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ABSTRACT. Following the concept of L-limited sets in dual Banach spaces introduced by Salimi and Mosh-
taghioun, we introduce the concepts of L-Dunford—Pettis and almost L-Dunford—Pettis sets in dual Banach
lattices and then by a class of operators on Banach lattices, so called disjoint Dunford—Pettis completely
continuous operators, we characterize Banach lattices in which almost L—Dunford—Pettis subsets of their

dual, coincide with L-Dunford—Pettis sets.

1. INTRODUCTION

A subset A of a Banach space X is called limited (resp. Dunford—Pettis (DP)), if every weak* null (resp.

weak null) sequence (z}) in X* converges uniformly on A, that is

lim sup |(a,z;)| = 0.
n—00 ac€A

Also if A C X* and every weak null sequence (z,,) in X converges uniformly on A, we say that A is an L—set.
Every relatively compact subset of E is DP. If every DP subset of a Banach space X is relatively compact,
then X has the relatively compact DP property (abb. DP,.P). For example, dual Banach spaces with

the weak Radon-Nikodym property (see [11], in short WRNP) and Schur spaces (i.e., weak and norm
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convergence of sequences in X coincide) have the DP,..P [6]. Also we recall that a Banach space X has the
DP,..P if and only if every DP and weakly null sequence (z,) in X is norm null.

Recently, the authors in [14], introduced the class of Dunford—Pettis completely continuous (abb. DPcc)
operators on Banach spaces. In fact, a bounded linear operator T': X — Y between two Banach spaces
is DPcc if it carries DP and weakly null sequences in X to norm null ones in Y. The class of all DPcc
operators from X to Y is denoted by DPcc(X,Y).

In this article, by the definition of L-limited sets in [12] in dual Banach spaces, we introduce the concepts
of L-DP and almost L-DP sets in Banach lattices and then we obtain Banach lattices in which two classes
of sets coincide. Finally by introducing the concept of disjoint DP completely continuous (abb. DP9cc)
operators between Banach lattices and positive DP,..P, we obtain some characterizations of them and then
the relation between the positive DP,..P of E and DP%cc operators on F is treated. The class of all DP%cc
operators from E to Y is denoted by DPcc(E,Y).

Here, we remember some definitions and terminologies from Banach lattice theory.

It is evident that if F is a Banach lattice, then its dual E*, endowed with the dual norm and pointwise order,
is also a Banach lattice. The norm |.|| of a Banach lattice E is order continuous if for each generalized net
(z4) such that z, | 0 in E, (x,) converges to 0 for the norm ||.||, where the notation x, | 0 means that
the net (x,) is decreasing, its infimum exists and inf(z,) = 0. A Banach lattice E is said to be o—-Dedekind
complete if every countable subset of F that is bounded above has a supremum. A subset A of F is called
solid if |z| < |y| for some y € A implies that € A and the solid hull of A is the smallest solid set containing
A and is exactly the set Sol(A) ={y € E: |y| < |z|, for some z € A}.

Throughout this article, X and Y denote the arbitrary Banach spaces and X* refers to the dual of the
Banach space X. We use L,«(X*,Y) for Banach spaces of all bounded weak*-weak continuous operators
from X* to Y. Also E and F denote arbitrary Banach lattices and E* = {x € E : © > 0} refers to the
positive cone of the Banach lattice E. Bg is the closed unit ball of E.

If # is an element of a Banach lattice E, then absolute value of z is denoted by |z|. If a,b belong to E
and a < b, the interval [a,b] is the set of all x € E such that a < x < b. A subset of a Banach lattice is
called order bounded if it is contained in an order interval. A linear mapping 7T from FE into F' is called
order bounded if it carries order bounded subsets of E into order bounded sets. We recall from [10] that, an
element = belonging to a Riesz space E is discrete, if x > 0 and |y| < z implies y = tx for some real number
t. If every order interval [0,y] in E contains a discrete element, then E is said to be a discrete Riesz space.
The lattice operations in the Banach lattice F are weakly sequentially continuous if for every weakly null
sequence (z,) in E, |x,| — 0 for o(E, E*). We refer the reader for undefined terminologies, to the classical

references [1], [2], [10].
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2. (L)-DUNFORD-PETTIS SETS IN BANACH LATTICES

Following the introducing of the concept L-limited sets in [12], we define L-DP sets and we give some
properties of them in Banach spaces and specially in Banach lattices. A norm bounded subset B of a dual
Banach space X* is said to be an L-limited set if every weakly null and limited sequence (z,,) of X converges

uniformly to zero on the set B, that is supscp [ f(2n)] — 0.

Definition 2.1. A norm bounded subset B of a dual Banach space X* is said to be an L-DP set if every

weakly null and DP sequence (z,,) of X converges uniformly to zero on the set B, that is sup e g | f(2n)| — 0.

It is clear that every L-set set in X* is L-DP and every subset of an L-DP set is the same. Also, it is

evident that every L-DP set is weak* bounded and so is bounded. Similar to [12, Theorem 2.2], we obtain:

(a) absolutely closed convex hull of an L-DP set is an L-DP set,
(b) relatively weakly compact subsets of dual Banach spaces are L-DP set,

(c) every weak® null sequence in dual Banach space is an L-DP set.

Note that the converse of assertion (b) in general, is false. In fact, the following theorem 2.1, shows that

the closed unit ball of /o, is an L-DP set.
Theorem 2.1. A Banach space X has the DP,.P iff every bounded subset of X* is an L-DP set.

Proof. Since the Banach space X has the DP,..P iff every DP and weakly null sequence (x,) in X is norm
null [14], the proof is clear. O

The following Theorem 2.2, gives a necessary and sufficient condition for Banach spaces that L-sets and
L-DP sets in its dual coincide. We recall that an operator T' : X — Y between two Banach spaces is
completely continuous, if T' carries weakly null sequences in X to norm null ones, and the class of completely

continuous operators is denoted by Cc(X,Y).
Theorem 2.2. A Banach space X has the DP property iff each L-DP set in X* is an L-set.

Proof. Suppose X has the DP property. Since every weakly null sequence in X is DP so every L-DP set in
X* is an L-set.

Conversely, it is enough to show that for each Banach space Y, Ce(X,Y) = DPce(X,Y) [14, Theorem 1.5].
IfT:X — Y is DPcc, it is clear that T*(By+) is an L-DP set. So by hypothesis, it is an L-set and we

know that the operator T': X — Y is completely continuous iff 7*(By~) is an L—set. O
Corollary 2.1. A Banach space with the DP,.P has the DP property if and only if it has the Schur property.

Proof. 1t is clear that the Banach space X has the Schur property if and only if every bounded subset of X*
is L—set. Now, if X has the DP property and DP,..P, then by Theorem 2.1, unit ball X* is L-DP and so it

is an L—set. The converse of the assertion is also clear. O
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Theorem 2.3. Let A be an L-DP subset of a dual Banach lattice E* and E has the weakly sequentially

continuous lattice operations. Then |A| = {|a| : a € A} is an L— DP set.

Proof. We show that every weakly null and DP sequence (z,) in E converges uniformly on |A|, that is,
limy, 00 SUP g e 4 [{(@n, |2¥[)| = 0.

From [10, Lemma 1.4.4], {|z,|, |z*|) = maz{(zn,z*) : |2n] < |x,|} for all n. So, there exists z, € E, such
that |2z,,| < |z,| and (|z,|, |x*|) = (24, 2*). Since E has the weakly sequentially continuous lattice operations,
the sequences (|z,|) and so (z,) are weakly null. Since the set A is L-DP, sup,.c4 |(zn,2z*)| = 0. From

supzreal(Tn, |[2*[)| < supy.ca(|znl, [2*]), we have sup,.c 4 [(zn,|2*])] — 0 and then the set |A| is L-DP. O

Definition 2.2. A Banach space X has the L-DP property, if every L—-DP subset of X* is relatively weakly

compact.

Theorem 2.4. For a Banach space X, the following are equivalent:

(a) X has the L-DP property,
(b) For each Banach space Y, DPcc(E,Y) =W (E,Y),
(¢) DPce(X, b)) = W(X,loo).

Proof. (a) = (b). Suppose that X has the L-DP property and T': X — Y is DPcc. Thus T*(By~) is an
L-DP set. So by hypothesis, it is relatively weakly compact and T is a weakly compact operator.
(b) = (¢). It is obvious.
(¢) = (a). If X does not have the L-DP property, there exists an L-DP subset A of X* that is not relatively
weakly compact. So there is a sequence (z,) C A with no weakly convergent subsequence. Now we show
that the operator T': X — /, by

Ter = ((z,x))), z€X

) n

is DPcc, but it is not weakly compact. As (z}) C A is an L-DP set, for every weakly null and DP sequence

(Zm) in X we have
[T2m || = sup [(zm, 27,)] = 0

thus T is a D Pcc operator. It is easy to see that

Thus T is not a weakly compact operator and neithe is T'. This finishes the proof. O

The classical Banach lattices £, where 1 < p < oo and Schur spaces are discrete K B-space and so they
have the DP,..P [3]. The following corollary shows that the classical Banach lattices £, where 1 < p < 00

have the L-DP property.
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Corollary 2.2. A Banach space with the DP,..P has the L-DP property if and only if it is reflexive.

Proof. If a Banach space X has the DP,..P, then by [14], the identity operator on X is D Pcc and so is weakly

compact, thanks to the L-DP property of X. Hence X is reflexive. O

Recall that a Banach space X is said to have the reciprocal DP property (abb. RDP) if every completely

continuous operator on X is weakly compact [7].
Theorem 2.5. If a Banach space X has the L-DP property, then it has the RDP.

Proof. For arbitrary Banach space Y, let T : X — Y be a completely continuous operator. Thus it is D Pcc

and so by Theorem 2.4, T is weakly compact. Hence X has the RDP property. g

In the following, we show that the L-DP property is carried by every complemented subspace.

Theorem 2.6. If a Banach space X has the L-DP property, then every complemented subspace of X has
the L-DP property.

Proof. Consider a complemented subspace Y of X and a projection map P : X — Y. Suppose P:Y — /
is a DPcc operator, so TP : X — { is also DPcc. Since X has the L-DP property, by Theorem 2.4, TP

is weakly compact. Hence T is weakly compact. ]

The following evident proposition gives a characterization of the L-DP property property by L-DP setes.

Proposition 2.1. Let X be a Banach space. Then the following are equivalent:

(a) X has the L-DP property,

(b) Every L-DP sequence in X* is relatively weakly compact.

Theorem 2.7. Let E be a Banach lattice with the L-DP property. Then for each f € (E*)*,[—f, f] is an
L-DP set.

Proof. 1t is evident that every L-set in E* is an L-DP set. If F is a Banach lattice F with the L-DP
property, then every L—set in E* is relatively weakly compact and so by [?, Theorem 3.1], E* has an order
continuous norm. Hence by [2, Theorem 4.9], for each f € (E*)*,[—f, f] is relatively weakly compact and

so it is an L-DP set. O

In the rest of this section by using some techniques to those in [4], we investigate additional properties of

L-DP sets.

Proposition 2.2. Let X be a Banach space and B be a bounded subset of X*. Then the following are

equivalent:
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(a) B is an L-DP set,

(b) For each sequence (fy,) in B, fn(xn) — 0, for every weakly null and DP sequence (x,,) of X.

Proof. (a) = (b). This is from the inequality |f,(z,)| < supsep |f(zn)| for each sequence (f,,) in B and for
every weakly null and DP sequence (z,,) of X.

(b) = (a). Assume that B is not an (L) DP set in X*. Then there exsits an € > 0 and a weakly null and
DP sequence (z,,) in X such that sup;cp |f(z,)| > € for all n. This implies the existence of a sequence f,

in B such that | f,,(z,)| > €, for all n. O

As in the previous proposition 2.2, we can easily conclude that, for a norm bounded sequence (f,,) of X*,

the subset {f, : n € N} is an L-DP set iff f,,(z,) — 0, for every weakly null and DP sequence (z,) of X.

Proposition 2.3. Let T be an operator from a Banach space X into a Banach lattice E and f € (E*)T.
Then the following are equivalent:

(a) T*[—f, f] is an L-DP set,

(b) For every weakly null and DP sequence (zy,) of X, f(|T(x,)|) = 0.

Proof. 1t follows immediately from the equality f(|T'(zn)]) = supger-(— s [9(zn)]- O

By taking T = Idg in Proposition 2.3, for each f € (E*)T,[—f, f] is an L-DP set iff for every weakly null
and DP sequence (x,) of E, (|z,|) is weakly null.

The next main result, gives an equivalent condition to 7*(B) be an L-DP set, where B is a norm bounded
solid subset of £* and T is an operator from a Banach space X into a Banach lattice E. Recall that a sequence

() in a Banach lattice E is (pairwise) disjoint, if for each ¢ # j, |z;| A |z;| = 0.

Theorem 2.8. Let T be an operator from a Banach space X into a Banach lattice E and B be a norm
bounded solid subset of E*. Then the following are equivalent:

(a) T*(B) is an L-DP set in X*,

(b) T*[—f, f] and {T*f, :n € N} are L-DP sets, for each f € BT and for each norm bounded disjoint

sequence (f,) € BT.

Proof. The proof is similar to [4, Theorem 2.7]. |

By taking T = Idg in Theorem 2.8, we obtain a norm bounded solid subset B of E* is an L-DP set iff
[—f, f] and {f, : n € N} are L-DP sets, for each f € B™ and for each disjoint sequence (f,) € BT.

The next result characterizes D Pcc operators by L-DP sets.

Theorem 2.9. For an operator T from a Banach space X into a Banach lattice E, the following are

equivalent:
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(a) T is DPcc,

(b) T*(Bg~) is an L— DP set, where Bg« is the closed unit ball of E*,

(c) T*[—f, f] and {T*f, : n € N} are L-DP sets, for each f € (Bg~)" and for each norm bounded
disjoint sequence (f) € (Bg~)",

(d) |T'(zn)| = 0 for o(E,E*) and f,(Tx,) — 0, for every weakly null and DP sequence (r,,) in X and

for each disjoint sequence (f,) in (Bg+)T.

Proof. (a) < (b). By the equality supter- (g, [f(2n)| = |T2nllp, T*(Bg-) is an L-DP set in X*, if and
only if, T" is a D Pcc operator.
By Theorem 2.8, the statements (b) and (c) are equivalent and the equivalence (¢) < (d) is a direct

consequence of Proposition 2.3.

3. ALMOST L-DP SETS IN BANACH LATTICES

In this section we introduce a new class of sets and operators.

Definition 3.1. Let E be a Banach lattice and X be a Banach space. Then

(a) A norm bounded subset B of a dual Banach lattice E* is said to be an almost L-DP set if every
disjoint weakly null and DP sequence (x,) of E converges uniformly to zero on the set B, that is
sup e |F ()| = 0.

(b) An operator T from a Banach lattice E into a Banach space X is a disjoint DP completely continuous
(abb. DP%cc) operator if the sequence (||Tx,||) converges to zero for every disjoint weakly null and

DP sequence in E.

Note that every L-DP set of a dual Banach lattice, is an almost L-DP set, but the converse is false, in
general. In fact for many Banach lattices E' with the positive DP,..P and without the DP.,..P, the closed unit
ball of the dual Banach lattice E* is an almost L-DP set, but it is not L-DP set. As an example, the closed
unit ball By of { is an almost L-DP set in /., but the closed unit ball B(,_) is not an almost L-DP
set in (£o)*. In the following, we give a useful chracterization of almost L-DP sets, that is proved by the
method of Proposition 2.2.

As we mentioned at the end of the previous section, we use some techniques to those in [4].

Proposition 3.1. Let E be a Banach lattice and B be a norm bounded set in E*. Then the following are
equivalent:

(a) B is an almost L-DP set,

(b) For each sequence (fy,) in B, fo(xn) — 0, for every disjoint weakly null and DP sequence (x,) of E.



Int. J. Anal. Appl. 16 (2) (2018) 156

In particular, we obtain:

Proposition 3.2. Let E be a Banach lattice and (f,,) be a norm bounded sequence in E*. Then the following

are equivalent:

(a) The subset {f, : n € N} is an almost L-DP set,

(b) fu(zn) — 0, for every disjoint weakly null and DP sequence (x,,) of E.

Similar to [4], [—f, f] is an almost L-DP set in E*, for each f € (E*)*. Also for an order bounded

operator from a Banach lattice E into a Banach lattice F', T*([—f, f]) is an almost L-DP set, for each
feE)r.

Theorem 3.1. Let T be an order bounded operator from a Banach lattice E into a Banach lattice F and B
be a norm bounded solid subset of F*. Then the following are equivalent:
(a) T*(B) is an almost L-DP set in E*,
(b) {T*fn,:n € N} is an almost L-DP set, for each f € BY and for each disjoint sequence (f,) in BT.
(¢) fu(Txy) — 0, for every disjoint weakly null and DP sequence (x,) of EY and for each disjoint

sequence (f,) in BT.

Proof. The proof is the same as the proof of Theorem 2.9. O

By taking T'= Idg in Theorem 3.1, we obtain a norm bounded solid subset B of E* is an almost L-DP
set iff {f,, : n € N} is an almost L-DP set for each disjoint sequence (f,,) in B*.

The next result characterizes the class of DP%cc operators by almost L— DP sets.

Theorem 3.2. For an order bounded operator T from a Banach lattice E into another Banach lattice F,

the following are equivalent:

(a) T is DP%cc,

(b) T*(Bp~) is an almost L— DP set, where Bp- is the closed unit ball of F*,

(c) {T*(fn) :n € N} is an almost L-DP set for each disjoint sequence (f,) in (Bp+)",

(d) fu(T(xn)) — 0, for every disjoint weakly null and DP sequence (x,,) of ET and for each disjoint

sequence (fy) in (Bpx)T.

Proof. (a) < (b). By the equality, supscr«(p,..) [f(#n)| = T2y F, for every sequence (z,,) in E, it follows
easily that, T*(Bp~) is an almost L-limited set in E* if and only if T is DP%cc.
By Theorem 3.1, the statements (b) and (c) are equivalent and the equivalence (¢) < (d) is a direct

consequence of Proposition 3.2.
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Now the concept of positive DP,..P in Banach lattices is introduced and Banach lattices with the positive
DP,.P is characterized. Next we give some properties of DP%cc operators from an arbitrary Banach lattice

FE to another F', related to the positive DP,..P of the Banach lattice E.

Definition 3.2. A Banach lattice E has the positive DP,..P if each weakly null and DP sequence with the

positive terms in E is norm null.

It is clear that the DP,..P implies the positive DP,..P, but the converse is false, in general. For example,

L'[0,1] has the positive DP,.P without the DP,..P.

Theorem 3.3. For a Banach lattice E, the following are equivalent:
(a) E has the positive DP,..P,

(b) Every weakly null and disjoint DP sequence in E converges to zero in norm.

Proof. (a) = (b). Let (x,) be a weakly null and disjoint DP sequence in E. From [15, Proposition 1.3], the
sequence (|z,|) is weakly null and by [8, Lemma 3.7], it is DP in E. From (a), the sequence (|z,|) and so
(z,,) converges to zero in norm.

(b) = (a). Suppose that inf,, ||z,]| = ¢ > 0 for some weakly null and DP sequence (z,,) C ET. Putting
Yn = ¢~ 1z, and using [9, Corollary 5] we find a subsequence (yy, ), a constant d > 0, and a disjoint sequence

(2) of E such that 0 < z; < yy, and ||zx|| > d. It is clear that disjoint DP sequence (zj) tends weakly to

zero, but ||zx|| > d. This fact contradicts the assumption. O

Theorem 3.4. A Banach lattice E has the positive DP,.P iff every bounded set in E* is an almost L-DP

set.

Proof. From Theorem 3.3, a Banach lattice £ has the positive DP,..P iff every disjoint weakly null and DP

sequence in F is norm null. O

Theorem 3.5. Let E be a Banach lattice. Then the following are equivalent:

(a) E has the positive DP,.. P,
(b) For each Banach space Y, DP%cc(E,Y) = L(E,Y),
(c) DPcc(E, ly) = L(E, ly).

Proof. (a) = (b). If E has the positive DP,.P and (z,) is a weakly null and disjoint DP sequence in
E, then by Theorem 3.3, (x,) is norm null and for each bounded operator T on E, ||Tx,|| — 0; that is,
DPlcce(E, F) = L(E, F).

(b) = (c). It is obvious.

(¢) = (a). If E does not have the positive DP,..P, then by Theorem 3.3, there exists a weakly null and
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disjoint DP sequence (x,,) in E such that ||z,| = 1, for all n. Choose a normalized sequence (z7) in E* such

that [(x,,z})| = 1, for all n, and define the operator T': E' — ¢, by
Tr = ((x,z,)) , x € E.
But 7 is not DPce, since the sequence (1,,) is weakly null and disjoint DP and || T2,| > 1, for alln. O

In the following Theorem 3.6, we show that the positive DP,..P and the DP,..P, coincide in the class of

discrete Banach lattices. Let us start with the following lemma.
Lemma 3.1. ¢y dose not have the positive DP,..P.

Proof. Tt is enough to remember that ¢y dose not have the positive Schur property and use the fact that
every weakly null sequence in ¢q is DP. By [13], a Banach lattice has the positive Schur property, whenever

0 <z, — 0 weakly implies ||z,| — 0 O

Now we are able to formulate the following equivalence condition.

Theorem 3.6. Let E be a discrete Banach lattice. Then E has the positive DP,..P, if and only if, it has
the DP,.P.

Proof. Since the positive DP,..P is inherited by closed Riesz subspaces and ¢y does not have the positive
DP,..P, then F does not contain any order copy of ¢g. According to [10, Corollary 2.4.12], F is KB space,
and so it possesses the DP,..P by [?]. O

Corollary 3.1. The dual Banach lattice C(K)* has the positive DP,..P, where K is a compact Hausdorff

space.

Proof. For each positive and weakly null sequence (f,,) in C(K)*, ||full = fu(1x) — 0, where 1x denotes
the constant function 1 on K. That is C(K)* has the positive DP,..P. On the other hands from [2], the
Banach lattice C(K)* is discrete and by Theorem 3.6, it has the DP,..P. O

Theorem 3.7. Let T : E — X from a Banach lattice E be an operator. Then the following are equivalent:
(a) T is DP%cc,
(b) the sequence (||Txy|) converges to zero for every weakly null and DP sequence in E¥,

(c) the sequence (|[Tx,||) converges to zero for every disjoint weakly null and DP sequence in E7.

Proof. The proof is similar to [5, Theorem 2.2]. |

Let M C L(X,Y) be a Banach lattice. If M has the positive DP,..P, then by Theorem 3.5 all of the

evaluation operators ¢, and 1~ are DPcc operators, where ¢, (T) = T and Yy« (T) = T*y* for z € X,
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y* €Y and T € M. Now, we show that the DP®ccness of evaluation operators is a sufficient condition for

the positive DP,..P of their domain.

Theorem 3.8. Let Y has the Schur property and M C L(X,Y) be a Banach lattice. If for every y* € Y*,

the evaluation operator 1« on M is DPicc, then M has the positive DP,..P.

Proof. If M does not have the positive DP,..P, by Theorem 3.3, there exists a weakly null and disjoint DP
sequence (T},) in M and some € > 0 such that ||T,,|| > e, for all n. So there exists a sequence (x,) in Bx
such that ||T,,(z,)|| > €, for all n. On the other hand, the evaluation operator 1« on M is DP%cc for all
y* € Y* and so ||T;;(y*)|| = [|¢y=(T5)|| = 0. Hence [(Thxn,y*)| < || Tx(y*)|| = 0. So the sequence (T, ) is

weakly null and it is norm null by the Schur property, a fact that is impossible. O

Theorem 3.9. Let X has the Schur property and M C Ly (X*,Y) be a Banach lattice. If for every

x* € X*, the evaluation operator ¢~ on M is DP%c, then M has the positive DP,.P.

Proof. If M does not have the positive DP,..P, by Theorem 3.3, there exists a weakly null and disjoint DP
sequence (T3,) in M and some e > 0 such that ||T},|| > ¢, for all n. On the other hand, the evaluation
operator ¢, on M is DPcc for all x* € X* and so ||T,,(z*)|| = ||¢pu~(Ty)|| — 0. Since ||T|| > €, there
exists a sequence (y) in By« such that || Tfy%| > e, for all n. But the Schur property of X shows that the

weakly null sequence (77Fy) is norm null, which is a contradiction. O

Two final theorems of this section, are a relationship between order weakly compact and M-weakly
compact operators with a DP%cc operator.
Recall that a continuous operator T': E'— X from a Banach lattice F to a Banach space X is order weakly

compact if and only if || Tz,| — 0 for every disjoint order bounded sequence (z,,) in F [2, Theorem 5.57].
Theorem 3.10. Evere DP%cc operator on a Banach lattice E is order weakly compact.

Proof. Let (x,) be an order bounded disjoint sequence of E. It follows from [2] and [?] that (z,,) is a weakly

null and DP sequence. Since T is DP%cc then, || Tz, | — 0. Hence T is order weakly compact. O

An operator T : F — X from a Banach lattice to a Banach space is said to be M-weakly compact if
|72, || — 0 holds for every norm bounded disjoint sequence (z,,) in E [10]. In [14], the authors proved that
each DPcc operator from a Banach lattice E' to a Banach space X is M-weakly compact when E* has an
order continuous norm and F has the DP* property (that is, every relatively weakly compact set in F is

limited). In fact, we have a similar conclusion about D P%cc operators.

Theorem 3.11. Let E be a Banach lattice and X be a Banach space. If E* has an order continuous norm

and E has the DP property, then each DP%c operator T : E — X is M-weakly compact.
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Proof. Let T : M — X be a DP%c operator and let (x,,) be a bounded disjoint sequence in E. It follows
from [10, Corollary 2.9] that (x,,) is weakly null and so it is DP by the DP property of E. By our hypothesis

on T, we have ||Tx,|| — 0 and then T is M-weakly compact. O

4. ALMoOST L-DP SETS WHICH ARE L-DP SETS

As we noted in the beginning of section 3, every L-DP set in the dual Banach lattice E*, is an almost
L-DP set, but the converse is false in general. In this section we characterize Banach lattices in which the

class of almost L-DP sets and that of L-DP sets coincide in their dual.

Theorem 4.1. For a Banach lattice E, the following are equivalent:

(a) Fach almost L-DP set in E* is an L-DP set,

(b) For each Banach space Y, DP%c(E,Y) = DPcc(E,Y),

(c) DPc(E,ly) = DPcc(E,ly).
Proof. (a) = (b). Let T : E — Y be an operator. By the equality

ol = [Ty,

for every sequence (z,) in F, it follows easily that, T*(By~) is an almost L-DP (respectively, L-DP) set
in E*, if and only if, T is a DP%cc (respectively, DPcc) operator. Now, let T' be a DP%cc operator. Then
T*(By~) is an almost L-DP set in E* and from the hypothesis (a), it is an L-DP set in E*. Hence T is a
D Pcc operator.
(b) = (¢). Tt is clear.
(¢) = (a). Let B be an almost L-DP set in E*. To prove that B is an L-DP set, it sufficies to show
that f,(z,) — 0 for each sequence (f,) in B and for every weakly null and DP sequence (z,) in E (see
Proposition 2.2). Consider the operator S : E — {4, defined by S(z) = (fn(2))52,, for each z € E. As B is
almost L-DP, S is a DPcc operator. In fact, for every weakly null and disjoint DP sequence (z;) in E, we

have

15%illoc = lfn(2i)nZ0lloo < sup [f(2i)] = 0,
feB

as i — oo. It follows that S is a DP%cc operator and so from our hypothesis, S is DPcc. So ||S2 o — 0

and the desired conclusion follows from the inequality |f,(zy)| < ||Szy || for each n. O

We recall that, an operator T' from a Banach space X into a Banach lattice E is said to be semicompact
if for each € > 0 there exists some v € E* satisfying T(Bx) C [~u,u] + e¢Bg. According to [4, Theorem 4.3],

each operator T': E — X is DP%c, whenever its adjoint 7% : X* — E* is semicompact.
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At the end of this section, it should be noted that the adjoint of a DP%cc operator is not necessary DP%cc
and vice versa. For example, the identity operator on the Banach lattice ¢, is DP%c (because ¢; has the
DP,..P, [14]) but its adjoint, Idy__ : oo — Lo, is not DP%cc. In fact, if e, = (0,0, ..., 1,0,...) with n’th entry
equals to 1 and all others zero, then (e,) is an order bounded disjoint sequence of ¢.,. Hence (e,) is weakly
null and by [?], it is DP, but ||Ids__ (en)|| = |len]loc = 1 for all n. Also the identity operator on £ is not
DPdcc but its adjoint is DP%c, because (£s)* has DP,..P. Also by Theorem 3.2, B )~ is not an almost

L-DP set in (£)*, as noted that in the begining of section 3.
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