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FRACTIONAL DIFFERENTIAL EQUATIONS AND INCLUSIONS WITH
NONLOCAL GENERALIZED RIEMANN-LIOUVILLE INTEGRAL BOUNDARY
CONDITIONS

BASHIR AHMAD*, SOTIRIS K. NTOUYAS!"?2 AND AHMED ALSAEDI'

ABSTRACT. In this paper, we study a new kind of nonlocal boundary value problems of nonlinear
fractional differential equations and inclusions supplemented with nonlocal and generalized Riemann-
Liouville fractional integral boundary conditions. In case of single valued maps (equations), we make
use of contraction mapping principle, fixed point theorem due to Sadovski, Krasnoselskii-Schaefer
fixed point theorem due to Burton and Kirk, and fixed point theorem due to O’Regan to obtain the
desired existence results. On the other hand, the existence results for inclusion case are based on
Krasnoselskii’s fixed point theorem for multivalued maps and nonlinear alternative for contractive
maps. Examples illustrating the main results are also constructed.

1. INTRODUCTION

Fractional order differential and integral operators play an important role in the mathematical
modeling of several real world problems. It has been mainly due to the fact that such operators
can describe the memory and hereditary properties of various materials and processes involved in the
problem at hand. Examples include physics, chemical technology, population dynamics, biotechnology,
and economics [1-3]. In recent years, the study of initial and boundary value problems of fractional
differential equations involving a variety of conditions have been investigated by several researchers,
and the literature on the topic is now much enriched. For examples and details, see [4]- [18] and the
references cited therein.

Nonlocal conditions are found to be more plausible than the standard initial conditions for the
formulation of some physical phenomena in certain problems of thermodynamics, elasticity and wave
propagation. As a matter of fact, such conditions become inevitable in a situation when the con-
trollers at the boundary positions dissipate or add energy according to censors located at intermediate
positions. Further details can be found in the work by Byszewski [19,20].

Integral boundary conditions also find decent applications in blood flow problems, chemical en-
gineering, thermoelasticity, underground water flow, population dynamics, etc. In particular, the
assumption of ‘circular cross-section’ throughout the vessels in the study of fluid flow problems is not
always justifiable. In this situation, integral boundary conditions provide a more realistic (practical)
approach. Also, integral boundary conditions are found to be useful in regularizing ill-posed parabolic
backward problems in time partial differential equations, see for example, mathematical models for
bacterial self-regularization [21]. Integral boundary conditions involve classical, Riemann-Liouville or
Hadamard or Erdélyi-Kober type integral operators. In [22], it has been discussed that Riemann-
Liouville and Hadamard fractional integrals can jointly be represented by a single integral, which is
called generalized Riemann-Liouville fractional integral.

In this paper, we introduce a new class of boundary value problems of fractional differential equa-
tions and inclusions supplemented with nonlocal and generalized Riemann-Liouville fractional integral
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boundary conditions. In precise terms, we consider the following nonlocal problems:
Dx(t) = f(t,z(t)), te€]0,T],

— ¢ —
:U(T):Bp1 q/ 5 x(s)ds .= B P1z(§), 0<E<T,
o (

&p — sp)lfq

and

{ D%x(t) € F(t,z(t)), te]0,T], 12
1.2

2(0) = g(x), x(T)=p"1"2x(), 0<&<T,

where D¢ is the Caputo fractional derivative of order 1 < o <2, f : [0,7] x R — R is a continuous

function, g : C([0,T],R) — R is a continuous function, ?I? is the generalized Riemann-Liouville

fractional integral of order ¢ > 0, p > 0 (see Definition 2.4) and F : [0,7] x R — P(R) is a multi

valued function, (P(R) is the family of all nonempty subjects of R).

We remark that g(z) in (1.1) and (1.2) may be represented as g(x) = Z?:l a;x(t;), where o, j =
,-..,p, are given constants and 0 < t; < ... <t, <1,

The rest of the paper is organized as follows: In Section 2 we present some useful preliminaries and
lemmas. Section 3 deals with the existence and uniqueness results for problem (1.1) which are estab-
lished via contraction mapping principle and fixed point theorems due to Sadovski, a Krasnoselskii-
Schaefer fixed point theorem due to Burton and Kirk, and a fixed point theorem due O’Regan. In
Section 4, we discuss the existence of solutions for problem (1.2) by means of Krasnoselskii fixed point
theorem for multivalued maps and nonlinear alternative for contractive maps. Examples illustrating
the main work are also presented.

1

2. PRELIMINARIES

In this section, we recall some basic concepts of fractional calculus [1,2] and present known results
needed in our forthcoming analysis.

Definition 2.1. The Riemann-Liouville fractional integral of order ¢ > 0 of a continuous function
f:(0,00) = R is defined by

Jif(t) = %q) / (t— )7V f(s)ds,

provided the right-hand side is point-wise defined on (0, 00).

Definition 2.2. The Riemann-Liouville fractional derivative of order ¢ >0, n—1< g <n, n € N,
1s defined as

1 a\" [*
DY - (= —_g)r—a-1
where the function f(t) has absolutely continuous derivative up to order (n — 1).

Definition 2.3. The Caputo derivative of order q for a function f :[0,00) — R can be written as

n—1
*DIf(t) = Dg, (f(t) -y Zf“”(@) , t>0, n—l<g<n.
k=0 "
Remark 2.1. If f(t) € C"[0,00), then
t (n)
“DIf(t) = F(nl— ) /0 (tfs)q(ﬂnds ="M, t>0, n—1<qg<n.

Definition 2.4. [22] The generalized Riemann-Liouville fractional integral of order ¢ > 0 and p > 0,
of a function f(t), for all 0 <t < oo, is defined as

1—q t p—1

p s~ f(s)
PIOf(t) = d

0= |, oy

provided the right-hand side is point-wise defined on (0,00).
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Remark 2.2. We notice that the above definition corresponds to the one for Riemann-Liouville frac-
tional integral of order ¢ > 0 when p = 1, while the famous Hadamard fractional integral follows for

p — 0, that is,
I t\a-1 f(s)
lim P19 = — log — —Zds.
pli}%) ) F(q)/o (Ogs) s ds

The following lemma is obvious via Definition 2.4.

Lemma 2.1. Let ¢ > 0 and p > 0 be the given constants. Then

ptp
PIIP = F( P ) tpm. (2.1)
F<p+pq+p) p4
P

Lemma 2.2. [2] For q > 0, the general solution of the fractional differential equation °Dx(t) =0 is
given by
.’E(t) =co+ Clt + ...+ 671,11571_17
where c; €R, i=1,2,....n—1 (n=1[q] +1).
In view of Lemma 2.2, it follows that
I9°Dix(t) = x(t) +co+ it + ... +cpt" (2.2)
for some ¢; €R, i=1,2,....,n—1 (n=1[g] + 1).

Lemma 2.3. For any y € C([0,T],R), the following linear fractional boundary value problem

D¥(t) =y(t), 1 <a <2,

2.3
{ z(0) = g(x), =(T) =B "17x(), 0 << T, 22

18 equivalent to fractional integral equation:
() = 77y(0) + {8 2170 = () |+ (14 85 s ), (2.0

where
gratl I(1te)

A=T - £ #0. (2.5)

pl F( 1+/;q+p)

Proof. 1t is well known that the general solution of the fractional differential equation in (2.3) can be
written as

z(t) = co + a1t + JY(2), (2.6)
where ¢g,c; € R are arbitrary constants. Using the first condition (z(0) = g(x)) given by (2.3) in
(2.6), we get co = g(x). Applying the generalized Riemann-Liouville fractional integral operator on
(2.6) and using Lemma 2.1, we obtain

N B S L
Ig(t) = I11J y<t)+c°ﬁr(q+1) +c p F(lﬂ’p‘fﬂ’)’ (2.7)
which together with the second condition of (2.3) yields
JY (T T =prrije ” L S F(H—Tp) 2.8
y( )+Cl +0075 y(£)+ﬂcoﬁr(q+1) C1 pq F(l«‘,»ppq«‘,»p)' ( . )

Using ¢o = g(x) in (2.8), we find that
o= 5 {BIIy(E) — ouT) 4 Bew) S
=% y y 90 T )

Substituting the values of cp, ¢1 in (2.6), we get (2.4). Conversely, it follows by direct computation that
the integral equation (2.4) satisfies the problem (2.3). This completes the proof. O
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For computational convenience, we introduce the notations:

T (s, () (y) = = / Cy— ) (s, (),

I'(z)
PI? f(s,2(8))(y) = ?(2) /0 s(yp f(i;;(sz) ds,

where z > 0 and y € [0, 7.

3. EXISTENCE AND UNIQUENESS RESULTS FOR PROBLEM (1.1)

We denote by C = C(]0, T],R) the Banach space of all continuous functions from [0, T] — R endowed
with a topology of uniform convergence with the norm defined by ||z|| = sup{|z(¢)| : t € [0,T]}. Also
by L'([0,T],R) we denote the Banach space of measurable functions x : [0,T] — R which are Lebesgue
integrable and normed by ||z|| = fo |z(t)|dt.

In view of Lemma 2.3, we define an operator P : C — C associated with problem (1.1) as

(Pr)(t) =" F(s,2(s))(0) + {8 P11 (5, 2(5))(€) — J* s, 2(5))(T)}

rq (3.1)
+[1+ 85 )o@, te 0T
Let us define Py 2 : C = C by
(Pua)(t) = J° £, (o)D) + £ {8 P10 F(5,2(5))(O) — S S(s,0s)D)}, (32)
and
t e 1

(Pa)(t) = [+ B> oy @) (3.3)

Clearly
(Pz)(t) = (P1x)(t) + (P2z)(t), t € [0,T). (3.4)

In the sequel, we use the notations:

o T\ T otpa T(*72)
poim o (1 Ty T 1B € RETETIN (3.5)
[(a+1) Al ) IA[T(a+1) p? D(=EELEE)
and
ko:=1+ —|B\ ! (3.6)
Al pt F(q +1) '
Theorem 3.1. Let f:[0,7] x R = R be a continuous function. Assume that

(A1) |f(t,x) = f(t,9)| < Lllz —y|,Vt € [0,T], L >0, z,y € R;
(A2) g:C([0,1],R) = R is a continuous function satisfying the condition:

l9(u) = g(v)| < llu—wvl, € <kg', ¥ u,veC[0,1],R), £>0;

(Ag) o= Lpo + kot < 1.

Then the boundary value problem (1.1) has a unique solution on [0,T).
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Proof. For x,y € C and for each ¢t € [0,T], from the definition of P and assumptions (A;) and (Asz),
we obtain

(Pt - PYO] < t:{gpﬂ{ﬁﬂs,x(s»f<s,y<s>>|<>+|A|Ja|f<s,x<s>>f(s,y<s>>|<T>
017 (s, (9) = S5,
1+ B S s o )—g<y>}
< Ll =yl D) + Ll — i I + Ll =yl AT 2 190%(1)(6)
(1 Al F(qlﬂ)) 9(2) ~ 9o
= {r(gi T ﬁ\;\r(gi T &r(ﬂ 1)€ap:pq r(rcfqui)ﬁ) }'m_y

(1 + Il @)mx—m

= (Lpo +kol)llz =yl
Hence
1(Pz) = (Py)ll < ~llz—yll
As v < 1 by (As), the operator P is a contraction map from the Banach space C into itself. Hence the
conclusion of the theorem follows by the contraction mapping principle (Banach fixed point theorem).

O
Example 3.1. Consider the following fractional boundary value problem
in’(nt) [ |z(t)| V3
P32y = S (7 +1 )z + L2, teo,1],
= 5o\ o+ 1) O+ 3 0.1] 3.7)

z(0) = %+ %tan_l( (1/8)), (1) = %2/313/2:5(3/4).

Here, a =3/2, T=1,=1/2, £=3/4, p=2/3, ¢ =3/2,

_ sin®(rt) |z V3 B _
1(62) = gy (g + D)l + S o) = (0/12)tan™ (2(1/8))
Since |(1,2) ~ /(t.9)] < 17—yl o)~ 9(u)| < 35 2], therefore, (4) and (42) axe respectively

satisfied with L = 1/10 and ¢ = 1/12. Using the given values, it is found that A ~ 0.8851733, py ~
1.6599468, ko =~ 1.563258. Clearly v = Lpg + kof ~ 0.2962661 < 1. Thus, the conclusion of Theorem
3.1 applies and the boundary value problem (3.7) has a solution on [0, 1].

Our second existence result is based on Sadovskii’s fixed point theorem. Before proceeding further,
let us recall some auxiliary material.

Definition 3.1. Let M be a bounded set in metric space (X, d), then Kuratowskii measure of noncom-
pactness, a(M) is defined as inf{e : M covered by a finitely many sets such that the diameter of each
set < €}.

Definition 3.2. [23] Let ® : D(®) C X — X be a bounded and continuous operator on Banach space
X. Then ® is called a condensing map if a(®(B)) < a(B) for all bounded sets B C D(®), where o
denotes the Kuratowski measure of noncompactness.

Lemma 3.1. [2/, Example 11.7] The map K 4+ C is a k-set contraction with 0 < k < 1, and thus
also condensing, if
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(i) K,C:D C X — X are operators on the Banach space X;
(ii) K is k-contractive, i.e.,

Kz — Kyl < kllz -yl

for all z,y € D and fized k € [0,1);
(iii) C is compact.

Lemma 3.2. [25] Let B be a convez, bounded and closed subset of a Banach space X and ® : B — B
be a condensing map. Then ® has a fized point.

Theorem 3.2. Let f: [0,T] x R — R be a continuous function and condition (As) holds. In addition
we assume that:

(As) 9(0) =0;
(A5) there exists a nonnegative function p € C([0,T),R) and a nondecreasing function 1) : [0, 00) —
(0,00) such that

[f (&, w)l < p)([[ull) for any (t,u) € [0,T] x R;
Then the problem (1.2) has at least one solution on [0,T].

Proof. Let B, = {x € C : ||z|| < r} be a closed bounded and convex subset of C, where r will be fixed
later. We define a map P : B, — C as

(Px)(t) = (P1x)(t) + (Pax)(t), t € [0,T],

where P; and Py are defined by (3.2) and (3.3) respectively. Notice that the problem (1.2) is equivalent
to a fixed point problem P(z) = x

Step 1. (Pz)B, C B,.

¥(r)lpllpo

Let us select r >
b "= 1 —Ykg

where py and kg are defined by (3.5) and (3.6). For any = € B,, we

have

[Pzl < Jf(s,2(s)(T) + |A|{|B| PITT | f (s, (s ))I(€)+J“\f(s,x(8))\(T)}

1
< ¢(|$||)J0‘p(5)(T)+¢(||$||)ﬁlf pIanp(S)(§)+¢(||$H)WJQ p(s)(T)
T ¢re 1
<1+ |6|\A| (_’_1)>f|x||
<

7 T T T |f gotea D(%52)
||p|¢(r){1—\(a_’_l)+ ml"(a—i—l) WF(OZ-F].) 1 F(a+,DpQ+P)

p
T ¢ 1
(HWAI ; r<q+1>>£
= ) lpllzo + kotr <,

which implies that (Pz)B, C By,

Step 2. P; is compact.
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Observe that the operator P; is uniformly bounded in view of Step 1. Let 71,72 € [0,7] with 71 < 7o
and x € B,. Then we obtain

(Pra)(r) ~ (Pram)] < 107 (s, a(9)(r2) = I (s, a@)m)| + 220, a(ol
SR oo (s o))
’(/)(T) m 0471_7__50471 s)ds T2T_Sa1 s)ds
AT e e e e TR e

w()w—l <J°’p(8)(T) +18] f’m“p<s><e>>7

which is independent of z and tends to zero as 79 — 7, — 0. Thus, P; is equicontinuous. Hence, by the
Arzela-Ascoli Theorem, P;(B,) is a relatively compact set.

Step 3. P, is continuous and 7-contractive.

To show the continuity of Ps for ¢ € [0,T1], let us consider a sequence x,, converging to x. Then, we

have
T
[Pa, — Poa (1 + 18l o 1) l9(zn) - g(z)]

IN

7 T'(g+1)

T e 1
<1+|ﬂ|A (+1)>€||37n—$,

which, in view of (Asg), implies that Ps is continuous. Also Py is vy-contractive, since

qu 1 B

Step 4. P is condensing.

Since P, is continuous, y-contraction and P; is compact, therefore, by Lemma 3.1, P : B, — B,
with P = P; + P5 is a condensing map on B,..

From the above four steps, we conclude by Lemma 3.2 that the map P has a fixed point which, in
turn, implies that the problem (1.2) has a solution. O

Example 3.2. Consider the following boundary value problem

e—2t

V9 + 12
z(0) = % (1—cosz), z(1)= %2/313/%(3/4).

°D3%x(t) = (xtan_l x+ 7r/2), 0<t<l,

(3.8)

Observe that |f(t,x)| < p(t)y(|z|) with p(t) = 2\/7t2’ P(|z]) =14 |z|, and g(0) =0, ¢ =1/4

as |g(u) — g(v)| < (1/4)|u — v|. Thus, all the conditions of Theorem 3.2 are satisfied and hence by its
conclusion, the problem (3.8) has at least one solution on [0, 1].

Our next result relies on the following fixed point theorem due to Burton and Kirk [26].

Theorem 3.3. Let X be a Banach space, and A,B : X — X be two operators such that A is a
contraction and B is completely continuous. Then either

(a) the operator equation y = A(y) + B(y) has a solution, or
(b) the set &€ ={ue€ X : NA (%) + AB(u) = u} is unbounded for A € (0,1).

Theorem 3.4. Assume that f,g:[0,T] x R — R are continuous functions and conditions (As) and
(A4) hold. In addition we suppose that:
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(Ag) there exists a function p € L'(J,Ry) such that
|f(t,w)| <p(t), forae ted, and eachu e R.
Then the boundary value problem (1.1) has at least one solution on [0, T).

Proof. To transform the problem (1.1) into a fixed point problem, we consider the map P : C — C
given by
(Px)(t) = (P1z)(t) + (P2x)(t), t € [0,T],
where P; and Py are defined by (3.2) and (3.3) respectively.
We shall show that the operators P; and Py satisfy all the conditions of Theorem 3.3.

Step 1. The operator P; defined by (3.2) is continuous.

Let 2, C B, ={z € C: ||z|| < r} with ||z, —z| = 0. Then the limit ||z, (¢) —2(¢)|| — 0 is uniformly
valid on [0, T]. From the uniform continuity of f(¢,z) on the compact set [0,T] x [—r, 7], it follows that
IIf (¢, zn(t)) — f(t,2(t))]] — O uniformly on [0, T]. Hence ||Pyx,, — Pi1z|| — 0 as n — oo which implies
that the operator P; is continuous.

Step 2. The operator P; maps bounded sets into bounded sets in C.

It is indeed enough to show that for any r > 0 there exists a positive constant L such that for each
x € B, ={x€C: || <r}, we have |P1z| < L. Let € B,.. Then

[Pzl < T f (s, 2()IT) + w{\m PIUT (s, ()] (€) + 71 (s, 2()[(T) |

18IT

< J(s)(T) + AT

pIqJ“p(S)(E)erJ“ p(s)(T) == L.

Step 3. The operator P; maps bounded sets into equicontinuous sets in C.

Let 71,72 € [0,7] with 71 < 72 and = € B,.. Then, for each x € B,., we obtain

(Puor) = (Pra)(ro)l < 1 (s,(9)(r2) = I o)) )] + 2L o))
NI
AL s ()l
1 71 . - - i
= @/0 [(r2 = 8)*7" = (m1 = 5)* [p(s)ds + / (r2 — 5)"'p(s)ds

|72 — 71]

LT <J°‘p(s)(T) +18] PI‘?J”‘p(s)(E))

which is independent of x and tends to zero as 79 — 71 — 0. Thus, P; is equicontinuous.
Step 4. The operator Ps defined by (3.3) is a contraction.
This was established in Step 3 of Theorem 3.2.
Step 5. A priori bounds on solutions.
Now it remains to show that the set & = {u € C: APs (%) + AP1(u) = u} is unbounded for some

A€ (0,1).
Let A € (0,1) and = € £ be a solution of the integral equation

P(t) = AT F(s ()0 + A {8 T (s, 2(9))(©) — I (5, 2()(T))

L Jotw). 1< 0,71

[1+5A p? T(g+1
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Then, for each ¢ € [0, T, we have

a |ﬂ|T PTq T r a
2] < TPET) + i T RE)E) + oI R() ()
T 1 x(s)
L8 ) | o (5R) — 9] +190)
a |B|T PTq T r a T é‘pq 1
< TET) + iy T R)©) + (I )T+ [T 181 s el

or

T T
(1= hof)l] < Jp)T) + AT P15 + o p(o) (),
Consequently we have
1 18IT T

| <M= —|J%(s)(T) + PI1J%p(s + —J%(s)(T)],

I (1_%@[ (=)@ + 7 (3)€) + 7 °p(5)(D)
which shows that the set £ is bounded, since kol < 1. Hence, P has a fixed point in [0, 7] by Theorem
3.3, and consequently the problem (1.1) has a solution. This completes the proof. O

Finally, we show the existence of solutions for the boundary value problem (1.1) by applying a fixed
point theorem due to O’Regan in [27].

Lemma 3.3. Denote by U an open set in a closed, convex set C' of a Banach space E. Assume 0 € U.
Also assume that F(U) is bounded and that F : U — C is given by F = F, + Fy, in which Fy : U — E
is continuous and completely continuous and Fy : U — E is a nonlinear contraction (i.e., there exists
a nonnegative nondecreasing function ¢ : [0,00) — [0,00) satisfying ¢(z) < z for z > 0, such that
| Fo(x) — Fa(y)|| < ¢(|x — yl|) for all z,y € U). Then, either

(C1) F has a fized point u € U; or B
(C2) there exist a point u € OU and A € (0,1) with u = AF(u), where U and 9U, respectively,
represent the closure and boundary of U.
In the next result, we use the terminology:
Q. ={zelC:|z| <r}, M,=max{|f(t,z)|: (tx)€[0,T]x[-r7]}.

Theorem 3.5. Let f:[0,7] x R — R be a continuous function and conditions (A1), (Aa), (A4) and
(A5) hold. In addition we assume that:

r 1
A sup > ,
(A7) re(0,00) PoY(MIpll — 1 — kot

Then the boundary value problem (1.1) has at least one solution on [0,T].

where py and ko are defined in (3.5) and (3.6) respectively.

Proof. By the assumption (A7), there exists a number ¢ > 0 such that
1
10 > .
pot(ro)llpll = 1 — kot
We shall show that the operators P; and P, defined by (3.2) and (3.3) respectively, satisfy all the
conditions of Lemma 3.3.

Step 1. The operator Py is continuous and completely continuous. We first show that P; Q) is
bounded. For any x € €,,,, we have

(3.9)

[P < Ja\f<s,w<s>>\<T>+|%{m| PIT%| f (5, 2(3)1(€) + 71 (s, 2())(T) }
< M,J%p(s)(T) + M, |6A||T PI9J%p(s)(€) + MT%J%(S)(T)
T T Te T | gotea T(%22)
- |p”M’"{F(a+1)+AIF(a+1) WMo+ 1) F(“*’;f“)}

= M,|pllpo-
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Thus the operator Py ({;.,) is uniformly bounded. Let 71,7 € [0,7] with 71 < 72 and = € B,.. Then

TN f (s, 2(s))I(T)

|2 — 71

|(Prz)(r2) = (Pra)(m)l < [T (s,2(5))(72) = J%f(s,2(5)) ()] + Al

Jr|m7|2A|Tl||p]q!]a|f(s,x($))|(§)

M, | [T i N . B
| 1o = ey + [ -t

at
Ml —nl (T Bl gates T(55)
N L(a+1) T(a+l) por T(2teete) )7

which is independent of  and tends to zero as 79 — 7, — 0. Thus, P; is equicontinuous. Hence, by the
Arzela-Ascoli Theorem, P;(€,,) is a relatively compact set. Now, let z,, C Q,, with ||z, — x| — 0.
Then the limit ||, (¢) — 2(¢)|| — 0 is uniformly valid on [0,7]. From the uniform continuity of f(¢,x)
on the compact set [0,7] x [—7q, o], it follows that || f(¢, 2z, (t)) — f(¢,z(¢))|| = 0 uniformly on [0, T].
Hence ||P12, — P1z|| = 0 as n — oo which proves the continuity of P;. This completes the proof of
Step 1.

Step 2. The operator Py : Q,, — C([0,T],R) is contractive. This is a consequence of (A5).

Step 3. The set P({,,) is bounded. The assumptions (Az) and (A4) imply that

[Pa(2)]| < kotro,

for any € €),,,. This, with the boundedness of the set P;({2,,,) implies that the set P(£,.,) is bounded.

Step 4. Finally, it will be shown that the case (C2) in Lemma 3.3 does not hold. On the contrary,
we suppose that (C2) holds. Then, we have that there exist A € (0,1) and x € 02, such that x = APz.
So, we have ||z|| = r¢ and

P(t) = AT F(s2(9)(0) + A {8 T (s 2(9)(©) — I (5, 2()(T) )

t 5[’(1 1
e NTR Y P T).
+A[ +8% o F((Hl)}g(:c), t€0,7]
Using the assumptions (A4) — (4g), we get
< el ST LT T T s g T
To > p To F(Oé + 1) |A| F(Oé + 1) |A| F(O{ + 1) pl F(%)

T a1
+<1 + |B|A|qu‘(q+l)>£rO’

which yields

ro < potp(ro)lpll + kolro.
Thus, we get a contradiction:
To 1
< .
pot(ro)llpll = 1 — kot
Thus the operators P; and P, satisfy all the conditions of Lemma 3.3. Hence, the operator P has at
least one fixed point = € Q),,, which is a solution of the problem (1.2). This completes the proof. O

Example 3.3. Consider the following fractional order boundary value problem
—2t

°D3%x(t) = %\?ﬁ(o@ tan~!x + 7r/2), 0<t <, .10,
z(0) = i (1 —=cosz), z(1)= %2/3[3/2‘%(3/4)‘
o2t
Observe that | f(t, z)| < p(t)y(|z]) with p(t) = W Y(|z|) =14+ |z|, and g(0) =0, £ =1/4 as

lg(u) — g(v)] < (1/4)|u —v|. With ¢(r) = 147, ||p|| = 1/12, A =~ 0.8851733, po ~ 1.6599468, ko ~
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1.563258 (as found in Example 3.1), we have that (A7) holds, since sup T A~7.9291473 >
re(0,00) P0¢( )”pH

1
1.6415361 ~ 1kt Thus, all the conditions of Theorem 3.5 are satisfied and hence by its conclusion,

the problem (3.10) has at least one solution on [0, 1].

4. EXISTENCE RESULTS FOR PROBLEM (1.2)

First of all, we introduce notions and recall some basic material on multivalued maps related to our
work [28-30].

For a normed space (X, || - 1), let Puy(X) = {Y € P(X) : Y is closed}, Pp(X) = {Y € P(X) :
Y is bounded}, P.,(X) = {Y € P(X) : Y is compact} and P.p(X) = {Y € P(X) : Y is compact

and convex}.

A multivalued map G : X — P(X):

(i) is convex (closed) valued if G(x) is convex (closed) for all z € X;

(ii) is bounded on bounded sets if G(B) = UyepG(z) is bounded in X for all B € Py(X) (i.e.
sup,cp{sup{ly| : y € G(2)}} < o0);

(iii) is called upper semi-continuous (u.s.c.) on X if for each z¢ € X, the set G(xg) is a nonempty
closed subset of X, and if for each open set N of X containing G(xg), there exists an open
neighborhood AN of zg such that G(Ny) C N;

(iv) G is lower semi-continuous (l.s.c.) if the set {y € X : G(y) N B # ()} is open for any open set
B in E;

(v) is said to be completely continuous if G(B) is relatively compact for every B € Py(X);

(vi) is said to be measurable if for every y € R, the function

t—d(y,G(t)) =inf{ly — z| : z € G(t)}

is measurable;
(vii) has a fized point if there is € X such that x € G(x). The fixed point set of the multivalued
operator GG will be denoted by FizG.
Definition 4.1. A multivalued map F : [0,T] x R — P(R) is said to be Carathéodory if

(i) t — F(t,x) is measurable for each v € R;
(1) x> F(t,x) is upper semicontinuous for almost all t € [0,T];

Further a Carathéodory function F is called L' — Carathéodory if
(iii) for each a > 0, there exists oo € L*([0,T],RT) such that
[1E(t,2)|| = sup{|v] : v € F(t,2)} < @a(t)
for all ||z|| < « and for a. e. t € [0,T].
For each = € C([0,T],R), define the set of selections of F' by
Sp. = {ve L'Y([0,T],R) : v(t) € F(t,z(t)) for a.e. t € [0,T7]}.

We define the graph of G to be the set Gr(G) = {(x,y) € X x Y,y € G(z)} and recall two useful
results on closed graphs and upper-semicontinuity.

Lemma 4.1. ( /28, Proposition 1.2]) If G : X — Py(Y) is u.s.c., then Gr(G) is a closed subset of
X xXY; i.e., for every sequence {xy}neny C X and {yntnen C Y, if when n — 00, Ty — Tu, Yn — Ys
and y, € G(z,), then y. € G(x.). Conversely, if G is completely continuous and has a closed graph,
then it is upper semi-continuous.

Lemma 4.2. ([31]) Let X be a Banach space. Let F : [0, T) xR — Pep o(X) be an L*— Carathéodory
multivalued map and let © be a linear continuous mapping from L'([0,T], X) to C([0,T],X). Then
the operator

©0Sr:C([0,T],X) = Pep,e(C([0,T], X)), = (©0Sp)(z) =0O(SFay)
is a closed graph operator in C([0,T], X) x C(]0,T], X).
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Lemma 4.3. ( [32], Krasnoselskii’s fized point theorem). Let X be a Banach space, Y € Py o1 o(X)
and A,B: Y — Pep (X) two multivalued operators. If the following conditions are satisfied

(i) Ay+ By CY forallyeY;
(ii) A is contraction;
(iii) B is u.s.c and compact,

then, there exists y € Y such that y € Ay + By.

Definition 4.2. A function x € C%([0,T],R) is a solution of the problem (1.2) if x(0) = g(x), z(T) =
B P192(€), and there exists a function f € L*([0,T],R) such that f(t) € F(t,z(t)) a.e. on [0,T) and

tera 1

(1) = I F(6)0) + {8 1)) I FED)} + L4 83 e

g(x).

Theorem 4.1. Assume that (As) holds. In addition we suppose that:

(Hy) F:[0,T] x R = Pep(R) is L' —Carathéodory multivalued map;
(Hs) there exists a function p € C([0,T],R") such that

|F(t,z)||p :=sup{ly|l : y € F(t,z)} < p(t), for each (t,z) € [0,T] x R.
Then the boundary value problem (1.2) has at least one solution on [0,T].

Proof. To transform the problem (1.2) to a fixed point problem, we define an operator N' : C — P(C)

heC:
)0 + L0l 1977 (5)(€) — T F)(T))
N(z) = h(t) = e
+1 IO 1)}9(5”)’
for f € Spg.

Next we introduce operators A:C — C and B: C — P(C) by

Alt) = |1+ 55 o) (41)
A p? T(g+1) ’ '

B(a) = {n e C:hi) = 71610 + {5 2107000 - 716D} (12)

Observe that N' = A + B. We shall show that the operators A and B satisfy all the conditions of
lemma 4.3 on [0,7]. First, we show that the operators A and B define the multivalued operators
A,B: By = Pepo(C) where B, = {z € C : ||z|]| < r} is a bounded set in C. First we prove that B is
compact-valued on B,. Note that the operator B is equivalent to the composition £ o Sg, where L is
the continuous linear operator on L*([0,T],R) into C, defined by

L)1) = J0(s)(0) + {5 P19I0(s)(E) — Tu(s)(T) ).

Suppose that = € B, is arbitrary and let {v,} be a sequence in Sg,. Then, by definition of Sg,
we have v, (t) € F(t,z(t)) for almost all ¢ € [0, T]. Since F(t,z(t)) is compact for all ¢ € J, there is a
convergent subsequence of {v,(t)} (we denote it by {v,(t)} again) that converges in measure to some
v(t) € Sp, for almost all ¢ € J. On the other hand, £ is continuous, so L(vy,)(t) — L(v)(t) pointwise
on [0,T].
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In order to show that the convergence is uniform, we have to show that {£(v,)} is an equicontinuous
sequence. Let t1,t5 € [0,T] with ¢; < t. Then, we have

[£(vn)(t2) = L(vn)(t1)]

T (3) () — T*un(s) (1)) + 1211l

Al

%o ()[(T) + WIPIW%(S)(S)

IN

1 ty o - " -
|, 129 = =) ]p(s)d”/h (t2 — )" p(s)ds
ta —t1]

T (Jqp(S)(T) + 18] pquqp(S)(f))

We see that the right hand of the above inequality tends to zero as t3 — t1. Thus, the sequence
{L(v,)} is equicontinuous and hence, by the Arzeld-Ascoli theorem, we get that there is a uniformly
convergent subsequence. So, there is a subsequence of {v,} (we denote it again by {v,}) such that
L(vy) = L(v). Note that L(v) € L(SFz). Hence, B(x) = L(SF,) is compact for all = € B,.. So B(z)
is compact.

Now, we show that B(x) is convex for all x € C. Let 21, 2o € B(x). We select f1, fo € Sp, such that

S(t) = () (0) + £ {8 T S()©) — TR}, =12
for almost all £ € [0,T]. Let 0 < A < 1. Then, we have
Do+ (L= Nzl = T ils) + (1= N ()]0
+ {8 P11 + (1= VRO — T ) + (1= NRE)EHW)
Since F has convex values, so Sp.,, is convex and Afi(s) + (1 — A) f2(s) € Sp.e. Thus
Azt + (1= Nz € B(x).

Consequently, B is convex-valued. Obviously, 4 is compact and convex-valued.
The rest of the proof consists of several steps and claims.

Step 1: We show that A is a contraction on C. For z,y € C, we have

Aatt) = Au(0)] = (1455 5 s loe) oo
< (1+|ﬁ|ffpﬁfr(qlﬂ)> 9(2) — 9(u)].
< oflla—yl,

which, on taking supremum over ¢ € [0, T, yields
Az — Ayl| < Lollz —yll. Lo = kol.
This shows that A is a contraction as Lg < 1.
Step 2: B is compact and upper semicontinuous. This will be established in several claims.
CLAM I: B maps bounded sets into bounded sets in C.

Let B, = {z € C : ||z|]| < r} be a bounded set in C. Then, for each h € B(z),z € B,, there exists
f € Sg such that

ht) = T F(5)(0) + £ {5 PTUI F()(©) — I Fs)(T) .
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Then, for ¢t € [0,T], we have
£
A

|B‘T pPTq T T a
a1 p(S)(S)erJ p(s)(T)

T T T T atpq  T(%42)

h(#)]

IN

T (IT) + {IBI”I"J“If(S)\(f)—Jalf(S)I(T)}

< J(s)(T)

a+1)+|A|I‘(a+1) |A|T(ac+1) pa F(%)

IN

Thus,

R < ol L+£L T B gt F(O‘Tﬂ’)
< |p Fla+1) [AT(a+1)  [AT(a+1) p9 F(%) .

CrLAM II: B maps bounded sets into equicontinuous sets.
Let 71,72 € [0,T] with 71 < 7 and « € B,.. Then, for each h € B(x), we obtain
|h(72) — h(71)]

< W) - )+ e + PR e )
< wag|f =t = =t [ e
P (F(j e Rdixaira r(r(+++)>>
s =+ 2 = )+ o (F(i 5+ T F(”:ﬁ )).

Obviously the right hand side of the above inequality tends to zero independently of x € B, as
7o — 71 — 0. Therefore it follows by the Ascoli-Arzeld theorem that B : C — P(C) is completely
continuous.

By Claims I and II, B is completely continuous. By Lemma 4.1, B will be upper semicontinuous
(since it is completely continuous) if we prove that it has a closed graph.

CrAM III: B has a closed graph.

Let x, — x4, hy, € B(z,) and h,, — hs. Then we need to show that h, € B(x.). Associated with
hy, € B(xy,), there exists f,, € Sp, such that for each t € [0, 7],

h(t) = J* £uls)(2) + {8 2T Fu(9)(©) = T Falo)(D) .
Thus it suffices to show that there exists f. € Sg, such that for each ¢ € [0, T7,

he(t) = I L0 + £ {B P10 L. (5)(€) = I L)) .
Let us consider the linear operator © : L1([0,T],R) — C given by

[ O()) = I F(5)(0) + {8 P17 1()(6) = IS ()(T) }.
Observe that
1) = he®ll - = |7 (als) = L))
{87117 () = £ (6)(E) = T fuls) = LD | 0,

as n — oQ.
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Thus, it follows by Lemma 4.2 that © o Sp is a closed graph operator. Further, we have h,(t) €
O©(SFg, ). Since x,, — ., we have that

halt) = J*£(5)(0) + £ {8 71797 1()(6) = I L)(T)

for some f, € Sp,.. Hence B has a closed graph (and therefore has closed values). In consequence,
the operator B is compact and upper semicontinuous.

Step 3: Here, we show that A(x) 4+ B(z) C B, for all z € B,.. Suppose = € B,., with r > ELE:”E
— Ko
and h € B are arbitrary elements. Choose f € Sg, such that
ht) = I ()0 + {8 P10 F)(©) — I D) 4 |14 8L ge), e l0.1]
A A p? T(q+1) ’ T

Following the method for proof for Claim I, we can obtain

T T T T |B| gotea T(222)
@I < ”p”{F(a+1)+|A|F(a+l) [A[T(a+1) p F(LPPW)

P
+(1+|ﬂ rem 1 )fnx.

[A] p? T(q+1)
Thus
[h]l < pollpll + Kolr <. (4.3)

Hence ||h|| < r, which means that A(z) + B(z) C B, for all x € B,.

Thus, the operators A and B satisfy all the conditions of Lemma 4.3 and hence its conclusion implies
that z € A(x) + B(x) in B,. Therefore the boundary value problem (1.2) has a solution in B, and the
proof is completed. d

To prove our next result, we make use of the following form of the nonlinear alternative for con-
tractive maps [33, Corollary 3.8].

Theorem 4.2. Let X be a Banach space, and D a bounded neighborhood of 0 € X. Let Z; : X —
Pep.e(X) and Zy : D — Py o(X) two multivalued operators satisfying

(a) Z1 is contraction, and
(b) Z3 is u.s.c and compact.
Then, if G = Z1 + Zs, either
(i) G has a fived point in D or
(ii) there is a point u € D and X € (0,1) with u € AG(u).

Theorem 4.3. Assume that (As)and (Hy) are satisfied. In addition we suppose that:

(Hs) there exists a continuous nondecreasing function v : [0,00) — (0,00) and a function p €
LY([0,T],RT) such that

|1E(t, ) ||lp :=sup{ly| : y € F(t,x)} < pt)v(||z||) for each (t,x) € [0,T] x R;
(Hy) there exists a number M > 0 such that
M 1
>
(M)~ (1= kot)

where ko is defined in (3.6).
Then the boundary value problem (1.2) has at least one solution on [0,T].

T

[J%)(T) + {181 P17 0()(©) + Tp(s) (1)}

Al , (4.4)

Proof. To transform the problem (1.2) to a fixed point, we define an operator N : C([0,T],R) — P(C)
and consider the operators A and B defined in the beginning of the proof of Theorem 4.1. As in Theorem
4.1, one can show that the operators A and B are indeed the multivalued operators A, B : B, — Pep, (C)
where B, = {z € C : ||z|] < r} is a bounded set in C, A is a contraction on C and B is u.s.c. and
compact.
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Thus the operators A and B satisfy all the conditions of Theorem 4.2 and hence its conclusion
implies either condition (i) or condition (ii) holds. We show that the conclusion (ii) is not possible. If
z € M(z) + AB(z) for A € (0,1), then there exists f € Sg, such that

o t 07q T o t £P9 1
(t) = ) + {87107 FEO — TSSO} + (14 55 s @), te 0.7
and
0] < T + {181 1)) + Il (D))
T &P 1
+<1+|5||/\|qu(q—&—1)>£”x”
a T PTq T a
< MWMPMWﬂ+AmmIJP@®+JMWﬂ}
T &P 1
Thus
a—mmmwwmmmp%@uv+&ﬁwPﬂﬂmm@+fw@uﬂ. (45)

If condition (ii) of Theorem 4.2 holds, then there exists A € (0,1) and € 0By with z = M (x).
Then, x is a solution of (1.2) with ||z|| = M. Now, by the inequality (4.5), we get
M 1
<
(M) ~ (1= kol)

which contradicts (4.4). Hence, A has a fixed point in [0,7] by Theorem 4.2, and consequently the
problem (1.2) has a solution. This completes the proof. O

b

«@ T PTq T «@
lJMMﬂ+Mm61Jp@@+JM%ﬂ}

Example 4.1. Consider the following boundary value problem of fractional differential inclusions
D32g(t) € F(t,x(t)), t€[0,1,0 <t < 1,

o (4.6)
z(0) = %(1/4), z(1) = %2/513/%:(3/4),

where

F(t,x(t)) =

2 (12| |2(t)| 1\ et 1
m( 2 <J;(t)|+1+1>+5>’(10+t)(smx(t)+15>

Clearly |F(t,z)| < p(t)¥(|z|), where p(t) = 2/Vt? + 64, 1 (|x|) = |z| + 1/5 and £ = 1/8. Using the
values: A &~ 0.8851733, po ~ 1.6599468, ko ~ 1.563258 (see Example 3.1) and the condition (Hy), we
find that M > M; ~ 0.2130287. Since the hypotheses of Theorem 4.3 are satisfied, the problem (4.6)
has a solution on [0, 1].
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