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A NOTE ON: MULTI-STEP APPROXIMATION SCHEMES FOR
THE FIXED POINTS OF FINITE FAMILY OF
ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPPINGS

MOGBADEMU, ADESANMI ALAO

ABSTRACT. In this paper, using an analytical technique we obtain a strong
convergence for a modified three- step iterative scheme due to Suantai [6] for
asymptotically pseudocontractive mappings in real Banach spaces. Our result
is an improvement and a correction of Rafiq’s [4] results.

1. INTRODUCTION

Let E be an arbitrary real Banach Space and let J : E — 25" be the normalized
duality mapping defined by

J(@)={f € E" :<a f>=|z|*=|fI*},Va € E

where E* denotes the dual space of E and < .,. > denotes the generalized duality
pairing between E and E*. The single-valued normalized duality mapping is de-
noted by j. Let K be a nonempty closed convex subset of E and T': K — K be a
map.
The mapping T is said to be uniformly L- Lipschitzian if there exists a constant
L > 0 such that

IT"z = T"y|| < Lz —y||
for any z,y € K and Vn > 1.
The mapping T is said to be asymptotically pseudocontractive if there exists a
sequence (k,) C [1,00) with lim, o kn, = 1 and for any x,y € K there exists
jx —y) € J(z — y) such that

The concept of asymptotically pseudocontractive mappings was introduced by Schu

[5].
Ofoedu [3] used the modified Mann iteration process introduced by Schu [5] ,

Tpt1 = (1 —ap)zy + @, Tz, n >0,
to obtain a strong convergence theorem for uniformly Lipschitzian asymptotically

pseudo-contractive mapping in real Banach space setting. This result itself is a
generalization of many of the previous results (see [3] and the references therein).
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Recently, Rafiq [4] employed the iterative scheme introduced by Suantai [6] to es-
tablish a strong convergence result for a modified three-step iterative scheme when
dealing with asymptotically pseudocontractive mappings. In fact, he proved the
following theorem :

Theorem 1.1 ([4]). Let K be a nonempty closed convex subset of E, T : K — K be
the asymptotically pseudocontractive mapping with T (K) bounded and the sequence
kn C [1,00), limy,—yo0 kn = 1 such that F(T) = {x € K : Tx = x} # ¢. Further let
T be uniformly continuous and {an }n>, {bn}tn>0, {cntn>0, {a, tn>0,

{0, }n>0, {c }n>0, {al }n>0 be real sequences in [0, 1]; an+by,+cn, =1 =al, +b),+¢),
satisfying the following conditions: (i) limp_oo(by + ¢,) = 0 = lim, o0 b, =
limy, o0 ¢, = limy, 00 ayy (i0)Y <0 (bn + an) = 00 .

For arbitrary xo € K, let {x,}5%, be the iterative sequence defined by

Tntl = ATy + bnTnyn + CnTnZn
(1.1) Yn = apxy + 0, T" 2y + T xy,.
zn =0 —a)z, +ad"T"x,

Suppose for any p € F(T) there exists a strictly increasing function ¢ : [0,00) —
[0, 00) with ¥ (0) =0 such that

<T"z = p,j(z = p) >< knllz — pl* = ¢(|lz — pll)
for all x € K. Then {x,}n>0 converges strongly to a fized point of T.
We observed some mistakes in the proof of the theorem above. For instance, in
equation (10) of Rafiq [4] the author set; dy, = || T"yn — T"Tnt1ll, €n = [T72n —
T"x,41]|. He further obtained from equations (12) and (14) that lim, e ||yn —

i1l = 0, limp oo ||2n — Tpt1] = 0. And, using the uniform continuity of T
he concluded that d,, = lim, o0 [|[T"Yn — T"@ni1|| = 0, ep = limy oo [|T"20 —
T"xp+1|| = 0. This conclusion is, however not correct.

For example, let Tx = 4o Vo € R and suppose z,+1 = (1 — %) JYn = Zn =
(14 %) for all n > 1, obviously d,, = lim, o0 [|T"Yn — T"Tpt1]| # 0, en =
limy, o0 |[T"2n — T"Zpn41]| # 0. Thus, the result of Rafiq [4] needs to be improve.
In this paper, an improvement and a correction to the main result of Rafiq [4] is
presented.

The following lemmas are needed.

Lemma 1.1 [3, 4] . Let E be real Banach Space and J : E — 2" be the

normalized duality mapping. Then, for any =,y € E
Iz +yl* < [l2]* + 2 <y, j(z +y) > Vi@ +y) € J(z +y).

Lemma 1.2 [7]. Let {a,} be a non- negative sequence which satisfies the following
inequality

Qp41 S (1 - >\n>an + On,
where \,, € (0,1),Yn € N, >>° | A, = 00 and 0,, = 0o(\,). Then lim,,_,  a,, = 0.
2. Main results
Theorem 2.1. Let K be a nonempty closed conver subset of B, T : K — K be
asymptotically pseudocontractive and uniformly Lipschitzian map with Lipschitzian
constant L > 0 and the sequence k, C [1,00), lim, o0 kn = 1 such that F(T) =
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{reK:Tx=ux}#¢. Let {an}n207 {bn}nZOv {Cn}n207 {a/n}nZO’

{0, } >0, {c, tn>0,{a }n>0 be real sequences in [0, 1] satisfying :

(i) an +bp +cn =1=al, + b, +c, (i) im0 by = limy, 00 b, = limy, 00 ¢y =
0 = limy—o0 ¢, (788) 3,50 (bn +¢pn) = 00. For arbitrary zo € K, let {xn}22, be the
iterative sequence defined by (1.1). Suppose for any p € F(T') there exists a strictly
increasing function v : [0,00) — [0, 00) with (0) = 0 such that

< Tty = p,j(@n = p) >< knllzn — pl* = ¢([l2n — o)

for all x € K. Then {x,}n>0 converges strongly to a fized point of T.
Proof: From Lemma 1.2, the equation (1.1) and the definition of the asymptoti-
cally pseudocontractive and uniformly Lipschitzian map, we have

[zn1 = pl? = [[(1=bn = cn)(@n = p) + bp(T"yn — p) + cn(T" 20 — p)|?
< (1= (bn +cn))?llzn — ol
+2(bn(T"Yn — p) + cn(T" 20 — p), j(Trt1 — p))
< (U= (bn + en)lm - o
+2b, (T"yn, — T"@p41, § (Tn1 — p))
+2b, (T Tp g1 — p, J(Tns1 — p))
+2¢,(T" Tpt1 — p, §(Tnt1 — p))
+26n<TnZn - Tnxn+1;j(xn+1 - p)>
< ( (bn+cn))2”xn _p”2
+2bp (knllznt1 = plI* = Y([lzn = p))
+20, || T"yn, — T" g1 ||| 2041 = |
+2¢,[|T"2n — T zpt1 || |Tn+1 — |
+2¢n (knllZni1 — plI> = ¥ (llzn — pl))
< (1= (b + Cn))2||xn - 10”2 + 2k (bn + cn)l|Tng1 — P||2
—2(bn, + cn)Y(lzn+1 — pll)
+2bn [Ty — T" g [[[| 2041 — ol
+2¢,[|T"2n — T zpt1 || |Tn1 — |
< (1= (bn +cn))?llzn = plI* + 2kn(bn + ca)[ntr — pl|

= 2(by -+ en)lns1 — )
+200 | Ty — T"@nsa ||| Tns1 — ol
(21) 200 [T — T lmss — ol
(1= 62)* | — plI? + 2kndn|znt1 — pl?
=200 ([[2n41 = pll) + 260 Ll|yn — znsall|Znsr — ol
+2¢nL|zn — Znga ||| 2ne1 — pll;

IN

where 0 < 6, = b, +¢, < 1.
We note that



||yn - xn-&-l” =

IN

IN

IN

IN

Observe that

[ = ynl|
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[Zn+1 — ynll

(1= by — cn)(@n — Yn) + b (T"Yn — yn)

Aen (T2 — yn) ||

(1 =bn = cn)llzn = ynll + bl T"yn — o+ p = yall
+cn||Tnzn —pP + P — yn”

(1 =bn —c)llvn — ynll + bn(1 + L)|[yn — pll
+en(Lllzn = pll + llyn — plI)

(1 — by — Cn)”xn - ynH + bn(l + L)(Hyn —Xp + Ty — pH)
tenL(|[2n — n + 20 — pll) + cn(lyn — 20 + 20 — pl)
(]- - bn - Cn)llxn - ynH

+bn(1 + L)(Hyn - xn” + ||33n - pH)

—|—an(”2’7, - xn” + Hxn - p”)

+Cn(||yn - :Cn” + Hxn - p”)

(L +buL)|lzn — yull + 60 (1 + L) [|zn — ol

+en Ll zn — nl|

(L+bnL)|lzn — ynll + 60 (1 + L)|[zn — pl|
+enL(|[2n — p+ p — x|

(L4 bnL)llzn — ynll + 6n (1 + L)|[zn — ol
+enL(||lzn — pll + llp — 2al])

(L4 bpL)l|en = ynll + [6n(1 + L) + caL]||lzn — p
+enLzn — pll

I+ bnL)lzn — ynll + [5n(1 + L)+ CnL]”xn 4l
+enL(1+ ay L)||xn — p|

(1 +0nL)||zn — ynl + [6,(1 + L)

+enL(2 + ap L)]||lzn — p-

(|

(1 =0, —c)xn + 0, T 2 + T @0, — Ty

07 (T" 20 — @) + o (T — 23|

by Li|zn = pll + (b, + (1 + L)) [[2n — pl|

by, L(1 + ap L) ||zn — pll + (by, + (1 + L)c)l|xn — pl|
[ L(1 + a L) + (b, + (1 + L)ey)lllzn = pll-

A IA

Substituting (2.3) into (2.2) then,

(2.4)

l2ns1 = yall < dpllzn —pl



110 MOGBADEMU

where d = (1 + b, L)V, L(1+a/L) + b, + (1 + L)(c}, + 6,) + ¢, L(2 + a2 L).
In a similar way

[2n = Zntall = ||lZnt1 — 2l
= Q= bp —cn)(@n — 2n) + bu(T"yn — 25)
+en(T"2n — 2|
< (I=bn—cn)lzn — zall + buLllyn — pll + bullzn — ol
el + L)z — gl
= (L=6n)llzn — znll + 0uLllyn — 2n + 20 — g
+bnl[zn = pll + cn (L + L)||zn — pll
(1= 80 (1 — pll + 120 — pl1) + b Llg — 2l
+bn L[z = pll + bnllzn — pll + ca(1 + L)||2n — pll
(12 ) (e — pll 4+ (1 + L) |00 — )
+b, L[V, L(1 + al L) + (b, + (1 + L))]||n — pl]
+n Ll — pll + b (1 + a L)z — pl|
te(l+ L)(1+ @ D)z — o
enllvn — pll + (1 + a2 L)l — )
+b, L[V, L(1 + al' L) + (b, + (1 + L))z — pl]
+bnLl|lzn — pll + bn(1 + ay L) |2y — p
+cn(14 L)1+ a) L), — p|
= d?LHxn = nll;

IN

IN

IN

where

(2.6) 2 = c,(2+a’L)+b,(1+ L[, L(1+a’L) + (b}, + (1 + L)c,)])
' +(1+allL)(by + cn L(1 + L)).

Substituting (2.3) and (2.5) into (2.1) we have the equation that follows

(2.7)
[Znt1 = plIP = (1=8)[lzn — plI* + 2kndn|ns1 — pl|?
=200 ([2nt1 = pll) + 260 Ldy lzn — plllzn+1 — pll
+2¢n L} |0 — pll|| 201 — pll
< (1- 5n)2||37n - p||2 + 2kn0n || Tns1 — p”2
=209 ([Tn+1 = pll) + b Ldy (|20 — plI? + llZns1 — £l1?)
+enLdy ([[zn — pl* + lzntr — pl?)
< (1 =080)%|wn — plI? + 2knp |01 — p|?
—20n9 ([T — ) + O Ldy (l2n — pl? + llZns1 — pl1?)
+0u L3 ([n = pl* + [[2nt1 — plI*) + 20, Ld,.
Setting,
29) An = (1— (2kn0n + 0, L(d;, + 7))
' By = ((1=0,)*+6,L(d}, + d32))
’ D, = 2Ld%.
YUlzni1—plD)

Suppose we set infn>nN = r. Then r = 0. If it is not the case, we

1+Ha:”+17p|\2

assume that r > 0. Let 0 < r < min{1,r}, then % >, le.,

(2.10) Glenss = pll) > v+ rllenrs — pll® = rlln — ol
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Since lim,,_so k0, = 0, there exists a natural number Ny such that
1
3 <A, <1,

for all n > Ng.
Thus equation (2.7) becomes,

@y lon=pl? < Brllen —pl? - 26, 2gpell 4 oo
<

(1= 0.Cn)|wn = plI* = 2059 (041 — pll) + 205D
Substituting (2.10) into (2.11), we have

—5,Cy 84Dy,
lenss —pl? < 5Celle, — ol + 252
<

Cp+2r
(1= 0, G20 ||z, — p|[? 4 20500

(2.12)

Since lim,,_yo0 6, = lim,, oo C,, = 0, we choose N; > Ny such that % > 7

for all n > Ny. It follows from (2.12) that

(2.13) lznsr =l < (1= 0ar)llzn — pl* + P95

foralln > Ny. If we set b, = ||z, —p||, It follows from Lemma 1.2 that, lim,, o, b, =
0, which is a contradiction. Thus, there exists an infinite subsequence such that
lim;, 00 bpjo+1 = 0. Next, we prove that lim, o byjo+m = 0 by induction. Let
Ve € (0,1), choose nj, > N such that b,j,4+1 < €, Crjo+1 > @, Drjo+1 < @
First, we want to prove b, ,+2 < €. Suppose it is not the case. Then b, ,+2 > ¢,
this implies ¢ (byj,+2) > ¥(€). Using (2.11) we now obtain the following

brjorz < bnjor1—On 1/14(;) €% — 20,9 (€) + 20, wéﬁ)
(2.14) < bzu‘oﬂ — dp1p(e)
< €7,

which is a contracdiction. Hence b,,;,12 < € holds and inductively we can show that
brjo+i < € Vi > 1holds. Thisimplies that lim, o by, = 0, i.e., limy, o |2 —p|| =
0.
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