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ABSTRACT. In this paper, by means of the degree sequences (DS) of graphs and some graph theoretical
and combinatorial methods, we determine the algebraic structure of the set of simple connected graphs
according to two graph operations, namely join and Corona product. We shall conclude that in the case of
join product, the set of graphs forms an abelian monoid whereas in the case of Corona product, this set is
not even associative, it only satisfies two conditions, closeness and identity element. We also give a result

on distributive law related to these two operations.

1. INTRODUCTION

L2 Let G = (V(G), E(G)) be a simple and connected graph with | V(G) |= n vertices and | E(G) |= m
edges. Usually we use the notations V' and E instead of V(G) and E(G), respectively. Here, by the word

” simple”, we mean that the graphs we consider do not have loops or multiple edges. Similar studies can be
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done for non-simple graphs as well.

For a vertex v € V, we denote the degree of v by dg(v), which is defined as the number of edges of G

meeting at v. A vertex with degree one is called a pendant vertex.

The notion of degree of a graph provides us an area to study various structural properties of graphs
and hence attracts the attention of many graph theorists and also other scientists including chemists. If
d;, 1 <i < n, are the degrees of the vertices v; of a graph G in any order, then the degree sequence (DS) of
G is the sequence {dy, da, -+, d,}. Also, in many papers, the DS is taken to be a non-decreasing sequence,

whenever possible.

Conversely, a non-negative sequence {dy, do, -+, d,} will be called realizable if it is the DS of any graph.
It is clear from the definition that for a realizable DS, there is at least one graph having this DS. For example,

the completely different two graphs in Figure 1 have the same DS.

2 1
3 2 1 3

2 2
2 2

Fig. 1 Graphs with the same DS

For convenience and brevity, we shall denote the DS having repeated degrees with a shorter DS. For exam-
ple, if the degree d; of the vertex v; appears z; times in the DS of a graph G, then we use {le), d522)7 . dl(Z[)}
instead of {dy, da, ---, d,} where £ < n. Here the members z; are called the frequencies of the degrees.

When ¢ = n, that is, when all degrees are different, the DS is called perfect.

It is an open problem to determine that which DSs are realizable and there are several algorithms to

determine that.

As usual, we denote by P,,, C,, S,, K,, T, and K, 5 the path, cycle, star, complete, complete bipartite

and tadpole graphs, respectively, which are the most used graph examples in literature, see Figure 2.
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Fig. 2 P5, Cs, S7, Kg, T32, Ko5

The number of vertices and edges of these well-known graph classes are given in Table 1.

TABLE 1. The number of vertices and edges of some graphs

G |t vertices | #f edges
P, n n-1
C, n n
Sy, n n-1
K| o | @

K, s r+s s
T s r+s r+s

Another important reason to study the DSs of graphs is topological indices. A topological index (or a
graph invariant) is a fixed invariant number for two isomorphic graphs and gives some information about
the graph under consideration. These indices are especially useful in the study of molecular graphs. Some of
the topological indices are defined by means of the vertex degrees: first and second Zagreb indices, first and
second multiplicative Zagreb indices, atom-bond connectivity index, Narumi-Katayama index, geometric-
arithmetic index, harmonic index and sum-connectivity index etc. Therefore to know about the DS of the
graph will help to obtain information about, e.g., the chemical properties of the graph. There are many

papers on degree based topological indices, see e.g. [2]- [3].
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The modern study of DSs started in 1981 by Bollobas, [1]. The same year, Tyshkevich et.al. established
a correspondence between DS of a graph and some structural properties of this graph, [8]. In 1987, Tychke-
vich et.al. written a survey on the same correspondence, [9]. In [10], the authors gave a new version of the
Erdos-Gallai theorem on the realizability of a given DS. In 2008, a new criterion on the same problem is
given by Triphati and Tyagi, [7]. The same year, Kim et.al. gave a necessary and sufficient condition for
the same problem, [5]. Ivanyi et.al, [4], gave an enumeration of DSs of simple graphs. Miller, [6] also gave a

criteria for the realizability of given DSs.

There are several graph operations used in calculating some chemical invariants of graphs. Amongst these
the join, cartesian, Corona product, union, disjunction, and symmetric difference are well-known. In this
paper, after recalling two of these operations, join and Corona product, we shall determine the DS of these
new product graphs and by means of these calculations, we shall study the algebraic properties of the join

and Corona product of two graphs.

Let G and G2 be two graphs with nq and no vertices and my and mo edges, respectively. The join G1VGq
of graphs G and G with disjoint vertex sets V(G1) and V(G3) and edge sets E(G1) and E(G3) is the graph
union G7 U G together with all the edges joining V(G1) and V(G2). Thus, for example, K, V K, = K, 4,
the complete bipartite graph. We have |V (G V G2)| = n1 + ng and |E(G1 V G2)| = m1 + ma + nina.

The Corona product G o G of two graphs G; and G5 is defined to be the graph I' obtained by taking
one copy of G (which has ny vertices) and n; copies of Ga, and then joining the i—th vertex of G to every

vertex in the i—th copy of Gg, for i =1, 2, --- | ny.

Let G; = (V1, E1) and Gy = (Va, E2) be two graphs such that V/(G1) = {u1, ug, -+, un, }, |[E(G1)] =m
and V(Gz2) = {v1, v2, - Un,}, |[E(G2)| = ma. Then it follows from the definition of the Corona product

that G o G5 has ni(1 4 ngy) vertices and my + nyms + niny edges, where

V(G10Gs2) = {(ui,v5),i=1,2,...,n1; j=0,1,2,...,n2}
and
E(G10Ga) = {((ui,v0), (ur,v0)), (ui,ur) € E(G1)}

U {((uiavj)v (uiavf))v (”Uj,”t}z) € E(GZ)a 1=1,2, ...,77,1}

U {((us,v0), (ui,ve)), £ =1,2,.yme, i =1,2,...,n1}.
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It is clear that if G is connected, then G o G5 is connected, and in general G; o G5 is not isomorphic to

G2 o Gl.

2. ALGEBRAIC PROPERTIES OF JOIN

In this section, we deal with some algebraic properties of the join of two graphs. We shall try to determine
the abstract algebraic structure of this new graph and also give the DS of the join graph G; V G of two
graphs G and G where G and Gy are choosen from P,, C,, S, K,, T, and K, ;. In particular, in the
case of join operation, the set of graphs forms an abelian monoid whereas in the case of Corona product,
the set of graphs is not even associative, it only satisfies two conditions, closedness and identity element. It

is clear to see that there are no zero divisors for both products.

Theorem 2.1. The DSs of all possible joins of the path, cycle, star, complete, tadpole and complete bipartite

graphs are given in Table 2.

Proof. We make the proof only for P, V P; and S, V Cs. Let P, = {13, 20=2)} and P, = {1(2), 2(8_2)}.

To visualize the situation, see Figure 3.

There are two types of vertices in each of P, and P;. Therefore there are 2 + 2 = 4 types of vertices in
P,V Ps. The first type is the two end vertices of P, (red ones) which are connected with the next green
vertex in P, and s vertices in P;. Each of these two vertices add s+ 1 to the DS of P, V P,. Therefore they
add (s + 1)),

The second type of vertices are the mid ones in P, (green ones) each of which is connected to two neigh-
boring vertices in P, and s vertices in Ps. Each of these r — 2 vertices adds s + 2 to the DS of P, V P;.
Therefore (s 4 2)("=2) is added.

The third type of vertices are the two end vertices of Py (black ones) each of which is connected to one
vertex in Py and r vertices in P.. They add (r + 1)? to the DS of P, V P;. The fourth and last type of
vertices are the mid-vertices (blue ones) in Ps. Their number is s — 2 and each of which similarly adds r + 2

to the DS of P, V P,. So their contribution is (r + 2)(*~2). Therefore the required DS is

PV P ={(s+1)® (s+2)2 (r+ 1)® (r+2)2}.

Now we recall that S, = {10~V r — 1} and C, = {2()} . In Figure 4, the join of these two graphs is

drawn for r = s = 5.



Int. J. Anal. Appl. 16 (6) (2018)

814

TABLE 2. The DSs of the join of some well-known graph types

G1 G2 G1V Ga
P | P {s+ 1)@, (s+2)0=2, (r+ 1)@, (r4+2)=2}
Py s {(s+ 1)@, (s +2)"=2, (r +2))}
P S {(s+1)@, (s +2)=2, (r+ 1)V r 45 -1}
P K, {8+ 1)@ (s+2)"=2 (r+s-1))}
P | Tst {(s+t+1)@ (s +t+2)=2) r 4+ 1,(r +2)(s+t=2) 7 4+ 3}
P | Ksu {(s4+t+ 1)@ (s +t+2)0=2) (r+ O (r + 1)}
Cr | Ps {s+2)", (r+ 1)@, (r +2)(5=2}
Cr | Cs {(s+2)", (r +2)}
Cr S {(s+2),r+s—1,(r+1)~D}
Cr | Ks {G+2),r+s-—1)}
Cr | Tt {s+t+2),r+1,(r +2)6T2 r 4 3}
Cr | Kspt {(s+t+2)), (r+s)®, (r+ 1))}
Sr P {6+ D r+s—1,(r+1)3, (r+2)-2}
Sr s {(s+ 1) D r+s—1,(r+2)}
Sy S, {(s+ 1) D (r+s—1)@ (r+1)=D}
Sr K, {4+ 1) D s+r—1,(r+s-1)E}
Sy | Tsp {(s+t+ DD rdstt—1,r+1,(r+2)CH2 4 3}
Sr | Ksp {(s+t+1)0"V rts+t—1,(r+s)®, (r+¢)&}
Ky P {r+s=1)", (r+1)@), (r +2)=2)}
K. | Cs {tr+s-1)"), (r+2)}
K, Ss {r+s=1D (r+ 1D r 451}
Ky K, {(r+s—-1)0+s)}
Ky | Tst {(r+s+t—1)" r4+1,(r+2)C+H=2 43}
r | Kspit {(r+s+t—1)(’"),(r+s)(t>,(r+t)(s)}
Trs | P {¢+2)t=D 4+ 1,6+ 3, (r+ s+ 1)@, (r+s+2)¢-21
Trs | Ci {t+2)T=2D 41, ¢+ 3,(r+s+2)®}
Trs | St {¢+2)0T=2D 41,6 +3,(r+s+1D)E D r s+t -1}
Trs | Kt {¢+2)0T=2D 41,6 +3,(r+s+t— 1)}
(t+m+2)+s=2) ¢t 4Lm 41t +m+ 3,
Trs | Tt;m
(r+s+2)0+m=2 r 4541 r+5+3
Trs | Kiom | {E+m+2)0"2D t4om4+Lt+m+3,(r+s+1)™, (r+s+m)®}
Krs | P {r+)®, s+ ), (r+s+ 1)@, (r+s+2)E2}
Krs | Ct {r+6)®, (s+ ), (r+s+2)®}
Krs | St {4+, s+, (r+s+1D)ED r+ s+t -1}
Krs | Ki {r+)E, s+, (r+s+t—1)®}
Krs | Toom | {(r+t+m)® (s+t+m), (r+s+2)0+m=2) r 4+ s+ 1 r+5+3}
Krs | Kiym {r+t+m)® (s+t+m), (r+s+m)®, (r+s+1) ™}
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There are two types of vertices in star graph S, and only one type in cycle Cs. Therefore there are
241 = 3 types of vertices in S,V Cs. The first type of those is the end vertices (black ones) of the star graph
Sy. Each of these is connected to the central vertex (blue coloured) by an edge in S, and to all s vertices in
C,. Therefore each of these vertices adds s + 1, and in total, (s + 1)"~) is added to the DS. The second
type is the unique central vertex in S, which is connected to » — 1 end vertices in S, and also to all of s
vertices in Cs. It adds a total of r + s — 1 to the DS. The third and final type of vertices is the s vertices in
C, (green ones). Each of them adds r + 2 to the DS. Therefore a total of (r 4 2)(*) is added. Hence the DS
of the required join graph is S,V Cs = {(s + )"V, r 4+ s —1, (r +2)}. O

Now we can study the algebraic structure of the set of graphs according to join operation:

Theorem 2.2. Let G be the set of all simple connected graphs. Then G is an abelian monoid with the join

operation.

Proof. Let us have three graphs G; = {aﬁ“), . ,agiw)}, Gs = {ag[fm), e ,aéﬁim)} and Gs = {agff“), e ,agff")}

with the number of vertices n1,no,ng, respectively. We shall show that G with the join operation is closed,

associative, commutative, has identity element but no inverse elements:

First of all, the join of two simple connected graphs, by definition, is another simple connected graph, so

G is closed. For associativeness, note that

(G1V Ga)V Gy = {(ng +a11) P, o (ng + aye) P10,
(1 + a91) ), <o (n + amm) B} v ) a5 o(fa)y
= {(ng +n3 +a1)PV, .o (ny 4 n3 + ay) P9,
(1 +n3 + )P, - (01 +ng + agm) P2,
(n1+n2 +az) P, (01 + ng + ag,) P}
and
G1V (G2 V Gs) ={aii™, o}V {(ng +a21) ), - (ng + agm) P,
(ng + az1) P3| oo (ng + as, )P}
= {(n2+ns+ 1)), - (o +ng + a1) ),

(n1 43+ a21) P o (g + ng + ag) ),

(711 +ng + 0131)([331), Tt (nl + ng + O‘Bn)([jan)}
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= {(ng +ns 4+ a11) PV, .. (ng+ns + aye) B,
(n1 43+ az1) P o (g + ng + o) P,
(n1 +na +az) P (g 4 ng + az,) P}
therefore G is associative. As
G1V Ga ={(n2+a1)?, -+ (na+a1) ), (ny 4 a21) P, o (g + agg) P}
= {(m +a2) PV, (1 4 ag) P (02 + )P, (g £ ang) P10}

=Gy V Gy,

the operation is commutative. Therefore, to find the identity element, one needs to find a graph Z with

the property that G4 VZ = G;. Let Z = {all’l, ab’“} and let the graph Z have c vertices. Then
{afi) el v e, ™y = g, - ) implies that

{(c+a11)(ﬂ“), ,(CJrOéu)(Bu),(Tll +a1)(b1)’ ,(nl +ak)(bk)} _ {ag,(fu)’ 70[5[;12)}

and this is only possible when ¢ = 0. For ¢ = 0, we have

{af, ) (mta)™ e a) ) = g, el

To have this equality, we must have

(nl—l—al)(bl) :0, ,(n1+ak)(bk) =0.
Hence we must have no terms (nj + al)(bl) , oy (ng ak)(b’“) in the DS of the identity element Z. This
implies that by = - -+ = by = 0. Therefore we can symbolically take Z = {1(0)} as the identity element.
Finally, let the i ! f the graph G1 = {a{i™, .-+, a{} be denoted by {c{™, ..., "™
y, let the inverse element of the graph G; = {aj;'", } be denoted by {01 e

Let the number of vertices of the inverse element be e. Then

GV {ngl)a e 7C§cdk)} =7Z= {1(0)}
implies that
{3 51@ vl 702‘1&)}:{1(0)}
and therefore
{le+a1)®, - (e 4 @) P9, (ny +c) ), o (ng + ) ™) = (1O

As there is no solution to that equation, we conclude that there is no inverse element for the join operation.

Therefore the result follows. O
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3. ALGEBRAIC PROPERTIES OF CORONA PRODUCT

Theorem 3.1. The DSs of all possible Corona products of the path, cycle, star, complete, tadpole and com-

plete bipartite graphs are given in Table 3.

Theorem 3.2. Let G be the set of all simple connected graphs. Then G with Corona product operation is

closed with identity.

Proof. First, by the definition of the operation, G is closed. Secondly, for associativeness, we should note

that
(G10Ga) 0 Gs = {(ng + a11) ), - (ng + age) P19,
(14 gg) ™82 o (14 agp) P2 o {8 .o alPor)y
={(n2+ns+ all)(511)7 o (ng +n3 + 0[112)(/3107
(14 n3 4 agr) ™20 oo (14 ng + agy,)™MP2m)|
(1 + gy )M (mtn2)Ban) o (] 4 g, ) (1 (naFn2)B30)y
and
G10(Gg0G3) = {aﬁ“), ,aﬁf“f)} o{(ns + 0421)(621), oo (N3 + agm)Pm,
(1+ agl)(n2ﬂ31), e, (14 agn)(nzﬁsn)}
= {(ng +nang +a11) P o (ng + ngng + aze) P19,
(1+mn3+ a21)(n1521)7 s, (T4 ns + a2m)(n1ﬁ2m)7
(24 )28 (2 agy)(maBen) )

That is, G is not associative.

For the identity element, we should find a graph Z such that Gy 0 Z = G;. Let Z = {agbl), ,a,ibk)}

and let the number of vertices of Z be ¢. We have

{ag{f11)’ 7a§§14)} ° {agln)7 . ,a](fbk)} _ {agfi’u)’ 7O[ggu)
and hence, we get
{(c+ an)(ﬂu)’ (e + 0415)(/5”), (1+ al)(nlbﬂ o (14 ak)(mbk)} _ {an“), o 70461/3)}.
For this equation to have a solution, we must have ¢ = 0 and also by, --- ,b; = 0. For the sake of brevity, if

we take 1 instead of 1 4+ ay,---,1 + ag, we conclude that Z = {1(0)} is the required identity element. Let
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TABLE 3. The DSs of the Corona product of well-known graph types

G G2 G10G2
G Ga G10Ga
P, Py {2@7) 30r(s=2) (s + 1)), (s +2)("=2)}
P Cs {30r9) (s + 1)@ (s + 2)"=D}
P S, {2(7‘(3—1))73(7‘)’(5+1)(2)7(34»2)(7‘—2)}
P | Ks {s(r9), (s + 1)@, (s +2)("=2)}
Pr | Tst {2, 30r(s+t=2) 4" (s +¢t+ 1)@ (s +¢t+2) =2}
P | Ksy {6+, t+1)0) (s +t+1)P (s +t+2)"=2}
Cr Py {207, 3(r(s=2) (5 4 2)(")}
Cr Cs {3(7»5), (S + 2)(7»)}
Cr Ss {20r(s=1) [5(1) (s +2)(M}
C K {5(“)7 (s + 2)(r)}
C, Ts ¢ {2(T)73(r(s+t72)),4(r)7(5+t+2)(r)}
Cr | Koy {(s+ 1)) (t+ 1)) (s +t+2)}
Sy P {227 3(r(s=2) (54 1)1 r 45— 1}
Sy s {309) (s + 1)=D r 45— 1}
Sr Ss {Q(T(Sfl)),s”),(er1)(T’1),r+37 1}
Sr K, {s09) (s + 1)=D r 45— 1}
Sy Ts ¢ {Q(T),g(r(8+t—2))74(r),(S+t+1)(r—1)7r+8+t, 1}
Sr | Ky {6+, @t + 1)) (s +t+ DD s+t -1}
K, | P {2027 30 (=2 (r 4 5 — 1)}
K, Cs {309 (r +s—1)"}
K. | Ss {20rG=1) () (r 45— 1)(M}
Kr | Ks {5 (r+5-1)"}
Ky | Tst {2, 3(r(sH+6=2) 4 (r 454+ ¢—1)(M}
K, | Ksu {(s+ 1) (t+ 1)) (r+ s+t —1)"}
Trs P {2(2(r+5))73<(T+s)(t*2)),t+ 1,(t+2)<r+5*2>,t+3}
Trs | Ct {30490t ¢ 41, (¢ 4+ 2)("Fs=2) ¢ 4 3}
Ths | St {20+ (t=D) 4(r+9) ¢ 41, (t+2)(r+s=2) 1 4 3}
Trs | Kt {98 4 41, (¢ +2)r T2 ¢ 4 3}
2(r+s) 3((r+)(t+m=2)) 4(r+5) 4 4 41,
Trs | Ttym
(t+m+2)+5=2) ¢ 4t m 43
| (t+ 1)) (4 1)) ¢ 4 41,
(t+m+2)r+5=2) ¢ 4t m 43
Keo | P {220 +)) 3(r+)(t=2) (r 4 1)), (s 4 £)(M}
Krs | Ci {3+ (r + 1)) (s 4+ £)(M }
K s Sy {2(C+) (1) 4(r+) (r 4+ ), (s + 1))}
Ky s Ky {t((r+5>t), (r+6), (s + t)(T>}
Krs | Tom | {209, 3 49)0@4m=2) 4049 (r 414+ m)), (s +t+m)}
Krs | Kem | {(t+ 1) (rts)m) (4 1)((T+s)t)7(r+t+m)(s)7(5+t+m)(r)}
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T= {cgdl), cee c,&dk)} be the inverse element of a graph G; = {aglf“), cee ag’gw)}. Then they must satisfy
the equation Gp o {cgdl)7 - 7c,(cd’“)} = 7 = {19}, If the number of vertices of T is e, then we have

fofl, el o f™, ™ = 10},

In this case, this equation cannot be hold, implying that there is no inverse element in G.

Finally, as
{adf, o alP Y o fal ok} = {(na + 1) P (0 + ang) P19,
(1+ 0421>(n1[321)7 (T azm)(nlﬁzm)}
and
{ag§21)7 e ,aéﬁim)} ° {a§§11)7 e 704§§1[)} ={(n1+ a21)V -+ (1 + agp) ),
(1 + a11)(”2B11)7 e (1 + au)(n’ZﬁM)}’
G can only be commutative when G; = G5. In general, G is not commutative. (]

Finally, we check whether the distributive law holds when we have join and Corona in place of - and +,

or vice versa:

Theorem 3.3. Neither join nor Corona operation is not distributive on each other. That is
(i) Gl Vv (GQ ] Gg) 75 (G1 V GQ) ] (Gl Vv G3),

(ii) Gl o (G2 \Y Gg) 7é (Gl o GQ) \Y (Gl o Gg)
Proof. Both claims follow after the following calculations:

(i) G1V (G20 Gs) = {aﬁu)a e ,Oég?”)} V{(ng + o) - (ng + agp )P,
(14 az1) (2880 oo (1 4 gy, ) (2Pen))
= {(na + nans + 0411)(5“), -+ (ng +nang + ()41@)(51[)7
(n1 +ng + a91) P2 o (ng + ng + ag) P2,

(14ny + 0[31)(7&»531)7 v (T+ng + asn)(nzﬂm)}
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and
(G1V G2)o (G1VG3) ={(na+a11) ) - (ng+ ai) P9, (ng + ag) V),
(n1 4 a2m) P2} o {(ns + a11) P o | (ng + aqp) o),
(14 as) %), - (g + agn) P}
= {(m +n2+ng+ 1) PV, o (1 +ng +ng 4 i),
(2n1 4+ ng + ag1) P2 o (204 4 ng + ag) P2,
(14 ng 4 aqy)mFn2)Bu 0 (1 4 pg 4 qyp)((MFn2)B10)

(14 ny 4 agy)((MFn80) (1 4y 4 a,,)((M4n2)Ben) )

(i1)Gy 0 (G2 v Gs) = {7 - oV o {(ng + a21) P2V, -+ | (ng + agm) P,

(n2 + az) P, oo (o + az,) o)}

={(n2 +n3+ )P, o (ng+ng + a1,
(1 +ng +ag)™P2) (14 ng + agy) ™2,
(14 ng 4 as) ™50 oo (14 ng + agy,)™Fen))

and also
(G10Ga) V (G10G3) = {(na+ a11) PV, -+ (ng + a1) P, (1 + ag)™P2) ..

(14 agn) ™2} v {(ng + a11) P oo (ng + ane) P10,

(14 ag) ™880 Lo (1 + agy,) M Pn)}

= {(n1 +ninz +ng + 1), -+ (n1 4+ ning +ng + au)(ﬁu)7
(14 n1 4 nang + az1) ™20 oo (14 ny + nang + agg) ™52,
(n1 4 mnang +ng + 1)+ (ny + ning + ng + )7,

(1+n1+ning+ a31)(n1B31), o (T+ny +nine + agn)("lﬁf’")}.
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