigroups. Then by hypothesis, there exists a semilattice Y and a family {S; : i € Y} of
left and right simple subsemigroups of S such that

(1) Sl-ﬁSj:@ Vi,jGY&Hdi#j,

(i) S = S,

ieY
(i) S:9; C Sy
Let a € S. Since S = U S;, then there exists ¢ € Y such that a € S;. Since S; is left and right simple for

i€y
every ¢ € Y. Then

S; = (aS;a] ={t € S : t < aza for some t € S},
Then a < azxa for some x € S;. Since 5; is left and right simple, we have x < aya for some y € S;. Then

we have a < aza < a(aya)a = a’ya® € a®>Sa® and so a € (a®>Sa?]. Thus S is completely regular. Since

(Fs,S) is a uni-soft bi-ideal of S over U. By Theorem 4.4, we have (Fs(a),S) = (Fs(a?),5).
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(B) Let a,b € S. Then by (A), we have Fg(ab) = Fs((ab)?) = Fs((ab)*). On the other hand,

(ab)* = (aba)(babab) € B(aba)B(babab) C (B(aba)B(babab)]
= (B(babab)B(aba)] (Lemma 5.1)
= (B(babab)(B(aba)?]] (Lemma 5.1)
= ((B(babab))(B(aba) B(aba)]]
C ((B(babab) B(aba)B(aba)]] (since (A](B] C (AB])
= (B(babab) B(aba)B(aba)] ( since ((A]] = (A])
C (B(babab)SB(aba)]
C (((babab) S (aba)]] (Lemma 5.2)

= ((babab) S (aba)] (since ((4]] = (4)]).
Then (ab)* < (babab) z (aba) for some z € S. Since (Fs, S) is a uni-soft bi-ideal of S over U, we have

Fs ((ab)") C Fs ((babab) z (aba)) = Fs(ba(babza)ba)

C Fg(ba) U Fg(ba) = Fs(ba).

Thus, Fs (ab) C Fg(ba). By symmetry we can prove that Fg(ba) C Fg (ab). Therefore, (Fs (ab),S) =
(Fs(ba), S) .

(<=) Assume that (Fs(a?),S) = (Fs(a),S) and (Fs (ab),S) = (Fs(ba), S) hold for every uni-soft bi-ideal
(Fs,S) of S over U. Since (Fs(a?),S) = (Fs(a),S) so by condition (1) and Theorem 4.4, it follows that S
is completely. Let A be a bi-ideal of S and let a € A. Since a € S and S is completely regular, by Lemma

4.1, we have

a < a*ra® = a(aza)a € A(ASA)A C AAA C AA = A%

Then A C A? and hence (A] C (A?] = A C (A42] (since A is a bi-ideal) . On the other hand, since 4 is a
subsemigroup of S, we have A2 C A then (A?] C (A] = A. Therefore, A = (A?]. Let A and B be bi-ideals of
S and let z € (AB]. Then z < ab for some a € A and b € B. We consider B(ab) = (abU abab U abSab|, the
bi-ideal of S generated by ab (a,b € S). By Corollary 4.1, the soft set (XfaqubabUabSab],S) defined by

0 if z € (abU abab U abSab]

XfabUababUabSab] (LC) =
Uif x ¢ (abU abab U abSab]

is a uni-soft bi-ideal of S over U. By hypothesis, X{,, apabuabsat) (ab) = X{abUababuabSab] (ba). Since ab €
(abUabababSab], we have X, apabuabsan (@0) = 0. Thus, X(opuapabuabsan (ba) = 0 and ba € (abUababUabSab]

and we have ba < ab or ba < abab or ba < (ab)x(ab) for some x € S. If ba < ab, then z < ab € AB and
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x € (AB]. Thus (BA] C (AB]. Similarly in other cases we get (BA] C (AB]. By symmetry, we can prove
that (AB] C (BA]. Therefore, (AB] = (BA] and by Lemma 5.1, S is a semilattice of left and right simple

subsemigroups. This completes the proof. (|

6. REGULAR ORDERED SEMIGROUPS

In this section, we characterize regular ordered semigroups in terms of uni-soft bi-ideals and prove that
an ordered semigroup is regular if and only if for every uni-soft bi-ideal (Fs,.S) we have (Fs00sOFs,S) =
(FSa S)

Lemma 6.1. Let (S,-, <) be an ordered semigroup and (Fs,S) a soft set over U. If (Fs,S) is a uni-soft
semigroup over U then (FsOFs,S) E(FS,S). Conversely, if (FsQFs,S) i(FS,S) holds for every soft set

(Fs,S) over U, then (Fs,S) is a uni-soft semigroup over U.

Proof. (=) Suppose that (Fs, S) is a uni-soft semigroup over U. Let z € S. If A, = (), then (FsOFs) (z) =
U D Fs(x). If A; # 0, then

(FsOFs) ()= [ {Fs(b)UFs(c)}

(b,c)EA,

B) ﬂ Fg(be) O ﬂ Fs(x) ( since x < be)
(b,c)EA, (b,e)EA,

= Fs(aj)

Hence (FsOFs, S) D(Fs, S).
(<=) Assume that (F50Fs, S) 2(Fs, S) holds for every soft set (Fg,S) over U. Let z,y € S, then

Fs(zy) C (FsOFs)(xy)

= () {Fs(®UFs(o)}

(b,c) EA:cy

C Fs(x) U Fs(y).
Hence Fs(zy) C Fs(x) U Fg(y) for all 2,y € S and (Fs,.S) is a uni-soft semigroup. O
Proposition 6.1. Let (5,-, <) be an ordered semigroup and (Fs,S) a uni-soft bi-ideal of S over U. Then

(FsOWsOFs, S) D(Fs, S).
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Proof. Let (Fs,S) be a uni-soft bi-ideal of S over U. Let x € S. If A, = 0, then (Fs00sOFs)(z) =U 2
Fs(x). If A, # 0, then

(FsOBsOFs) (x) =[] {(Fs00s) (b) U Fs(c)}

(b,c)EA,
= N { N {Fs(bl)U@s(Cl)}UFs(C)}
(b,e)eAz | (bi,c1)EA

= () ) ({Fs(br)Ubs(c1)UFs(c)}

(b,c)EAL(b1,c1)EA,

— ﬂ ﬂ {Fs(bl)UQUFS(C)}

(b,c)€AZ(b1,c1)EA

= N N {Fsby)uFs(c)}.

(b,c)eAm (b1,61)€Ab

Since 2 < be and b < byey, we have 2 < be < (byeq)e and (Fg, S) is a uni-soft bi-ideal of S over U, we have
Fs(l‘) - Fs((blcl)c) - Fs(bl) U Fs(c).

Hence, (FsO0sOFs) (z) = ﬂ m {Fs(b1)U Fs(c)} 2 ﬂ ﬂ Fs(z) = Fs(z). There-
(b,c)€EAL(b1,c1)EAL (b,c)eAz(b1,c1)EA
fore, (FSOQSOF57S)2(F5a5) O

Lemma 6.2. (c¢f. [15]). Let (x%,S) and (x%,S) be soft sets over U where A and B are nonempty subsets

of S. Then the following properties hold:

(1) (x4, 9) 0 (x5, ) = (Xans: 9) -
(2) (¢4 9) 0 (5, S) = (Xgam S)-

Lemma 6.3. (cf. [18]). Let (S,-, <) be an ordered semigroup. Then the following are equivalent:

(1) S is regular.
(2) B = (BSB] for every bi-ideal B of S.
(3) B(a) = (B(a)SB(a)] for every a € S.

Theorem 6.1. An ordered semigroup (S,-,<) is reqular if and only if for every uni-soft bi-ideal (Fs,S)

over U, we have

(FS7S) = (FSO@SOF&S) .
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Proof. Suppose that S is regular. Let (Fs,.S) be a uni-soft bi-ideal of S over U and let a € S. Since S is
regular, there exists © € S such that a < axa = a(za). Then (a,za) € A, and we have
(Fs0DsOFs) (a) =[] {Fs(b) U (0s0Fs) (c)}
(b,c)EA,

C Fs(a) U (05O Fs) (xa)

=Fs(a)u [ {0s(b1) UFs(c1)}

(b1,c1)EAza

C Fs(a) Ulg(z) U Fs(a)
= Fs(a) U0 = Fs(a).

Then (Fs00sOFs, S) E(Fs, S). On the other hand, by Proposition 6.1, we have (Fs00sOFs, S) i(Fs, S),
therefore, (Fs00sQFs,S) = (Fs, S).
Conversely, assume that (FsO0sOFs,S) = (Fs,S) holds for every uni-soft bi-ideal (Fs,S) over U. To

prove that S is regular, by Lemma 6.2, it is enough to prove that
B(a) = (B(a)SB(a)] Vae€S.

Let y € B(a). Since B(a) is the bi-ideal of S generated by a (a € S). By Corollary 4.1, (X%(a)v S) is a

uni-soft bi-ideal of S over U. By hypothesis, we have

(X 005000 ) 1) = Xz (0)-

Since y € B(a), we have XB(a) (y) = 0 and hence (XCB(Q)QQ)SOXCB(G)) (y) = 0. But by Lemma 6.2, we
have x5 () 0050X B a) = X{B(a)sB()- THUS: X(p(aysp(ay (@) = 0 and y € (B(a)SB(a)]. Therefore, B(a) C
(B(a)SB(a)]. On the other hand, since B(a) is the bi-ideal of S, we have (B(a)SB(a)] C (B(a)] = B(a).
Thus B(a) = (B(a)SB(a)] and S is regular (Lemma 6.3). O

Lemma 6.4. Let (S,-, <) be an ordered semigroup. Let (Fg,S) and (Gg,S) be uni-soft bi-ideals of S over
U. Then the soft product (Fs0Gg,S) of (Fs,S) and (Gg,S) is again a uni-soft bi-ideal of S over U.

Proof. Let (Fg,S) and (Gg, S) be uni-soft bi-ideals of S over U. Let x,y,z € S. Then

(Fs0Gs) (2) U (Fs0Gs) (2) = | [] {Fs()UGs@}u [ {Fs(p)UGslan)}

(r,q) €A (p1,q1)EA.

= N (1 HFs(p)UGs(g)} U{Fs(p1) UGs(aq)}]

(p,q)€EA(P1,91)EA-

= ﬂ ﬂ [Fs(p) UGs(q) UFs(p1) UGs(q1)]

(P,9) €Az (P1,q1)EA,

> N ) Fs®)uGsa)].

(p,9)€EA(P1,q1)EA,
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Since < pq and z < pi1q1, hence zyz < (pq)y(p1q1) = pleypi)qr and (p(qy)p1,qi) € Azy-. Thus,
Agy. # 0 and we have

(Fs0Gs) (x) U (FsOGs) (2) 2 ﬂ ﬂ [Fs(p) U Fs(p1) UGs(q1)]

(p,9)€Az(P1,q1)EA-

D) ﬂ [Fs(p(qyp1)q1) U Gs(qr)]
(p(qy)p1,91)EAzy
= ﬂ (FsOGs) (zyz) = (FsOGs) (zyz).

(P(qy)P1,q1) EAny-

Thus, (Fs0Gs) (zyz) C (Fs0Gs) () U (Fs0Ggs) (z). Similarly, we can prove that (Fs0Gg) (zy) C
(FsO0Gs) (x) U (FsOGs) (y). Let x,y € S be such that < y. Then (Fs0Ggs) (z) C (Fs0Gs) (y). In-
fact, if (p,q) € Ay, then y < pg and we have x < y < pq it follows that (p,q) € A, and hence 4, C A,. If
Ay =0, then A, = () and we have (Fs0Gs) (y) = U D (Fs0Gs) (x). If Ay # 0, then A, # () and we have

(Fs0Gs) ()= ) {Fs(p)UGs(q)}

(p,a)EAy

Hence in both the cases, we have (Fs0Gg) () C (Fs0Gs) (y) for all x,y € S with z < y. This completes
the proof. O

7. REGULAR AND INTRA-REGULAR ORDERED SEMIGROUPS

In this section, we characterize regular and intra-regular ordered semigroups in terms of uni-soft bi-ideals.

Lemma 7.1. Let S be an ordered semigroup and (Fg,S) a uni-soft bi-ideal of S over U. Then
(FsOFs,S)D(Fs, S).

Proof. Let (Fg, S) be a uni-soft bi-ideal of S over U and let a € S. If A, = 0, then (Fs0Fs) (a) =U 2 Fs(a).
If Ay # 0, then

(FsOFs)(a)= () {Fs(p)UFs(a)}

(r,9) €A

> () Fslpg)

(P,9)€Aa

) ﬂ Fs(a) (since a < pg = Fs(a) C Fs(pq))
(P.9)€Aa

= Fs(a).

Therefore, (FsOFs, S) D(Fs, S). O
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7.1. Lemma. Let (Fs,S) and (Gg,S) be soft subsets of an ordered semigroup S over U. Then
(Fs0Gs, )3 (050Gs, S) (xesp., (Fs0Gs, )2 (Fs00s)).

Proof. Straightforward. |

Lemma 7.2. Let (Fs,S) and (Gg,S) be uni-soft bi-ideals of an ordered semigroup S over U. Then
(FsUGg, S) is a uni-soft bi-ideal of S over U.

Proof. Straightforward. O
Theorem 7.1. Let S be an ordered semigroup. Then the following are equivalent:

(1) S is both regular and intra-regular.
(2) (FsOFs,S) = (Fs,S) for every uni-soft bi-ideal (Fg,.S) over U.
(3) (FsUGg, S) = ((Fs0Gs)U(GsOFs), S) for all uni-soft bi-ideals (Fs, S) and (Gs,S) of S over U.

Proof. (1)=(2). Let (Fs,S) be a uni-soft bi-ideal of S over U and let @ € S. Since S is regular and

intra-regular, there exist z,y, 2 € S such that a < aza < azaza and a < ya?z. Then
a < azaza < ax(yaz)za = (azxya)(azza),
and hence (azya,azza) € A,. Then

(FsOFs) (@)= () {Fs(p)UFs(9)}

(r,9) €A,

C Fs(azya)U Fg(azza)
C {Fs(a) U Fs(a)} U{Fs(a) U Fs(a)}
= Fs(a).
and hence (FsQFg, S)i(FS, S). On the other hand, by Lemma 7.1, we have (Fs{QFg, S)i(Fs, S). There-
fore, (FsOFs,S)2(Fs, S).
(2)=(3). Let (Fs,S) and (Gg,S) be uni-soft bi-ideals of S over U. Then (FsUGsg,S) is a uni-soft
bi-ideal of S over U (Lemma 7.2). By (2), we have
(FsUGs, S) = ((FsOGs, 5) 0 (FsUGs, S) , )

> (F50Gs, S).
Similarly, we can prove that (FSOGS, S) ) (GsOFs,S). Therefore,

(FsUGs, S) 2 (Fs0Gs,S)U(GsOFs, S).
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On the other hand, since (Fs0Gg,S) and (GsOFs,S) are uni-soft bi-ideals of S over U. Again by Lemma
7.2, (Fs0Ggs,S8)U(GsOFs, S) is a uni-soft bi-ideal of S over U. By (2), we have

((Fs0Gs,S)0(GsOFs, 9)) O
((Fs0Gs, S)U(GsOFs,S)), S

((FSOGS,S)G(GSOFS,S),S) = (
i) ((FS<>GS3 S) <> (GS<>FSa S) 75)
= (Fs50 (Gs0Gs) OFs, S)
= (FsoGSQFs,S) (as (GsoGs,S) = (Gs,S) by (1) above)
D (FsO0sOFs, S)
= (FS,S) (as (FsoﬂsOFg,S) = (FS,S)) . (7.1)
Similarly, we can prove that ((FSOGS, SYU(GsOFs, S) 7S) i(GS, S). Therefore,

((Fs0Gs,S)U(GsOFs,S),S) 2(FsUGs, S).

Consequently, we have ((FSOGS,S) U(GsOFs, S), S) = (FsUGs, S).

(3)==(1). To prove that S is both regular and intra-regular, it is enough to prove that
PNQ = (PQ]N(QP)] for every bi-ideal P and @ of S.
Let b€ PN Q. By Corollary 4.1, (x%,.5) and (XCQ’ S) are uni-soft bi-ideals of S over U. By (3), we have
(x50x6: 8) (1) = ((x30x&) U (x60x%) . S) (b).

By Lemma 6.2, (X%Oxé) U (XZ}OX%’) = X({pq)n(qr) 2nd X%OXEQ = XPng: hence we have X{poin (g p) (b) =
XPrg(b) = 0. Thus, X(painor)(b) = § and b € (PQ]N(QP] = PNQ C (PQ]N (QP]. On the other hand,
if b € (PQ] N (QP], then

= ((xp0x4) U (x60x%)) (0)
= (xpUxo, 5) (b) (by (3))
= (Xﬁ’ﬂQv S) (b) .

Hence, b € PN Q and (PQ] N (QP] C PQ. Therefore, PN Q = (PQ] N (QP] and S is both regular and

intra-regular. ]
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8. CONCLUSION

In the present paper, we introduced the notion of uni-soft type of bi-ideals of ordered semigroups. Fur-
thermore The notion of a uni-soft bi-ideal is introduced and their related properties is provided. The concept
of J—exclusive set is given and the relations between uni-soft bi-ideals and Jj—exclusive set are discussed.
The concepts of two types of prime uni-soft bi-ideals of an ordered semigroup S are given. Using the notion
of uni-soft bi-ideals, some semilattices of left and right simple semigroups are provided. In our last section
the characterizations of both regular and intra-regular ordered semigroups are provided. In our future study
of ordered semigroups, we will apply the above new idea to other algebraic structures for more applications.
Conflicts of Interest: The author(s) declare that there are no conflicts of interest regarding the publication

of this paper.
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