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ABSTRACT. In this paper the authors extend Giaccardi’s inequality to coordinates in the plane. The au-
thors consider the nonnegative associated functional due to Giaccardi’s inequality in plane and discuss its

properties for certain class of parametrized functions. Also the authors proved related mean value theorems.

1. INTRODUCTION

Let I be a real interval. A function f: I — R is said to be convex on [ if

fOz+ (1 =Ny) <Af(@)+ (1 =) f(y)

for all z,y € R and A € [0,1].

In [2], Dragomir gave the definition of convex functions on coordinates as follows.
Definition 1.1. Let A = [a,b] x [c,d] CR? and f: A — R be a mapping. Define partial mappings

fy a0 = R by f,(u) = f(u,y)
and
fx : [C’ d} —+R by fx(v) = f(x,v).
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Then f is said to be convex on coordinates (or coordinated convex) in A if f, and f, are convex on [a,b]
and [c, d] respectively for all x € [a,b] and y € [c,d]. A mapping f is said to be strictly convex on coordinates
(or strictly coordinated convex) in A if f, and f, are strictly convex on [a,b] and [c,d] respectively for all

x € [a,b] and y € [c,d].
Now we define another important subclass of convex functions i.e. log convex functions.

Definition 1.2. A function f: I — Ry is called log convex on I if

flaz + By) < fx)fP(y)

where a+=1a,8>0 and x,y € I.

Log-convex functions have excellent closure properties. The sum and product of two log-convex functions
is convex. If f is convex function and g is log-convex function then the functional composition g o f is also
log-convex. Many authors consider this function e.g. see [12], in which some of the properties of log convex
functions has been discussed (also see [6,7,9] and references therein). In the following defintion, we define

log convex function on coordinates.

Definition 1.3. A function f: A — Ry is called log convex on coordinates in A if partial mappings defined

in (1.1) and (1.2) are log convex on [a,b] and [c,d] respectively for all x € [a,b] and y € [c,d].

Remark 1.1. FEvery log convex function is log convex on coordinates but the converse is not true in general.

For example, f:[0,1]?> — [0,00) defined by f(x,y) = €*¥ is convex on coordinates but not convez.
Giaccardi’s inequality is stated as follows (see [8, page 153, 155] or [10]).

Theorem 1.1. Let [0,a) C R, (z1,...,z,) € [0,a)™ and (p1,...,pn) be nonnegative n—tuples such that
(#; — 20) (T, — ;) 20 fori=1, ...,n and &, # xo, where xg € [0,a) and &, =Y, PkTk-
If f is convex, then the inequality
> pef(zi) < Af (in) + B <Zpk - 1) f(z0) (1.3)
k=1 k=1

s valid, where

Ao ZkmPe@m20) p Ea
Ip — X0 Ty — T

Remark 1.2. Condition that f is convex, can be replaced with %ﬁimo) s an increasing function, then

inequality (1.3) is also valid.
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Remark 1.3. If f is strictly convez, then strict inequality holds in (1.3) unless x1 = ... =z, and Y i p; =
1.

Remark 1.4. Forp;, =1 (i =1,...,n), the above inequality becomes

n

> fla)<f (Z xz) + (n—1) f(zo). (1.4)

i=1
Remark 1.5. If we put xo = 0 in above inequality, we get Petrovié’s inequality for convex functions on real

line.

In this paper we extend Giaccardi’s inequality to coordinates in the plane. We consider functionals due to
Giaccardi’s inequality in plane and discuss its properties for certain class of coordinated log-convex functions.

Also we proved related mean value theorems.

2. MAIN RESULTS

In the following theorem we give our first result that is Giaccardi’s inequality for coordinated convex

functions.

Theorem 2.1. Let A =[0,a) x [0,b) C R?, (z1,...,7,) €[0,a)", (Y1,--,Yn) € [0,0), (P15 -sPn)s (q1; s Gn)

be non-negative n—tuples and >\ | p;x; = Tn, 2?21 q;Y; = Yn such that

(i — o) (T — ;) 20 fori=1,...n, &, # xo and Zpi > 1, (2.1)
i=1
and
(Yj — Yo) (Jn —y;) =0 for 5 =1,...,n and Jn # Yo. (2.2)

If f is coordinated convex function, then

Z pigif(xi,y;) < A1 | Aaf (Zn, Un) + B2 qu‘ 1) f(@ny0)| +
j=1

i5=1
(2.3)
By (sz - 1) Ao f (%0, 9n) + B2 Z%‘ = 1] f(@o,50) |
i=1 j=1
holds where
Ay = Zi:{pi(xi - 550)7 B = _—tn (2.4)

Tn — o Tp — Zo
and

py = @i Z0) g (2.5)
Yn — Yo Yn — Yo
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Proof. Let fy : [0,b) = R and f, : [0,a) — R be mappings such that f,(v) = f(z,v) and f,(u) = f(u, ).

Since f is coordinated convex on A, therefore f, is convex on [0,a). By Theorem 1.1, one has

Zplfy@jz) < Alfy (-i'n) + Bl (sz - 1) fy(x0)7

i=1
where A; and B; are defined in (2.4). We write

n

> pif (i y) < Asf (En,y) + B <Zpi - 1) f(zo,y).
=1

i=1
By setting y = y;, we have

n n

i=1 i=1

this gives

SO pigif(xioy;) < AvY | aif (Enoys) + B (Zpi - 1) > aif(z0,95)- (2.6)
j=1 i=1 Jj=1

i=1j=1

Again using Theorem 1.1 on terms of right hand side for second coordinates, we have
ZQJf (fi.nvy]) < A2f (‘%nagn) + BQ Zq] -1 f (:%nvyO)
j=1 j=1
and
<ZP¢ - 1) > aif(wo,y5) < Az (sz‘ - 1) f(@o,dn) + Ba | Y _q; — 1| f(zo, o)
i=1 j=1 i=1 j=1

where Ay and By are defined in (2.5) Using above inequalities in (2.6), we get

Z pijf(xzvyj) < Al A2f (fn,gn) +B2 Zq] -1 f(:znayo) +

ij=1 =1
By (Zpi - 1) Ao f (x0,n) + Ba | D g =1 | F(wo,0) | ,
i=1 Jj=1

which is the required result. O

Remark 2.1. If f is strictly coordinated convex then above inequality is strict unless all x;’s and y;’s are

n n
not equal or > p; #1 and Y q; # 1.
=1 j=1

K2

Remark 2.2. If we take y; =0 and ¢; = 1, (i,5 = 1,...,n) with f(z;,0) — f(x;), then we get inequality
(1.3).

The following corollary is particular case of Theorem 2.1, which is stated in [11, Theorem 2].
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Corollary 2.1. Let A = [0,a) x [0,b) C R?, (21, ....,2,) € [0,a)™, (Y1, s Yn) € [0,0)™, (P1, -, 0n), (1, s Gn)
be non-negative n—tuples and | pix; = Tn, Z;-L:l qjYj = Un such that T, > x; and §p, > y; forj=1,...,n
Also let that @, € [0,a), Y i p; > 1 and g, € [0,b). If f : A — R is coordinated convex function, then

n
ZPZQJf(xlvyj) xﬂvyn qu -1 xn50)+
ij—1

(2.7)
(Zm—l) (0,9n) + qu—l )|,
=1

holds.

Proof. If we put g = yo = 0 in Theorem 2, conditions (2.4) and (2.5) becomes A; = Ay = By = By =1, so
(2.3) takes the form

n n
Z pinf(xiayj) X xnayn + qu xn70)+
Q=1 =1
(Zpi_1> f(O»gn)"_ q; -1 f(070) )
i=1 j=1
as required. 0

Let I C R be an interval and f : I — R be a function. Then for distinct points w; € I,7 = 0,1,2. The
divided differences of first and second order are defined as follows.
f(ui+1) - f(Uz’)
Ui41 — Uy

[ulau27f] - [uoaula f]
U2 — Ug '

[ui7 Ui41, f] = 5 (Z = 0, 1) (28)

[uo,ul,u2,f] = (29)

The values of the divided differences are independent of the order of the points ug, u1, us and may be extended

to include the cases when some or all points are equal, that is

[uo, uo, f] = lim [ug,us, f] = f/(uo) (2.10)

U1 —UuUQ
provided that f’ exists. Now passing the limit u; — wug and replacing us by u in second order divided

difference, we have

g, o, f] =l fug, iy, 1] = 70T <“((2: iz); o) f"(uo)

, U 7 U (2.11)

provided that f’ exists. Also passing to the limit u; — u (¢ = 0,1,2) in second order divided difference, we

have

f"(u)
2

[u,u,u, f] = Um [ug, u1,us, f] = (2.12)
Ui —>U

provided that f” exists.
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One can note that, if for all ug,u; € I, [ug, u1, f] > 0, then f is increasing on I and if for all ug, uy,us € I,
[wo, u1, ug, f] > 0, then f is convex on I.

Now we define some families of parametric functions which we use in sequal.

Let I = [0,a) and J = [0,b) be intervals and let for t € (¢,d) C R, f; : I x J — R be a mapping. Then

we define functions

fry I = Rby fiy(u) = fi(u,y)
and

fratd = Ry fio(v) = fi(z,v),

where x € [ and y € J.

Suppose M denotes the class of functions f; : I x J — R for ¢ € (¢, d) such that
t = uo, ur, uz, fry] VY ouo,ui,ug €11
and
t = [vo,v1,v2, fra] ¥V vo,v1,02 € J
are log convex functions in Jensen sense on (¢, d) for all x € I and y € J.

Under the assumptions of Theorem 2.1 we define linear functional G(f;zo,y0) as a non negative difference

of inequality (2.3)

G(fimo,y0) = A1 |Aof (Fn.Gn) + Ba | D _aj =1 | £ (@n o) | +
=1

5, (zpiq) Aot Gorin) + B2 [ 30— 1) flaomo) | = 37 i Flaron)
=1

j=1 1,7=1

(2.13)

where Ay, By and Ag, B are defined in (2.4) and (2.5) respectively.
Remark 2.3. Under the assumptions of Theorem 2.1, if f is coordinated convez in A, then G(f;xo,yo) > 0.

Remark 2.4. As a special case, if we put xo = yo = 0, in (2.13), then we get

Y(f) = f(Zn,Jn) (Z qj — 1) (Zp,0 (sz — 1)
[ f(0,9n) (qu - 1) ,0)] - Z Pis @5 (i, y;5),

4,j=1

(2.14)

that is G(f;0,0) = T(f).
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Remark 2.5. If we puty; =1 for j =1,...,n in (2.13) then we get functional
P(f) = f(Zn) — ipif(xi) - (1 - i%) f(0) (2.15)
i=1 i=1
defined in [1].
The following lemmas are given in [9].

Lemma 2.1. Let I C R be an interval. A function f: I — (0,00) is log-convez in Jensen sense on I, that

is, for each r,t € I

s = 1 (5)

if and only if the relation
t
m2f(t) + 2mnf (y) +n2f(r) >0

holds for each m,n € R and r,t € I.

Lemma 2.2. If f is convez function on interval I then for all x1,x9,x3 € I for which x1 < x9 < x3, the

following inequality is valid:
(w3 — @2) fz1) + (21 — x3) f (22) + (22 — 21) f(23) = 0.

In [11], authors has given some important properties related to the functional defined for Petrovié’s

inequality on coordinates. Our next result comprises similar properties of functional defined in (2.13).

Theorem 2.2. Suppose f; € My and G be a functional defined in (2.13). Then G(ft, zo,yo) s log-convex

function in Jensen sense for all t € (¢, d).

Proof. Let
h(u,v) = m? fi(u,v) + anf% (u,v) + n? fr(u,v),
where m,n € R and ¢,r € (¢,d). We can assume that
hy(u) = m?fy,(u) + 2mnft+Tr,y(u) + 12y (u)

and

hy(v) = m2ft,m(v) + anf“’%,z(v) + nzfr_’m(v).

Since divided differences satisfy the linearity property, therefore we can have

[u07u17u27h’y} = m2[u07u17u27ft,y] + 2mn[“07u17u27ft+Trvy] + nz[u()vulauQa fr,y]'
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Since we have given that [ug, u1,u2; hy| is log-convex in Jensen sense, therefore using fi = [ug, u1,u2; hy] in

Lemma 2.1, we get that
[wo, w1, u2, hy] = m?[ug, u1, us, fryl + 2mn[u0,U17U2,ft+Tr,y] + nQ[Uo,UhUz,fr,y} >0

which is equivalent to write

[UO7U1,U2; hy] 2 0

This shows that h, is convex on interval I. In the similar way, one can prove that h, is convex on J. This

concludes that h is coordinated convex on A. By Remark 2.3, we have
g(h7 £, yO) > 07

that is,

m2g(ft7 To, yO) + ang(ft-gr , L0, y(]) + n2g(fra Zo, yO) Z 0

Thus by Lemma 2.1 we have that G(f:,xo,yo0) is log-convex in Jensen sense on (¢, d). |

Corollary 2.2. Let the functional T defined in (2.14) and f; € My. Then the function t — T(f;) is log

convex in Jensen sense on (c,d)

Proof. On putting xg = yo = 0 in above theorem, we get G(f+;0,0) = 7(f;), hence the required result
follows. O

Theorem 2.3. Suppose f; is from class My and G be a functional defined in (2.13), If G(fi,xo,y0) is

continuous for all t € (c¢,d), then G(fi, 0, y0) is log convex for all t € (c,d).

Proof. Since we know that if a function is log convex in Jensen sense and continuous, then it is log convex.
From Theorem 2.2, if f; € My, then G(ft, o, y0) is log convex in Jensen sense and we have given that it is

continuous, hence G(f:, xo,yo0) is log convex for all t € (¢, d). O

Corollary 2.3. Let the functional T defined in (2.14) and f; € My. If the function t — T'(ft) is continuous

on (c,d), then it is log convex on (c,d)

Proof. On putting xg = yo = 0 in above theorem, we get G(f+;0,0) = 7(f;), hence the required result
follows. ]

Theorem 2.4. Suppose fr € My and G be a functional defined in (2.13). If G(ft; o, y0) is positive, then

forr,s,t € (¢,d) such that r < s <t, one has

[G(fs;20,90)) ™" < [G(frs 0, y0)) ™ ° [G(fis 20, y0)]" " (2.16)



Int. J. Anal. Appl. 16 (2) (2018) 186

Proof. By taking f = log G(f:, xo,yo) in Lemma 2.2, we have for ¢ # r, u # v,

(t —s)1log G(fr; o, y0) + (r —t)log G(fs; z0, yo) + (s — ) log G(fi; 0, y0) > 0,

which is equivalent to
G(fs;20,90)]" " < [G(frs 0, y0)]' ™" [G(f15 70, y0)] ™" (2.17)

that is our required result. O

Corollary 2.4. Let the functional T defined in (2.14) and f; € My. If Y(f;) is positive, then for some

r <s<t, wherer,s,t € (¢,d), one has

A I A0/ R 03] R (2.18)

Proof. On putting zop = yo = 0 in above theorem, we get G(f+;0,0) = 7(f;), hence the required result
follows. O

The following Lemma is equivalent to the definition of convex function (see [5, Page 2]).

Lemma 2.3. Let I be an interval in R. A function f : I — R is convex if and only if for all t,r,u,v € I

such that t < u,r <wv,t #r,u#v, one has

Ft) - fr) _ f(w) = fv),

t—r uU—v

Theorem 2.5. Let G(f:;x0,y0) be the linear functional defined in (2.13), where f; € M. If the function

t — G(ft;x0,y0) is derivable on (c,d), then for t,r,u,v € (¢,d) such that t < u,r < v, we have
Ci(t,r) < Ci(u,v),

where

(Sm)™  epr

L (G(f;20,Y0)) _
exXp (drg(fﬁwO’yO) ) ; t=T

Ci(t,r) = (2.19)

Proof. By taking f = G(f:,xo,y0) in Lemma 2.3, we have for t # r,u # v,

log G(f+; %0, y0) — 108 G(fr; T0, Y0) _ 108 G(fu; 0, Yo) — L0gG(fu; %0, 0)
t—r = uU—1v ’

This gives
Ci(t,r) < Ci(u,v), t#ru#o.

For t = r,u = v, we consider limiting cases in above inequality, when r» — ¢ and v — u.
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The following corollaries that are stated in [11], are special cases of Theorem 2.5.

Corollary 2.5. Under the assumptions of Theorem (2.5), let T(f:) be the linear functional defined in (2.14)
then E(t,r, fr) < E(u,v, fi), where

(1))
(F8)™ . t#n
4 (r A
exp ( ‘“I(F(Jgtf)))) , t=r.

Proof. On putting g = yo = 0 in Theorem (2.5), we get G(fi;x0,y0) = T(f:), hence the required result

Et,r fi) = (2.20)

follows. O

Corollary 2.6. Under the assumptions of Theorem (2.5), let P(f:) be the linear functional defined in (2.15)
then T (t,r, f:) < T (u,v, fi), where

1

P(fe) 7
(p(fT)) ) t#,

T(t,r, fr) = 2.21
r 12 LPUY (2.21)
exp 260 , t=m.
Proof. On putting, y; =1 for j = 1,...,n in Corollary 2.5, we get our required result. (Il
Example 2.1. Let t € (0,00) and ¢y : [0,00)2 = R be a function defined as
at t#1,
oi(u,v) = = (2.22)

Define partial mappings

Pt +0,00) = R by ¢r0(u) = @i(u,v)
and

Prou :[0,00) = R by pr.u(v) = @i(u, v).

As we have
82()01‘/,1)
ou?

This givest — [ug, uo, Uo, Pt,0) s log convex in Jensen sense. Similarly one can deduce thatt — [vg, Vo, Vo, Pt u]

[u, u, uy 0 0] = =u'"%' >0 Vite(0,00).

is also log-convex in Jensen sense. If we choose fi = ¢ in Theorem 2.2, we get log convexity of the functional

G(n).
In special case, if we choose @i(u,v) = ¢i(u, 1), then we get [1, Example 3].

Example 2.2. Lett € [0,00) and J; : [0,00)2 — R be a function defined as

uveuvt

we 0 t=#£0
5t(ua U) = ' 7 7

w?v?, t=0.

(2.23)
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Define partial mappings

Ot 1 [0,00) = R by 0 (uw) = d¢(u,v)
and

Ot [0,00) = R by 6 (v) = 5t (u,v)

for all u,v € [0, 00).

As we have
a%m
ou?

[w, u, u, 8¢ 0] = =" (20 +uv®) >0 Ve (0,00).

This gives t — [ug, uo, Uo, O¢,] 5 log convex in Jensen sense. Similarly one can deduce that t — [vg, Vo, Vo, Ot
is also log-convex in Jensen sense. If we choose fi = &y in Theorem 2.2, we get log convezity of the functional
3(5,).

In special case, if we choose §(u,v) = 0:(u,1), then we get [1, Example 8].

Example 2.3. Lett € [0,00) and 7y : [0,00)2 — R be a function defined as

uvt

et ’ t#ov

uwv, t=0.

Ye(u,v) = (2.24)

Define partial mappings

Vew : [0,00) = R by ye,0(w) = 72 (u,v)
and

Vet [0,00) = R by vi,u(v) = 12 (u,v).

As we have
82’Yt,v
ou?

This givest — [ug, uo, Uo, Vi,v) s log convez in Jensen sense. Similarly one can deduce that t — [vg, vo, Vo, Viu]

=™t >0 Vte (0,00).

[U, u, u, ’Yt,'u] -

is also log-convex in Jensen sense. If we choose f; = ¢ in Theorem 2.2, we get log convezity of the functional

G(1)-
In special case, if we choose y¢(u,v) = y:(u, 1), then we get [1, Example 9].

Example 2.4. Lett € [0,00) and )\; : [0,00)% — R be a function defined as

ueu\/f

Vit

At(u,v) = (2.25)

Define partial mappings
Atw 1 [0,00) = R by Ao (u) = Ae(u,v)

and

At,u : [07 OO) —R by )‘t,u(v) = )‘t(u7v)'
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As we have
62/\t,v
ou?

This givest — [ug, uo, Uo, At,v] 15 log convex in Jensen sense. Similarly one can deduce thatt — [vg, Vo, Vo, At ]

[, w, u, Ae ] = = p2euvVi (2 + uvx/f) >0 Vte(0,00).

is also log-convex in Jensen sense. If we choose fy = X\ in Theorem 2.2, we get log convexity of the functional
G(At)-
In special case, if we choose A\i(u,v) = A(u, —1), then we get [1, Ezample 6].

3. MEAN VALUE THEOREMS

If a function is twice differentiable on an interval I, then it is convex on I if and only if its second order
derivative is nonnegative. If a function f(X) := f(z,y) has continuous second order partial derivatives on

interior of A then it is convex on A if the Hessian matrix

X)) PF(X)

L ox? dydx
0=\ oy o0
dx0y dy?

t

is nonnegative definite, that is, vH(X)v"' is nonnegative for all real nonnegative vector v. It is easy to see

that f: A — R is coordinated covex on A iff

0%f(z,y) 0%f(z,y)
fi(y) = o2 and f/(z) = 02
are nonnegative for all interior points (z,y) in A.
Lemma 3.1. Let f: A — R be a function such that
02 f(,
My < ZIE9) g,
ox
and
0%f(z,y)
ma >~ TyQ < M,

for all interior points (x,y) in A%. Consider the function 11,3 : A — R defined as
1
¢1 = 5 maX{Mla MQ}(x2 + y2) - f(.I‘, y)
L. 2 2
¢2 = f(xvy) - imln{Mlva}(x +y )’
then 11,19 are conver on coordinates in A.

Proof. Since

321/’1(5573/) azf(xvy)

T ES ma,X{Ml,MQ} - T 2 0
and

82¢1(9€ay) an(:E7y)

Ty? = max{./\/h, MQ} - ayz Z 0
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for all interior points (z,y) in A, 1 is convex on coordinates in A. Similarly one can prove that v is also

convex on coordinates in A. O

In [3] and [4], we have given mean value theorems of Lagrange type and Cauchy type for certain functional.

Here we give a theorem similar to those but for functional introduced in (2.13).

Theorem 3.1. Let A = [0,a1] x [0,b1] C A and f : A — R which has continuous partial derivatives of

second order in A and o(x,y) = x + y2. Then there exist (81,71) and (Ba,72) in the interior of A such

that

Gtsiwoan) = 5 s UT)
and

G(f;20,90) = lwr(@

2 Oy?

provided that G(v;xo,yo) s non-zero.

Proof. Since f has continuous partial derivatives of second order in A and A is compact, there exist real

numbers My, mo, M7 and My such that

2 2
< PL@w) o P )

S5z = 9y < Mo,

for all (z,y) € A.

Now consider functions 1, and 15 defined in Lemma 3.1. As v; is convex on coordinates in A,
g(¢17 Zo, yo) > 07
that is
1
G (g max(Mi, Mool ) ~ ) =0,
this leads us to
2G(f; w0, y0) < max{My, M2}G(; o, yo)- (3.1)

On the other hand for function 3, one has

min{ M, m2}G(4; 20, Yo) < 2G(f; o, Yo)- (3.2)

As G(p; z0,Y0) # 0, combining inequalities (3.1) and (3.2), we get

2G(f; 20, v0)

in{Mi, < < My, Ms}.
min{ M, ma) G(w;70,90) maxiMi, Mo}

Then there exist (81,71) and (82,72) in the interior of A such that

2G(f;xo,v0) _ O*f(Br,m)
g(@;anyO) a$2
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and

26(f320,90) _ 9% f(B2,v2)

G (3 20,90) oy
hence the required result follows. O

The following corollary is particular case of Theorem 3.1, which is stated in [11, Theorem 4].

Corollary 3.1. Under the assumptions of above theorem, let T(f) be the linear functional defined in (2.14),

then

r(f) = 20y
and

r(f) = LB

2 Oy?
provided that T(f) is non-zero.

Proof. On putting g = yo = 0 in Theorem 3.1, we get G(f;x0,90) = T(f), hence the required result

follows.

O

Theorem 3.2. Let 11,19 : A — R be mappings which have continuous partial derivatives of second order

in A. Then there exists (n1,&1) and (n2,&) in A such that

% ,
G (Y1520, 90) %

. T 0%Ya(n1,é1)
G (Y25 0,Y0) S

and 2 :
9”1 (n2,€
Q(wl;xmyo) - 19;722 .

G (20, y0) %ﬁ@)'

Proof. We define the mapping P : A — R such that
P = k11 — koo,

where k1 = G(w9; 0, yo) and ko = G(11; 20, Yo)-
Using Theorem 3.1 with f = P, we have

0? 0?
QQ(PVTanO) =0= {kl 8;/;1 - kQ 8.;@2 } g(@’anyO)

and

02 0?
2G(P;xo,y0) =0 = {kla;/;l - kza;/f} G(p: o, Yo)-

Since G(p; xo,Yyo) # 0, we have
k %1 (1m1,€1)
2 Ox?
ko 32%‘3(;721751)
and

9241 (n2,62)
kQ oy?

ki Pa(m.ba)’
ky 28y22 2

(3.3)

(3.4)
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which are equivalent to required results. O

Corollary 3.2. Under the assumptions of above theorem, let Y'(f) be the linear functional defined in (2.14)

then )
T(p) S 55)
T(yo) P2l '
and ,
T(n) _ U5 20
T(yp) Eezlpls)’ '

Proof. On putting 2o = yo = 0 in Theorem 3.2, we get G(f;xo,y0) = T(f), hence the required result
follows. 0
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