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ABSTRACT. The paper deals with quasi-convex functions, Katugampola fractional integrals and Hermite-
Hadamard type integral inequalities. The main idea of this paper is to present new Hermite-Hadamard type
inequalities for quasi-convex functions using Katugampola fractional integrals, Holder inequality and the

identities in the literature.

1. INTRODUCTION
A function f:I CR — R is said to be convex if the inequality
fQu+ (1 =2)v) SAf(u) +(1=A) f(v)

holds for all u,v € I and A € [0,1]. This definition has been used in the following inequality that is called
Hermite-Hadamard inequality:

Let f:I CR — R be a convex function and a,b € I with a < b, then

f(a;rb>§bia/abf(x)dx§w' -

This inequality has attracted many mathematicians. Especially, in the last three decades, numerous gener-
alizations, variants, and extensions of this inequality have been presented (see, e.g., [1,3,13,14,20] and the

references cited therein).
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The notion of quasi-convex functions generalizes the notion of convex functions. More precisely, a function

f:a,b] = R is said quasi-convex on [a, ] if

fQu (1= A)v) <max{f(z), f(y)},

for any z,y € [a,b] and A € [0,1]. Clearly, any convex function is a quasi-convex function. Furthermore,

there exist quasi-convex functions which are not convex (see [4]).

Let f € Li[a,b] := L(a,b). The Riemann-Liouville integrals J2, f and J2 f of order a € R are defined,

respectively, by

S f@) = g [ =0 SO @)
and
b
Jl;tf@c):ﬁ [ a-armar @<y

where T is the familiar Gamma function (see, e.g., [21, Section 1.1]). It is noted that J:, f(z) and J}_f(z)
become the usual Riemann integrals.

In the case of a = 1, the fractional integral reduces to classical integral.
For further results related to Hermite-Hadamard type inequalities involving fractional integrals on can see
[7,11-19].

The beta function B(a, 8) is defined by (see, e.g., [21, Section 1.1] [10, p18])

/1 PN 05N (R(a) > 0: R(B) > 0)
0

B(a, ) = (1.2)
L) I'(B) _
—— ,B€C\Z;).
I+ p) (o, 5 \Zo)
The hypergeometric function [6]:
1 L b—1
Filabic;z)= ——— [ 751 =) P11 — 2t)"%¢t, ¢>b>0, |2 <1.
oFi(abies) = g [ a0 e o 4
A hypergeometric function can be written using Euler’s hypergeometric transformations
(t = 1 —t) in equivalent form:
2Fi(a,b;62) = (1= 2) "2 B <a7 c—bic Zil> (1.3)

Lemma 1.1. [9/ For0 < a <1 and 0 < a < b, we have

|a® = b*| < (b —a)*.

In [11], Sarikaya et. al. proved a new version of Hermite-Hadamard’s inequalities in Riemann-Liouville

fractional integral form as follows:
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Theorem 1.1. Let f : [a,b] — R be a positive function with 0 < a < b and f € Ly[a,b]. If f is a convex

function on [a,b], then the following inequalities for fractional integrals holds:

fla) + f(b)
2

; (a+ b) < Tlat 1()l [T f(b) + T2 f(a)] < -y

2 ~2(b—a)

with o > 0.

In [8], Ozdemir et. al. gave following results for quasi-convex functions via Riemann-Liouville fractional

integrals.

Theorem 1.2. Let f : [a,b] — R, be a positive function with 0 < a < b and f € Li[a,b]. If f is a
quasi-convex function [a, b], then the following inequality for fractional integrals holds:

Ia+1)

30— aye Vi F0) 4 (@] < max{f(a), F(0) (1.5)

with o > 0.

Theorem 1.3. Let f : [a,b] = R, be a differentiable mapping on (a,b) with a < b. If | f'| is quasi-convex on

[a, b] with a > 0, then the following inequality holds:

’f(a)+f(b) _ Dla+1)
2 2(b—a)*

[Ja F(0) + J5 f(a)]

b—a 1 , ,
< 2t (1 g ) maxr@). £ ) (1.6)
Theorem 1.4. Let f : [a,b] — R, be a differentiable mapping on (a,b) such that f" € Li[a,b]. If | /|7 is
quasi-convex on [a,b], and p > 1, then the following inequality for fractional integrals holds:

‘f(a)ﬂ‘f(b) _ Dle+1)
2 2(b—a)”

[Ja F(0) + J5 f(a)]

b—a

1 / q / g\ /4
= W(l@(max{ﬂa»,u(bn Ny, w7

where}%qté:l and a € [0,1].

Theorem 1.5. Let f : [a,b] = R, be a differentiable mapping on (a,b) such that f' € Li[a,b]. If | /|7 is
quasi-convex on [a,b], and g > 1, then the following inequality for fractional integrals holds:

’f(a) +/0) _ Tla+1)
2

2(b _ a)a [Jngf(b) + Jf:f(a)]

b—a 1 / q | £ (n\|a1\1/a
< 220 (1 5) sl @I LG w8

with a € [0,1].

Katugampola gave a new fractional integral that generalizes the Riemann-Liouville and the Hadamard

fractional integrals into a single form.
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Definition 1.1. [5] Let [a,b] C R be a finite interval. Then, the left- and right-side Katugampola fractional
integrals of order (o > 0) of f € XP(a,b) are defined:

11—« x —1
PTY f(x) = [I)‘(a) / - iptp)raf(t)dt

and

e b -1
R e =3 (UL

with a < x < b and p > 0, if the integral exist.

Theorem 1.6. [5] Let oo > 0 and p > 0. Then for > a,
1. limy—1 PIS, f(z) = J&, f(2),
2. lim, o+ PT%, f(x) = HE, f(x).

Similar results also hold for right-sided operators.
In [2], Chen and Katugampola proved the following lemma:

Lemma 1.2. Let f : [a”,b?] — R be a differentiable mapping on (a”,b”) with 0 < a < b. Then the following

equality holds if the fractional integrals exist:

fla?) + f(b?)  ap*T(a+1)
2 ©2(bp —ar)e
b? — a”

! —1 g/
= — /0[(1—15) — PP (tPa? + (1 — t9)bP)dt (1.9)

[PZ2 (f 0 g)(b) +PZ¢ (f © g)(a)]

where g(xz) = x”.

The main purpose of this paper is to establish Hermite-Hadamard’s inequalities for quasi-convex functions
via Katugampola fractional integral. We also obtain Hermite-Hadamard type inequalities of these classes

functions.

2. MAIN RESULTS

Theorem 2.1. Let « > 0 and p > 0. Let f : [a”,b°] — R be a positive function with 0 < a < b and

f e XP(ar,bP). If f is a quasi-convex function on [a”,bP], then the following inequalities holds:

p°T(a+1)

269 — ar)e [PZS, (fog)(b) + T (f o g)(a)] < maz{f(a’), f(b")} (2.1)

where g(x) = x”.

Proof. Since f is quasi-convex function on [a”, b?], we get

f(@Pa? + (1 = t7)b°) < max{f(a”), f(b")}
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and

J(A =1t7)a” +tPb°) < maz{f(a”), f(0")}.

By adding these inequalities we have

[F(t2a” + (1= t)09) + F((1 — t7)a” + 7)) < maz{f(a”), F(*)}. (2.2)

N =

Multiplying both sides of (2.2) by t**~! and integrating the resulting inequality with respect to ¢ over [a?, b"],

we obtain
1 1
/ toP= L (tPaP + (1 — tP)bP)dt +/ toPL (1 = tP)aP 4 tPbP)dt
0 0
b a-1 —1 b a-1 1
bl — x” x? xf — af P
_ P P
B /a (bpap) e )bpfapdm—k/a (bpap) f(w)bpfapdx
1 b Pt 1 b Pt
— P P\d
(bp — aP)OA /a (bP — zp)lfozfclj )dl‘ + (bP — aP)Oé /a (xﬂ — ap)lfa f(m ) z
F « (03 (63
= pl—a(bg’—)ap)“ [PZS (fog)(b) + Iy (f o g)(a)]
2
< P 4
< —maa{f(a). S}
So we get desired result. The proof is completed. O

Remark 2.1. In Theorem 2.1, taking limit p — 1 we obtain inequality of (1.5).

Theorem 2.2. Let o« > 0 and p > 0. Let f : [a?,b°] — R be a differentiable mapping on [a?,b°] with

0<a<b. If|f'| is a quasi-convex function on [a”,b"], then the following inequalities holds:

- [PZ2(f 0 g)(b) + PT{(f o g)(a)]

‘f(ap) + /") apT(a+1)

2 2(br — ar)e
b? — a” 1 o e
= 5 (1= g ) mas 17 @£ 07)) 23)

where g(x) = x”.
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Proof. Using Lemma 1.2 and quasi-convex of |f’| with modulus, we get

’f W 2IO) P oz, (f o 9)0) + /T3 (f 0 9)(@)

2 2(bP — ar)“
b —af 1 1) g1
< 5 [(1 =) =Pt~ | f (tPa” + (1 — t7)bP)|dt
0
b —a” ! -1 ’ /
< 5 (1 =27)% = t** [t~ maz{[f'(a”)[ |/ (b7)|}dt
0
b? — af oo 'op
= 5 maz{]f (a”) |f(")[}
1/2%/° 1
X {/ [(1—tP)> —tPe)tr—Lat +/ [tP> + (1 — tp)o‘]t”_ldt}
0 1/2%/p
. b — af . i 1(,.p /(1P
= 2o (1 g ) mestr@n 1@
where
1/2Y/° 1
/ (1 —tP)™ — PP~ at +/ [P 4+ (1 — tP)tP—dt
0 1/21/p
1 1/2 1
= {/ [(lfu)afua]dqu/ [ua(lu)o‘]du}
P LJo 1/2
2 1
= ——(1-—=]. 2.4
o (%) 24
The proof is completed. O

Remark 2.2. In Theorem 2.2, taking limit p — 1 we obtain inequality of (1.6).

Theorem 2.3. Let o« > 0 and p > 0. Let f : [a?,b°] — R be a differentiable mapping on [a?, b°] with

0<a<b. If|f'|9 is a quasi-convez function on [a”,b?] and s > 1, then the following inequalities holds:

H@) IO _ap T+ D) pra (1o 0)0) 1 2T8 (o g)(a)]

2 2(bP — ar)e
b —a” 1(op\[a | £ (pPYa) /T 1/s
= Y a1 @)1 00 (0 + )
where
1 1-—
K, = —B(s+ S,as+1),
p2°T % p
1 -1 1
Ky, = Qs+ 2F1(1—8+S,1;as+2;>,
2p 1) 2
%—i—%:l and g(z) = x*.
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Proof. From Lemma 1.1, Lemma 1.2, Holder inequality and quasi-convex of |f’| with proporties of modulus,

we have
fa?) + fF)  ap®T(a+1) o
I e PT o)) + B o 9)(a)]
b —aP 1
< 5 / [(1— 7)™ — tP|tP= | f (tPa” + (1 — t°)bP)|dt
0
b — P 1 1) s , 1 / 1/q
< 5 (/ [(1 —t7)> — tPe|*t5'P dt) (/ | (tPa” + (1 — tp)b”)th>
0 0
b — P 1 1/s
< (/ 1= 2tp|°“ts<p‘”dt> (maz{|f'(@)|7, ' (b)) 7)""
bP — af
= P a1 )
1/2%/° 1 1/s
x{ / (1 — 2tP)*ss(= Vgt 4 / (2t — 1)a5t5<91>dt}
0 1/21/¢p
b’ —a” / ’ 1/q 1
B 5 (maz{[f(@)|% [f/(67)*H) " (K1 + Kz) /e (2.5)
where
1/21/° 1 1 .
K, = / (1 —2tP)>sgsle= Vg = — / W (1= w)*du
0 p23+7 0
1 1—
= —B (s +—2 as+ 1) (2.6)
p23+7 p
1 ]_ 1 1—s
Ky, = / (2P —1)>s¢se g = f/ u®*(1+u)* % du
1/21/p 25+Tp 0
1 _
_ 0‘82: F <ls+s,1;a5+2; 2) (2.7)
So, if we use (2.6), (2.7) in (2.5), we obtain desired result. O

Remark 2.3. In Theorem 2.3, taking limit p — 1 we obtain inequality of (1.7).

Theorem 2.4. Let « > 0 and p > 0. Let f : [a”,b°] — R be a differentiable mapping on [a”,b"] with

0<a<b If|f'|9 s a quasi-convex function on [a”,b?] and q > 1, then the following inequalities holds:

IO et ) g (o 0)0) + 35 (70 9)()]

b — aP

—_ 7i mazd | £ (aP) 9| (pP)|aV) /e
pla+ 1) (1 2a)( {1 (@))% 1 F (")}

where g(x) = x”.
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Proof. From Lemma 1.2, quasi-convex of |f’| and using power-mean inequality with proporties of modulus,

we have
o bP ar 1
L LI ot o 1) 0551 )
1
< u/ (1= t7)* =22 f (tPaP + (1 = t9)b°)|dt
2 0
b — a”f ! o
-4 1 — Py — gro Pld)
252 ([ler-evs
1 1/q
X (/0 (1= t7)* = e[t ' (tPa” + (1 — tp)bp”th)
) 1-1/q
. 1/q
« (maa:{|f/(ap)|qa |f/(bp)‘q})1/f1 </0 |(1 — ) — tpatﬁ—ldt)
1
_ v (/ (1 9y twtp—ldt) (maz{| ' (@®)]%, £/ (b7)| 1)
2 0
Using (2.4) we get desired resul. )

Remark 2.4. In Theorem 2.4, taking limit p — 1 we obtain inequality of (1.8).
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